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Chapter 1 


Warm-up problem set 


1.1 Applications 


1. 


Let a,b,c,d be real numbers such that a? + b? + ¢? + d? = 4. Prove that 


e+he4+4+d <8. 


. If a,b,c are non-negative numbers, then 


3 
aè +594 È —Babe>2(“F*—a) . 


. Let a,b,c be positive numbers such that abe = 1. Prove that 


a+b+e. sja? + b? + e 
3 7 3 l 


. Let a, b, c be non-negative numbers such that a? +b? +c = 3. Prove that 


albi + biet + ctat <3. 


( Vasile Cirtoaje, GM-A, 1, 2003) 


. If a,b,c are non-negative numbers, then 


a? +b? + c? + Qabe + 1 > 2(ab + be + ca). 


(Darij Grinberg, MS, 2004) 


. If a,b,c are distinct real numbers, then 


oy 4 + c >? 
(bc)? (e—a)  (a— 6)? =" 
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6 1 Warm-up problem set 


7. lf a,b,c are non-negative numbers, then 
(a? — be) Vb + c+ (b? — ca) feo+ a+ (c? —ab)/a+b > 0. 


8. If a,b,c,d are non-negative real numbers, then 


a—b + b—e + c-d 4 d—a > 
a+2b+c 642c4+d ` c+2d+a d+2a+b~ 


9, Let a,b,c be non-negative numbers such that 
v+e+e =—atbte 


Prove that 
ab? + be 4 ca? < abt bet ca. 
(Vasile Cirtoaje, MS, 2006) 
10. Let a,b,c be non-negative numbers, no two of them are zero. Then, 


a? b2 c? 
L H +", 21 
a? +ab tb?  b2?+be+c? § c2+ca+a? 


11. If a,b,c are non-negative numbers, then 


DS A E 
a? + (b+ c)3 Fleta? e+(a+b) ~~ 


12. Let a,b,c be positive numbers and let 
E(a,b,c) = a(a— b)(a—c) + b(b — c)(b — a) + c(c—a)(e— b). 


Prove that 
a) (a +b + c)E(a, b,c) > ab(a — b)? + be(b — c)? + ca(e —a)?, 


1 1 tł 
b) 2(—+ 5t =) Ela, b,c) > (a — b)? + (b — c} + (c—a)?. 
a 
(Vasile Cirtoaje, MS, 2005) 


13. Let a,b,c and x,y,z be real numbers such that a+z 2 b+y>c+z2>0 
anda+b+c=2x+y+2. Prove that 


ay + bz > ac + zz. 


1 1 Applications 


1 
14. Let a,b,c € 33] Prove that 


a b c 7 

a+b! bpe cta? 57 
15. Let a,b,c and x,y,z be non-negative numbers such that 

a+b+ece=r+y+z. 
Prove that 
az(a + x) + bylb + y) +ez(e+ z) > 3(abe + ryz). 
( Vasile Cirtoaje, MS, 2005) 
16. If a,b,c are non-negative numbers, then 
4(a+b + c)? > 27(ab? + be? + ca? + abc). 

17. Let a,b,c be non-negative numbers such that a +b + c= 3. Prove that 


I 1 1 
er eS 
Qab? + 1 + 2he? + 1 + dca? at = 
18. If a,b,c,d are positive numbers, then 
1 + 1 + 1 + 1 > 4 
a?+ab bbe ch +ed d? +da” ac+ bd 


1 


© 


1 
LOTOR 3), the 
Ja V?) then 
3 + 3 + 3 > 2 2 2 
a+2b b+2c cta atb bpo cha’ 


20. Let a,b,c be non-negative numbers such that ab + be + ca = 3. Prove 


that 
1 1 


1 
—— — — < 
a42 T B2” +27 
21. Let a,b, c be non-negative real numbers such that ab+bc+ca = 3. Prove 
that 


1. 


1 + 1 + 1 53 
a?+1 b41 @4479 
( 


Vasile Cîrtoaje, MS, 2005) 


8 1 Warm-up problem set 


22. Let a,b,c be non-negative numbers such that a? + b? +c? =3 Prove 
that 
a b c 


—— + — + — < 
bea c2 a2! 


( Vasile Cirtoaje, MS, 2005) 


23. Let a,b,c be positive numbers such that abc = 1. Prove that 
a—i b-t c-i 
a) + + —— 29, 
b c a 
a-ti b-i e-1l 
>0 


bic cha a+b” 


b) 


24. Let a,b,c,d be non-negative numbers such that a2—ab+b? = c?—cd+d?. 
Prove that 


(a+ b)(c+d) > 2(ab + ed). 


25. Let @,,42, -,@, be positive numbers such that ajag . an = 1. Prove 


that i i i 
—— 4+ — .. $ — > | 
1+ (n — 1ja F(a- ia 1+(n— 1a, ~ 


( Vasile Cirtoaje, GM-B, 10, 1991) 


26. Let a,b,c,d be non-negative real numbers such that a? +b +e +8? = 1 
Prove that 
(1 —a)(1—6)(1 — e)(1 — d) > abcd. 


( Vasile Cirtoaje, GM-B, 9-10, 2001) 
27. If a,b,c are positive real numbers, then 
| 2a | 2b | 2c 
—— <3, 
a+b + b+e + ca ` 


( Vasile Cîrtoaje, GM-B, 7-8, 1992) 


28. If a,b,c,d are positive real numbers, then 


2 2 
($a) + (sez) + ea) * (aa) = 


( Vasile Cirtoaje, GM-B, 6, 1995) 


1.1 Applications 9 


1 1 
29. Let a,b,c be positive numbers such that a +b +c = at st z If 
a< b< c, then 
abe > 1. 


( Vasile Cirtoaje, GM-B, 11, 1998) 
30. Let a,b,c be non-negative numbers, no two of them are zero Then 


a? b? c? a b c 


oO p pe 
Pie! r aah =baictepa’apb 
( 


Vasile Cirtoaje, GM-B, 10, 2002) 
31. If a,b,c are non-negative numbers, then 
2(a? + 1)(b + 1)(c? +1) > (at 1)(b+ 1)(c + 1)(abe + 1). 
( Vasile Cirtoaje, GM-A, 2, 2001) 
32. If a,b,c are non-negative numbers, then 
3(1-—a+a7)(1—b4 b?)(1— c+ cê) > 14 abe + abe. 
(Vasile Cirtoaje, Mircea Lascu, RMT, 1-2, 1989) 


33. If a,b,c,d are non-negative numbers, then 
(1-a+a?)(1 -b+ -e+ e- d+d?) > (ey. 
(Vasde Cirtoaje, GM-B, 1, 1992) 
34. If a,b,c are non-negative numbers, then 
(a? + ab + b*)(b? + be + c*)(c? + ca + a”) > (ab + be + ca). 


(Vasile Cirtoaje, Mircea Lascu, ONI, 1995) 


35. Let a,b,c,d be positive numbers such that abed = 1. Prove that 


1 1 1 


tT _ 1+ ST ——— ——— n 
1+abd+ be + ca 1 +be+ ed +db' 14+cd+datac'iadapabybd <1. 


10 1 Warm-up problem set 
36. If a,b,c and z, y, z are real numbers, then 
A(a? + 27)\(b? + y*)(c? + 2*) > 3(bex + cay + abz)?. 
( Vasile Cirtoaje, MS, 2004) 
37. fa>b>c>d>e, then 
(at+b+c+d+e)* > 8(ac+ bd + ce). 


For e > 0, determine when equality occurs. 
(Vasile Cirtoaje, MS, 2005) 


38. If a,b,c,d are real numbers, then 
6(a? +b? +c? +d?) 4+ (a+ b+e+4 d)? > 12(ab + be + cd) 
(Vasile Cirtoaje, MS, 2005) 


39. If a,b,c are positive numbers, then 


ti iil 24 42 e i 5) 
(a+b+e) (2+7 +2) 21+ 1+ q (a? + 6? +e) atata) 


( Vasile Cirtoaje, GM-B, 11, 2002) 
40. If a,b,c,d are positive numbers, then 


1 1 1 i L) 
ata) 22 (a+b+e) (z+ +5 


5+ (a +e + e) (5+ 5 


(Vasile Cirtoaje, GM-B, 5, 2004) 


41. If a,b,c,d are positive numbers, then 


a—b b-c cod  d-aly 
bre etd d+a atb- ` 


42. If a,b,c > —1, then 


14+ a? 1+8 4 1+c? 
Itb+e2 t+et+a? t+a+b7 — 


(Laurențiu Panaitopol, Junior BMO, 2003) 


11 Applications li 


43. Let a,b,c and z,y,z be positive real numbers such that 
(a+b +ez+y +z) = (a? +b? + c?)(z? +y? +27) =4. 
Prove that j 
abexryz < 35 
(Vasile Cirtoaje, Mircea Lascu, ONI, 1996) 
44, Let a,b,c be positive numbers such that a? +b? + c? =3 Prove that 


a? +b? i dta 
a+b b+e c+a 


> 3 


(Cezar Lupu, MS, 2005) 


45, Let a,b,c be non-negative numbers, no two of which are zero. Prove 


that 
a 1 1 1 3 


~— + = + 5 _ > — 
a +be! Foa trab — ab+ be + ca 
( Vasile Cirtoajye, MS, 2005) 
46. Let a,b,c be non-negative numbers, no two of which are zero. Prove 
that 
1 4 1 4 1 3 
b—bet+c? -ceata a®?—ab+b? = abt+bet+ ca 

47. Let a,b,c be positive numbers such that a4-b+c=—3 Prove that 


12 


b —___—_—__ > 
a et Btbctoa 7 


48. Let a,b,c be non-negative numbers such that a? + 62+ c? =3 Prove 
that 
12 + 9abc > 7(ab + be + ca). 


(Vasile Cirtoaje, MS, 2005) 


49. Let a,b,c be non-negative numbers such that ab + bc + ca = 3. Prove 
that 


a? + b3 +È + Tabe > 10. 


( Vasile Cirtoaje, MS, 2005) 


12 1 Warm-up problem set 
50. If a,b,c are positive numbers such that abc = 1, then 
(a+ b)(b+eVe+a)+7> 5(a+b+c) 
( Vasile Cirtoaje, MS, 2005) 
51. Let a,b,c be non-negative numbers, no two of which are zero. Prove 
that 
a 4 b 4 3 < 1 
(207+ 62)(2a24c2) © (2b2+c2)(2b24+a2) (2c? +a?)(2c? +b?) T at+bte 
(Vasile Cirtoaje, MS, 2005) 


52. Let a,b,c be non-negative numbers such that a+b+c> 3. Prove that 


1 1 1 
n Oe O 
@tbtetatete atb+c? — 
53, Let a,b,c be non-negative numbers such that ab + bc+ ca = 3. Ifr > 1, 


t 
hen 1 1 1 3 


og S S 
re@eh rpa rida Tr42 
(Pham Van Thuan, MS, 2005) 


54. Let a,b,c be positive numbers such that abc = 1 Prove that 
1 1 1 5 
ETAETA ARED EDET * 
(Pham Kim Hung, MS, 2006) 


55. Let a,b,c be positive numbers such that abe = 1 Prove that 
2 + 1 > 3 
a+b+c 37 ab+bc+ca 


56. If a,b,c are real numbers, then 


A1 + abc) + /2(1 + a?)(1 + b?)(1 + 2) > (1+aX1 + 6)(1 +e) 


(Wolfgang Berndt, MS, 2006) 


57. Let a,b,c be non-negative numbers, no two of which are zero. Prove 


that 
a(b+c) , b(c+a)  cat+b) +9 
a tbe B+cea c+ab~ 7 


(Pham Kim Hung, MS, 2006) 
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58. Let a,b,c be non-negative numbers, no two of which are zero. Prove 


that 
a(b + c) b(c + a) cla + b) +9 


a? + be b? + ca ĉe+ab —~ 
(Vasile Cirtoaje, MS, 2006) 


59, Let a,b,c be non-negative numbers, no two of whìch are zero. Prove 


that 
1 1 1 a b c 


— + — > yo + a p, 
błc cła agb aibe Bicat@tab 


60. Let a,b,c be non-negative numbers, no two of which are zero Prove 


that 
1 1 2a 2b 2c 


— > n p ss a 
bte chat atb— 3a2 pbc | 324a 3c? + ab 
( Vasile Cirtoaje, MS, 2005) 


61. Let a,b,c be positive numbers such that a? + b? + c? = 3. Prove that 


3 
5(a4 bte)+ 2 18 


( Vasile Cirtoaje, MS, 2005) 
62. Let a,b,c be non-negative numbers such that a+ 6+¢=3 Prove that 


1 + 1 1 <3 
6 —ab 6 bec 6-ca 5 


63. Let n > 4 and let a;,a2, ..,a@, be real numbers such that 
2, 22 2 2 
aj) +ag+--+@,>Nn and aj+ap+ - +a, n. 


Prove that 


max{a1,@9,...,an} > 2. 
(Titu Andreescu, USAMO, 1999) 


64. Let a,b,c be non-negative numbers, no two of which are zero. Prove 


that 
a b c > 13 _ 2(ab + be + ca) 


+ + = o ae, 
b+c c+a ath 6 3(a? +b? +c?) 
( Vasile Cîrtoaje, MS, 2006) 


l4 1 Warm-up problem set 


65. Let a,b,c be non-negative numbers, no two of which are zero. Prove 


that 
albi ce) BP(c+a) c*(a 1d) 


> l 
MOE 4 at yp =7tlele 


(Darn) Grinberg, MS, 2004) 
66. Let a,b,c be non-negative numbers such that 
(a + b)(b + c)(e + a) = 2. 


Prove that 
(a? + bc)(b? + ca)(c? + ab) < 1. 


(Vasile Cirtoajye, MS, 2005) 
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1.2 Solutions 


15 


l. Let a,b,c,d be real numbers such that a? + b? + c? + d? = 4. Prove that 


e+hP4 82482 <8. 


Solution. From a? + b? + c? + d? = 4 we get a? < 4, a < 2, a®(a—2) <0, 


a? < 2a”. Similarly, b? < 2b?, © < 2c?, d? < 2d?. Thus, 
+h 48482 < 2a 4044 a) =8. 
Equality occurs for (a, b, c, d} = (2,0,0,0) or any cyclic permutation. 
* 


2. If a,b,c are non-negative numbers, then 


b 3 
a? + + — Babe > 2 ( ta) . 


Solution. By the AM-GM Inequality we have a? + b + @ > 3abc. 


b+e ; oo, b+e 
ze <0, the inequality is trivial. Consider now +> 74 > 0, Let 


3 
E=a +0 +0 Sabe—2(“F*—a) . 
Setting b = a + 2z and c = a + 2y, we obtain 


E = 12a(z? — zy + y?) + 6(£ + y)(z —y)? > 


> e(z +yz- = 5 (“££ a) (b—c)? >0. 


Equality occurs when either (a,b,c) ~ (1,1, 1) or (a, b,c) ~ (0,1, 1) 
* 


3. Let a,b,c be positive numbers such that abc = 1. Prove that 


atb+el f@+P+e 
3 = 3 ' 


If 


16 1 Warm-up problem set 
First Solution Write the inequality in the homogeneous form 
(a+ b+ c)® > 8labe(a? + b? + c*) 
In order to eliminate the product abe, we can use the known inequality 
(ab + be + ca)? > 3abe(a + b+ 0), 
which is equivalent to 
a(b- c)? + b?(e— a)? +. c?(a— b)? > 0 
Thus, we still have to show that 
(a+ b+ c)® > 27(ab-+ be + ca)? (a? + b? +c’). 
Setting S = a + b + c and Q = ab + be + ca yields 
(a +b+c)® — 27(ab + be + ca)*(a? +b? + e) = 
= SÊ — 27Q?(S? — 2Q) = (S? — 3Q)*(S? + 6Q) > 0. 
Equality occurs fora =b=c=1 
Second Solution In order to prove the homogeneous inequality 
(a+ b+ c)? > 8labc(a* +b? + e), 


we may give up the constraint abc = 1 and assume that a + b+ c= 3. For 
a+b+c= 3, we must show that the expression 


E(a,b,c) = abc(a? + 6? + è) 


is maximal for a = b = c = 1. For the sake of contradiction, assume that 
E(a,b,c) is maximal for a triple (a,b,c) with b # c. To finish the proof it 
suffices to show that 


b+c b+c 
E(a,b,c) < E (a. t ) 


Indeed, we have 


12 Solutions o o o M 
* 
4. Let a,b,c be non-negative numbers such that a? + b? + c = 3. Prove that 
atbt + b4c4 4 chat < 3. 
Solution (by Gabriel Dospinescu). By the AM-GM Inequality, we have 


Ba 841 4-a? 
_—S— . 
be < 3 7 


Then, 
4633 — abb c3 


bé 
c= 3 


and, similarly, 


cad < 4c3a3 ate ath! < 4a’ wore l 


Summing up these inequalities yields 


i< 4(ab? + ve + ĉa?) — 9343.3, 


a‘bht + bici + cta 

Thus, it suffices to show that 
4(a?b? + BË + ea’) 3 < 9, 
which is just the third degree Schur’s Inequality 
A(zy +yz + zz)(z +y + z)— 9zryz < (z +y +z)? 
for x = a, y = b’, z = ê. Equality occurs fora =b =c = 1. 
* 

5. Ifa,b, c are non-negative numbers, then 


a? +b? 4 c* + 2abe + 1 > 2(ab+ bc + ca). 


Solution. Among the numbers 1 — a, 1 — b and 1 — c there are always two 
of them with the same sign; let us say (1 — b)(1 — c) > 0. We have 


a? +b? +c? + Qabe + 1 — 2(ab + be + ca) = 
= (a — 1)? + (b—c)? + 2a + 2abe — 2(ab + ca) = 
= (a — 1} + (b—c)? + 2a(1 — b)(1 — c) > 0. 


Equality occurs for a = b= c= 1. 


18 1. Warm-up problem set 


* 


6. If a,b,c are distinct real numbers, then 


(c-a)? (a-b) 
Solution. Using the well-known identity 


be ca ab 


ueit (b—e)(b—a) * (e~ayfe-B) 
we have 
a? b? e =( a b c y 
bot pa t a (bet c-ata—b/ t 
4 2be + 2ca + 2ab _ 
(a—by(a—e) * (b—e)(b—a) eae) 
a b c \? 
= | —— 4- ——_ > 
(i +5) +222 
The equality occurs only in the case 
a b c 
bc ca z247 
* 


7. If a,b,c are non-negative numbers, then 


(a? — be) Vb +c + (b? — caje F at (c? — ab)va +b > 0. 


First Solution Letting b + c = 227, c + a = 2y? and a + b = 2z? (x > 0, 
y > 0, z > 0) yields 


a=-r +y t, bar -y te, car ty—2. 
The inequality transforms into 


tyl? +3) +y2(y2+2°) +za(22 +27) > xy(nty)+y%2*(ytz)t272"(z+2). 


Since zy(x? + y?) — r?y?(x + y) = xzy(x + yz — y)’, we may write the 
inequality in the form 


zyl + y)(z— y} + yoy + z)(y— 2} + zz(z + 2)(z— 2)’ 20, 


12 Solutions 19 


(a,b,c) ~ (1,1,1) or (a,b,c) ~ (1,0, 0). 


which is clearly true. Fora > b > c, equality occurs when either 


Second Solution. If two of a,b,c are zero, then the inequality becomes 
equality. Otherwise, we write the inequality in the form 


(a? —be)(b+c) | (b? —ca)(c+a) | (c? — ab)(a + b) 


ere + yera Jars 2” 
or X Y Z 
Vote! Veta’ Jatb~ 
where 


X = (a* — be)(b+c), Y = (b? — ca)(c + a), Z = (c? —ab)(a + b). 
Consider now, without loss of generality, that a > b > c. It is easy to check 
that X +Y +Z =0, X >Oand Z <0 Therefore, 

X Y Z X X+Z Z 
+ + 


Vb+e VJeta Jatbh Vote Jera + Jate 


-r (aa era) 2 ea ene 


Third Solution. Write the inequality as 


A(a? — bc) + B(b? — ca) + C(c? — ab) > 0, 
where A= yb +c, B = J/e+aandC=Va+b We have 


250 A(a? — bc) = X` A [(a — b)(a + c) + (a — c)(a + b)] = 
= $5 A(a—b)(a+c)+ Y B(b-— a)(b+ c} = 
Ae aana B(b +o) = 
A? (a + c)? — B? (b +c)? 
=} le- Ala +) + B(b 4 6) 
_ oa (a—b)y(atc)(b+ ec) 
=F A(a+c)+ B(b+c) 2” 


where y is cyclic over a,b,c. 


20 1 Warm-up problem set 


8. Ifa,b,c,d are non-negative real numbers, then 


a—b + b—c + c-d d-a SO 
at2bte' btaerd | c+odta!dt2atb~ 
Solution, Write first the inequality as 


Yo (a +5) 22 
a+2b+ce 22) — 


Sate 
5 —,—- 2 
aget 


By the Cauchy-Schwarz Inequality, we have 


or 


> Sate. DERDI 


a+2b+e™ (3a + c)(a+ 2b +e) 


Since 
(3a + c)(a + 2b +c) =4(a+b+c+ d)? 
and z 
[E (Ba + ¢)]” = l6(a +b + c+ 4)’, 
we get 


y 3a -4c >4 
a+2b+c 
Equality occurs for a = c and b = d. 
* 
9. Let a,b,c be non-negative numbers such that 
e+e ce=atbt+e. 


Prove that 
ab? + b? 4 ea? < ab + be t+ ca. 


Solution (by Michael Rozenberg) By squaring, from the hypothesis 
condition we get 


aia bt ect a? -b -e= 2(ab + be + ca — ab? + be + ca’), 
Therefore, the required inequality is equivalent to 


aitb trebe. 


12 Solutions 21 


The homogeneous form of this inequality, 
(a+b+c)?(a4+ 644 ct) > (a? + 67 4 c*), 


follows immediately from Holder’s Inequality. 

Equality occurs for (a,b,c) = (1,1,1), for (a,b,c) = (0,0,0), for 
(a, b,c) = (0,1, 1) or any cyclic permutation, and also for (a,b,c) = (1,0,0) 
or any cyclic permutation 
10. Let a,b,c be non-negative numbers, no two of them are zero. Then, 

a? b? ce 
"gp TS 
a? + ab + b? + b? + be + c? + ce + ca+a? T 

Solution. Let A = a?+ab4+b?, B =b? +bc +c and C =c?+ca+a? We 


have 
(+5 =) ar cr = 
A BC AtBTtG = 
b? 4 ¢? 1 
= + ia a 7G 
bc b* +be+te 
y(i gjg yi, 
a? be 1 c 
-D(R- ga) -3h(B-8) 20, 


from which the desired mequality follows. Equality occurs only for a = b = c. 
* 


11. If a,b,c are non-negative numbers, then 


a3 b3 3 
@+(b+ee VEF eta Verarsp=! 


Solution. By the AM-GM ene for x > 0, we have 


/ — 2 2 


Consequently, for a > 0 we get 
3 
a _ 1 > 1 1 


$l 
a? + (b+ c)8 bte a 1 b+e oo +e 
MCF) tals ; 
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The obtamed inequality is clearly true for a = 0 as well. Analogously, 


b3 > b? 3 > c 
Bleta ~ a? +b 4c?’ C+(at+b Tabe 


Adding up these inequalities, the conclusion follows Equality occurs only 
fora=b=e. 


* 
12. Let a,b,c be positive numbers and let 
E(a,b,c) = a(a — b)(a — c) + b(b — c)(b — a) + c(c — a)(c — b). 
Prove that: 
a) (a+b+c)E(a,b,c) > ab(a — b)? + be(b— c)? + ca(c— a}; 
b) (24 L4 =) E(a,b,¢) > (a— b)? + (b—c)? + (c—a)?. 

Solution. a) Using the Schur’s Inequality 5 a?(a — b) (a —c) > 0, we have 
(a+b+c)Ela,b,c) =Y a (a— b(a- c) +9 alb + c)(a—b)(a—c) > 
> Si a(b + c)(a— b)(a — c) = $ ab(a — b){a — c) + $- cafa — b) (a — c) = 
=J_ab(a— b)(a— c) + X. ab(b — c)(b — a) =J ab(a— b)? 

b) Since 

(ab + bc + ca) X a(a—b)(a—c) = 
= Y abe(a — b)(a — c) + È (ab + ac)a(a — b)(a — c) = 
= abc(a? + b? + c? —ab—bc—ca)+Y_ be [b(b — c)(b — a) +e(e — a)(c — b)) = 
= i abe X` (b— c)? + D> belb + c— a)(b — c)?, 

the inequality is equivalent to 

Y be(b +c—a)(b — c}? > 0 
Without loss of generality, assume that a > b > c Then, 
Y be(b +c — a)(b — c)? > be(b + c— a)(b — c)? 4 ac(a + c— b){a — c}? > 
> be(b + c— a)(b— c)? + ae(a + c — b)(b — ¢)?° = 
= c(b—c)? [(a— b)? + c(a + b)] >0 
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The both inequalities become equality for (a,b,c) ~ (1,1,1). Notice that 
the first inequality is valid for any non-negative a,b,c and becomes again 
equality for (a,b,c) ~ (0,1,1) or any cyclic permutation. 


* 


13. Let a,b,c and x,y,z be real numbers such thatat+2>b+y>c+z2>0 
anda+b+c=24+y+2. Prove that 


ay+ br > ac + rz. 
Solution. We have 


ay + br — ac — rz = a(y — c) + 2(b—z)=e(a+b—2x-2z)+2(b-z)= 


= a(a~ £) +(a+2)(b— 2) = 

= Z (a= 2)? +5 (a? 2°) + (a+ s)(b— z) = 
= (a-z) +5 (a4 2)(a+ 2b- r- 22) = 
= 5 (a-2)? +5 (ata)(b-cty-2)>0, 


from which the required inequality follows. Equality occurs for a = z, b = z, 
c= yand 2x > y+z >20. 


* 


1 
14. Let a,b,ce EF 3l . Prove that 


Solution. Denote 


a b Cc 


E(a,b,c) = —— + —— + — 
(a,b,c) a4b bject tpa’ 


and assume, without loss of generality, that a = max{a,b,c}. We will show 
that 


cys 


E(a,b,c) > E (a,b, Vab) > 


24 1. Warm-up problem set 


We have 


E(a,b,c) - E (a,b, Vab) = wi cha ars 
__(va- v8) (vab -o 
(Ja + vb) ( (b+ c)(c+a) ` 


. a 1 
Let now z = j From a,b,c € |53]; we get z < 3. Hence, 


7 2 7 2 2 7 
E (a,b, a) 7 24 OE a 
5 a+b Jat Vb 5 w*+1 e£4+1 5 


_3-7e+8e?—22 (8-2) [2?+(1~2))] 
~ B(æ+1)(z?+1) — 5(æ+1)(z2+1) 7 


1) or any cyclic permutation. 


1 
Equality occurs for (a,b,c) = (3, z? 


* 
15. Let a,b,c and x,y,z be non-negative numbers such that 
atb+c=2+y42. 
Prove that 
az(a +2) + bylb +y) + cz(c+ z) > 3(abc + xyz). 
Solution. Applying the Cauchy-Schwarz Inequality to the triples 
(ayz, by, ey/2) and (vyz, VZT, VTJ) , 


we get 
(atx + by + c2z)(yz + zr + ry) > zyz(at+bt+ c)? 


This implies together with 
(a+b+c)? = (x+y +z)? > 3(zy + yz + 22), 


that 
2 2 2 
atr + by + cz > 3ryz 


Similarly, 
ax? + by? + c2? > 3abe 


Adding up these inequalities yields the desired result. 
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* 
16. If a,b,c are non-negative numbers, then 
A(a +b + c)? > 27(ab? + be? + ca? + abc) 


Solution. Without loss of generality, suppose that a = min{a,b,c}. Setting 
b=a+2zandc=a+4+y (x >0,y > 0), the inequality reduces to 


Q(z? — ry + ya + (22 — y)*(x + 4y) > 0, 


which is obviously true. Equality occurs for (a,b,c) ~ (1,1,1), and also for 
(a,b,c) ~ (0,1, 2) or any cyclic permutation 


* 


17. Let a,b,c be non-negative numbers such that a + b + c= 3. Prove that 


1 1 1 
——_ 4 — Hod. 
Jab 4 1 t beta) | Feed =! 


Solution. The inequality is equivalent to 
ab? + be? + ca? +1 > 40333. 
By the AM-GM Inequality, we have 
ab? + be? + ca? > Babc, 


and 3 
1 = (==) > abc. 


Then, 
ab? + bc? + ca? 4+1- 4b > Babet 1 4a3b3c3 = (1 —abc)(1 + 2abc)? 
Equality occurs for a = b= c= 1. 

* 


18. If a,b,c,d are positive numbers, then 


1 1 1 1 4 


= + ma H Ma H IMMI 


atab b+be' dped Fda” acg bd 
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Solution. Write the inequality as follows 


AE + bd +1)> > 8 
a? + ab T , 
c+a b(d+a 
Lii warn 2 
c+a b(d + a) 
ath a+b + aaro) afa +b) 
By the AM-GM Inequality, we get 


sy dt a) _ a + a) c(a+b) d(b+c) . a{c+d) 
ala +b) a(a+b) b(b+e)  c(e+d) d(d+a)~ 


Therefore, it remains to show that 


c+a 
Laii 


8. 


| 


We have 
yete c+a d+b ate, btd_ 
a+b a4b b4c c+d d+ża 
1 1 1 
=(a+e){ 4) + 6+) (Satay): 


1 1 4 1 1 4 
Si c yp > a 
meg atbietd= att} (e -+ d) and Ty dt bae= (atd)t tA 


a 
a+b 


we get. 


cta@ A(a + c) 4(b + d) 
pits, set) | Mid = 
at+b—at+t+b+c+d at+t+b+c4+d 
Equality occurs for a = b= c=d 


* 


1 
19. Ifa,b,ceé -z 


F vj , then 


3 3 3 2 2 2 
a42 b+20 + cta atb bye cha 
Solution. Write the inequality as follows 
3 2 1 1 
Sampie a 
y (a — b)?(2b— a) 
6ab(a + 2b)(a +b) ~ 


12 Solutions 


Since 9 
2b-—-a> — — V2=0, 
~ V2 
the inequality is obviously true Equality occurs for a = b = c 
* 


20. Let a,b,c be non-negative numbers such that ab + be + ca = 3. Prove 


that i i 
<1 


a242 42) gaS 
Solution. The inequality is equivalent to 
ab HE 4+ 2a? + abe > 4. 
By setting bc = 2, ca = y and ab = z, we have to show that 


T? -+ y? 4 27 4 xyz > 4, 


for x,y,z > 0 such that r +y +2 = 3. Assuming that t = min{z,y, z}, 
xz <1, we have 
a py? 4 27 4 2yz—4 = 2? + (y +2)? + ye(x—2)-4> 


1 
>z? + (y +2)? +7 (y+2)(e-2)-4= 


Dyp 2? £x+2 


(ytz)?-4=274 (3-2)? -4 


=F (e-17(e42) 20 


Equality occurs fora = b=c=1. 
* 
21. Let a,b,c be non-negative real numbers such that ab+bc+ca = 3. Prove 


that 
1 1 1 3 


———_ + 4. > = 
+i’ Brit e@qi -2 
First Solution. By expanding, the inequality becomes 


a +b He +3 > ab 4 be +e%a + 3a7b*¢?. 
By the AM-GM Inequality, we have 


(a+b+ c)(ab+be+ca > 9abc, 
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that is 
a+b +e 3abe 


Thus, it suffices to show that 
a? +b? +e +3 > ab? be? + ea? 4 abe(at+b +c) 
This inequality is equivalent to the homogeneous inequality 
(ab+-be-+ca) (a? +b? +e)+(ab+be+ca)}? > 3(a?b? +b? +c7a”)4+3abe(a-+b-+c). 
We may reduce this inequality to 
abla? +b?) + be(b? +c”) + ca(c? + a”) > (ab? + bc? + ea’), 
or 
ab(a — b)? + be(b — c}? + cala — b}? > 0, 
which is clearly true Equality occurs for (a,b,c) = (1,1,1), and also for 
(a,b,c) = (0, V3, V3) or any cyclic permutation 
Second Solution (by Ho Chung Siu). Without loss of generality, assume 
that a = min{a,b,c} From ab + be + ca = 3, we get bc > 1 On the other 
hand, from the known inequality 


1 1 1 
(ab + bc + ca) (=+p +5) > 9, 


we obtain a +b +c > 3abc The desired inequality follows now by summing 
up the following inequalities. 


1 1 < 2 
B+ 24i bedi’ 
1 1 3 
ayit Fi? 
We have 
1 1 2 b(c — b) c(b —c) 


Bait @ai beri (+ Dee Eiet 1) 
M (b — c)*(be — 1) 
~ (b + 1)(c? + 1)(be +1) 7 
and 


1 1 3 a? —bce+3—3a7bc _ a(a +b +c- 3abc) 
24i i 2 Haiei) Aabel) ~ 
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* 


22. Let a,b,c be non-negative numbers such that a? +b? +c? = 3. Prove 


that 


a b 
4-7 4 <]. 
b+2 + ct2tad2= 


Solution. By expanding, the inequality becomes 
ab? + bc? + ca? < abe +2. 
Without loss of generality, assume that 
min {a,b,c} < b < max{a, b,c} 
Under this assumption, we have 


2 — ab? — be? — ca? + abc = 2 — ab? — b(3 — a? — b?) — ca? + abe = 
= (b? — 3b + 2)— a(b? — ab + ca — bc) = 
= (b—1)?(b +2)— a(b — a)(b — ¢) > 0. 


Equality occurs for (a,b,c) = (1,1,1), and also for (a,b,c) = (0, 1, /2) or 
any cyclic permutation. 


* 


23. Let a,b,c be positive numbers such that abc = 1. Prove that 
a—1 b-i c-i 


—— + — > 0. 
beet cha’ ab 


b) 


Solution. a) Write the inequality as 
ab? + be? + ca? >Pa+bte. 
Applying the AM-GM Inequality, we get 


3(ab? + be? + ca”) = (2ab? + be”) + (2be? + ca?) + (2ca? + ab’) > 
> 3V arbi? + 3 Vabe + 3 a5b2c2 = 3(b+ c+ a). 


We have equality fora = b=c=1. 


30 1 Warm-up problem set 
b) Write the inequality as follows 
X (a— 1) |a? + (ab + be + ca)} > 0, 
X a’ — Soa? + (at+b+c—3)(ab+ be + ca) 20 


Since a +b +c > 3 (by the AM-GM Inequality), it remains to show that 
5 aœ — Ya? > 0 We can obtain this inequality applying the AM-GM 
Inequality in this manner 


9S a? = (7a + 8 4.c%) > F9Va%b33 = 9S a? 
* 


24. Let a,b,c,d be non-negative numbers such that a? —ab+b* = c?—cd+d?. 
Prove that 
(a + b){c+ d) > 2(ab + cd). 


Solution. Let z = a? — ab + b? = c* — cd +d? Without loss of generality, 
suppose that ab > cd We have x > ab > cd and 


(a+b)? =2+43ab, (c+d)* =z + 3ed. 
By squaring, the desired inequality becomes 
(x + 3ab)(x + 3cd) > 4(ab + ed)? 
Since z > ab, we get 
(x+3ab)(x-+3ed)—4(ab-+cd)? > 4ab(ab+3cd)—4(ab+cd)* = 4cd(ab—cd) > 0. 


Equality occurs for (a, b,c,d) ~ (1,1, 1,1), and also for (a,b,c,d) ~ (0,1,1,1) 
or any cyclic permutation. 


* 
25. Let a;,Q2, ,@n be positive numbers such that aja? an = 1. Prove 
that 
1 1 1 
gp i ee} SO, 
i4 (n lja, | 14+ (n— lja 1 +(n— 1)an 


The inequality can be obtained by summing 


n 
First Solution. Let r = 
up the below inequalities for i= 1,2,...,n. 


-r 
1 a; 


oo 2 
1+(n—l)a; ~ aj +a +: tan 
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This inequality is equivalent to 

at Fa tagit Hag" 2 (n 1a”, 
which follows immediately from the AM-GM Inequality. Equality occurs 
when a =a. =- =an=l. 


Second Solution. Let 
1 1 1 


E . n)= ae wee ere 
(21,42, .,@n) Tin- Da 14n la tEn- Dan 


We will consider two cases. 
Case 1 — (n — 1)?a;a; < O for alli # j. Since the expression E is 
symmetric and ajaz. an = 1, it suffices to show that 


E(a1, a2, a3,.- an) > E(1, a1 a2, a2, : ûn) 


for a; < 1 and a2 > 1. If this assertion is valid, then it is easy to prove (by 
contrapositive way) that 


E(a,,@2,. .,@n) > E(1,1,...,1)=1 


We have 


n—i l — a 1 — o 1 — (n — 1)?aiaz 


© n “T+ (n—1)a, “T+(n— Nay l 1+ (n—-1)ajeq 7 
Case 1— (n — 1)*a,a; > 0 for a couple (i,j) with i # j. It suffices to 
show that 
1 a, 
1+(n-l)a;, 14+(n—1)aj ~~ 


This inequality is equivalent to 1 — (n — 1)?a;a; > 0. 


, , . I 
Third Solution Using the substitution a; = — for all i, the inequality 
P 


t 


becomes 
Tı T9 Tn 
oe + -c 4 e 4 ———_ 1 
rı +n—1]1 a2g4+n-1 Int+n—-17—” 
where £1, £2,.. ‚£n are positive numbers such that 729. -£n = 1. By the 


Cauchy-Schwarz Inequality, we have 
y, (VET + VT+ + yin) 
ti+n-1^ (a1 +n- 1) 
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Thus, we still have to show 


(VEI + VEI + © + Ven)? 2 n(n—-1)4+ E z, 


which is equivalent to 


Since 2122 2, = 1, the inequatity follows immediately from the AM-GM 
Inequality 


Ti+l 


Fourth Solution Using the substitution a; = for all ¿, where 21,22, £n 


Ti 
are positive numbers (1,41 = T1), the inequality becomes 


Tı T2 Tn 
+ + Ad, 
m(n ljn m4 (n— lrs tantn- Da 

or 
Tı — T2 T2 — T3 a4 Tn — T] 
zı +(n— lzy z+ (n— 1)z3 zn + (n-— l)zi 7 


We will prove, by induction over n, a slightly more general statement: if 
m>n-—1, then 


4, — 2x2 ro — T3 Tr-T1 4 
zı + Mmr} 2+ MT3 In MTI 
For n = 2, we have 
2 
T1 — T2 zz—zı) (m-—l1)(zı— z2) S0 


zı + mr} r+mry (zı + mzz)(z2 + mz) 


Suppose now that the inequality is true for n numbers (n 2 2), and let us 
prove it for n + 1 numbers. We have to show that 


Ti — T2 T2 — T3 E Tn — Tn+1 Tn+1 — T1 >0 (1) 
zı +mr2 z+ mrz En E MEn41 Pnl EMIL — 
form> n 
Without loss of generality, consider that £n+1 = max{21,72, .-,2n41} 


Smce m > n implies m > n — 1, we may use the inductive hypothesis. 


So, we still have to prove the inequality 


In — Tni Tn+1 — T] > Tn — T] 
= mn a ZA -T ,; 
In + MEn+l In+1 + MEI En + MTI 
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which is equivalent to 


2 
(That = T1)(Tn+i = Tn)(m T= Tn) >0. 
Since this inequality is true for m?a2,; > 2,, it suffices to prove (1) for 
mz, < rn. We write (1) in the form 
x n+l 
ee, O SS E 
xı 4+m2rq z+ Mx, En +MEn+1 Tni + mz, ~ m+ 


and see that 


Tn Tn+l _ 
En + Minti Tari tmz — 
-14 tn41(2n — M?T1) 5 n+l . 
(En + MEn41)(Tn+1 + M21) Tm+1 


Fifth Solution Suppose that the desired inequality is false, and then show 
that the hypothesis a,a2 ..an = 1 does not hold. Actually, we will prove 
that if 


1 1 1 
1 H cH .4—_-____ <1, 
1 + (n— l)a; T+ (n Ija 1 + (n — ljan 
th 1. To do this, let ! for ¿ = 1,2 
an> L = — = 1,2,...,n. 
en aar... ân o do this, let z; Fa- a or 2 
l-z 
Note that 0 < z; < 1 and a = Gos br all ¿. So we have to show that 
n— Ti 


zı z2 + -+3zn < 1 implies 
(l—a;)(1—22) . (1 — £n) > (n— 1) zi£2. .£n- 


We can easily prove this inequality using the AM-GM Inequality Indeed, 
for all k = 1,2,...,n, we have 


l-r > Sa; >(n-1)n-1 [| z:- 
jfk jék 


Multiplying these inequalities, the conclusion follows. 


* 
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26. Let a,b,c,d be non-negative real numbers such that a? +b* +c? +d? = 1, 
Prove that 


(1 —a@)(1 — 5)(1 — e)(1 — d) > abcd. 
Solution. The desired inequality follows by multiplying the inequalities 


(1 — a)(1 = b) > od, 
(1 — c)(1 — d) > ab 


With regard to the first inequality, we have 
%d< +P =l- h, 
and hence, 


2(1 —a)(1 —b) —2cd > A1—a)(1—b)-1+a° +b? = 


=(l-a- b) >0 
The second inequality can be proven similarly. 
1111 
The given inequality becomes equality for (a,b, c,d) = (z DD? 5) , and 


also for (a,b,c,d) = (1,0,0,0) or any cyclic permutation 
* 


27. If a,b,¢ are positive real numbers, then 


[EEE 
First Solution Setting z ve - j: and z = 


reduces to show that 


Ian 


the problem 


1 1 -< 3/2 
VIFT? + r? +a + y? ] VIF 22 ze 2 , 
where x,y,z are positive numbers such that vyz = 1. Assuming that 


a = max{z,y,z}, which implies yz < 1, the inequality can be obtained 
by summing up the inequalities 


1 1 2 
+ ) 
1+y? VIz yI Fyz 
2 3 
1 ,—2 < 3v2 


12 Solutions 


The first inequality can be proven as follows: 


35 


2 
1 1 1 1 1 1~y 
so ay ee) «(4+ 1 1+ SS F< 
(ss aes) 1+4? 1+2? (1 +y?)(1 + 2?) 


<14 l-y*z? 2 
7 (1 +yz) 1+yz` 


With regard to the second inequality, since 


1. V2 
Vitr T 1l+2’ 
it suffices to show that 
> 
— <3. 
1+2 l+yz7 2 
We have 
1432 2r  1+3r-2y2r(1+z) 
$37 ie 2142) l+r 2(1 +72) 
2 
1 — v2 
(v +2—V/2z2) So 
2(1 +7) = 


This completes the proof. Equality occurs for a = b = c = 1 


Second Solution (by Mikhail Leptchinski). Applying the Cauchy-Schwarz 


Inequality, for any positive numbers z, y,z we have 


2e J, e< FRBI 2by 
a+b b+e cta zr y z 24b b 


Thus, it suffices to show that 


1 1 1 2az Qby 2cz 
ae oes eae <9. 
($+ +5) (Stet) -= 


1 1 1 
Choosi = —, y = — and z = —— i i 
oosing x the’ v=; Fa and z IE the inequality becomes as 
follows 
b c 9 


a 
(a+ b)(a+c) t (b+ c¢)(b+ a) + (c+ a)(e + b) S 4(a+b+c)’ 
a(b? +c?) + b(c? + a) + ela? +b?) > babe, 
a(b — c)? + b(c — a)? + c(a — b}? > 0 


the last being clearly true. 
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* 


28. If a,b,c,d are positive real numbers, then 


2 2 
(sia) * (Fe) + (a) + (ZS) ® 


b e 
Solution. Setting T = py p TT and t = S, the inequality becomes 
1 1 1 1 
— ——. + > 1, 
(yar F F Gee 


where z,y,2,t are positive numbers such that zyzt = 1. This inequality 
follows by summing the inequalities. 


1 1 1 
a > 
(+a! Gty ~itay’ 
1 1 1 xy 
— 4> = 2, 
G4 0AT +a l+ Ty 
We have 
o1 o l l m ty)-ey -wyl 
(+r) (l+y)? l+ay (1+ 2)2(1 4+ y)2(14 zy) 
2 


zy(z — y}? + (1—2y)? 
~ (+2)2(14+y)2(1 + ry) T 


and similarly, 
1 S zt(z— t)? + (1 — zt)? 
GETAR G+? l+zt (1+2 +t (+z) T 
Equality occurs for a = b = ¢ = d. 


* 


1 1 1 
29. Let a,b,c be positive numbers such that a +b +c = z + 7 + x Ij 


a<b<e, then 

abe >l 
Solution. First we will show that a < 1. Indeed, if a > 1, then 1 <a £ 
b < cand 


11 1 1l-&@ 1-8? 1-8 
a+b+c -zro = -+ b + <0, 
a c 
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which is false On the other hand, from a < 1 and 
1 i 

l t-i), 
a a (b+ ¢) (z 


it follows that be > 1. Similarly, we can show that e > 1 and ab < 1. 
Since be > 1, it suffices to show that abe? > 1. Taking account of ab < 1, 


we have 

1 1 1 1 1 

—- i= —-—1)> ——J)= — — Vvab| > —— — Vab, 
e-+ = (a+b) (3-1) > avab(— -1) (= væ) > -5 z 
and hence 


which gives us abe? > 1. Equality occurs for a = b = ¢ = 1. 
* 


30. Let a,b,c be non-negative numbers, no two of them are zero. Then 


a, PF ee Fe 
bec? tat a?4bh T b+c ca a+b’ 


Solution. Adding up the identities 


a? __a__ ab(a—b) + ac(a—e) 
Bte bpe (627+ c2%)\(b+c) ’ 
b? b be(b— c) + ba(b — a) 
eta cta  (PFa)etaj ’ 
c? c cale — a) + cb(c — b) 


a? +b? a+b (a2-++B2)(a +) 


yields 


= c(b—c a ~ 
2 bel anen wT RT| 7 
be(b — c)? 


2 2 2 
= (a+b +e +ab+be+e oS oO se enna E G 
l 2 aee arera 2° 


Equality occurs for (a,b,c) ~ (1,1,1), and also for (a,b,c) ~ {0,1,1} or any 
cyclic permutation. 


38 1 Warm-up problem set 
* 

31. If a,b,c are non-negative numbers, then 

(a? + 1)(b* + 1)(c? +1) > (a + 1)(b + 1)(c + 1)(abe +1) 
First Solution. For a = b = c, the inequality reduces to 

Aa? +1)? > (a + 1)3(a3 +1) 

This inequality is true since 

Aa +1)? — (a4 1)?(a3 + 1) = (a —-1)4(a? a +1) 20 
Multiplying now the inequalities 


2(a? +1)? > (a4 1)°(a* +1), 
2(b + 1)? > (b + 1)? (8 + 1), 
Ae +1? > (c+ H1), 


we get 
8(a? +1) (b? +1) +1) > (a411) (e41) (a +10? +(+ 1). 
Using this result, we still have to show that 
(a3 + 1)(b? + 1)(c? +1) > (abe +1)? 
This inequality follows by Hélder’s Inequality 
(a3 + 1)(b8 +. 1)(c2 +1) > (Yea + Yi Ti) = (abe +1), 
but it can be also invoking the AM-GM Inequality Write the inequality as 
(a3b3 + b3c3 + Pa — 3a7b*c”) + (a? +b? +c — Babe) > 0 


and notice that 036? +b3c3 +a? > 3a2b2c? and a3+b3 +c? > 3abe Equality 
occurs fora =b=c=1. 


Second Solution (by Marian Tetiva). We will use the substitution 


— 1— _ 
ga itt® pall’ =? 
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where —1 < z,y,2 < 1. Since 


a? +1 2741 bi y2+1 +1 2+1 


a+1  @41’ b+1 y+1° c+1 z+i 


and 
Ary +yz + zz +1) 


abc +1 = (z+ i)(y+1)(z+1)’ 


the inequality becomes 


(z? +. 1)(y? + I(2? +1) > ay +yz +22+1, 
ay? 4 yee? 4 22o? 4 9? 4 y? 4 2? Dd ey + yz t 22, 
1 1 1 
xy? + yee? + za? + ole y)? + s(y— 2)? + 5(z-2) 30. 


The last form is clearly true for any real numbers x,y,z. Consequently, the 
given inequality is also valid for any real numbers a,b,c. 


* 


32. If a,b,c are non-negative numbers, then 
8(1—a+a*)(1—b4 BP- e+ Ê) > 14 abe + ate. 
Solution. From the identity 
2(1-—a+a7)(1—b+b*) = 1+4 076? + (a-b)? + (1 —0)?(1 —8)?, 
the inequality follows 
2(1— a +a?)(1— b+ b?) > 14 0787. 
Thus, it is enough to prove that 
3(1 + a7b?)(1 — c + c?) > 2(1 + abe + abe’). 
This inequality is equivalent to 
(3 + a2b?)c? — (3 + 2ab 4- 307b7)c + 1 + 307b? > 0 
It is true because the quadratic in ¢ has the discriminant 
D = —3(1 — ab)}f < 0. 


Equality occurs for a =b=c= 1. 
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* 
33. If a,b,c,d are non-negative numbers, then 
2 
(1—a+a?\(1—b+b*\(1—c+4+c?)(1-d+d*) > (- a . 


Solution. For a = b = c = d, the inequality reduces to 
%1—ata’)?>1+a4 

This inequality is valid since 
A1 — a+} -1-at=(1-a)* 20. 

Using this result, we have 

4(1—a4a*)?(1—b+b7)? > (14 a4)(1 +b). 

Since (1 + a4)(1 4+ 64) > (1 + a?b?)?, we get 

2(1—a4a7)(1—b+6*) >14.070?. 

The desired inequality follows now by multiplying the inequalities 
2(1—a+a7)(1—b +b*) >1 + 0787, 
Q(l—c+e?)(1—d+d?) >14 cd?, 

(1 + a2b*)(1 + cd?) > (1 + abed)? 
Equality occurs fora =b=c=d=1 
* 
34. If a,b,c are non-negative numbers, then 
(a? + ab + b?)(B? + be + 2) (c? + ca +a?) > (ab + be + ca)’. 
Solution. We have 
4(a* + ab +b?) — 3(a +b)? = (a -bf 30. 

Multiplying the inequalities 

4(a? + ab +b?) > 3(a +b)’, 

4(b? + be +c?) > 3(b +c)’, 

4(c? + cat a?) > 3(c +a)’, 
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we get 
64(a? + ab + b*)(b* + bc +: c?)(c? +: ca +a”) > 27(a + b)? (b+c) (e+ a)’. 
Thus, it suffices to show that 
27(a + b)*(b + c)*(c +a)? > 64(ab + bc + ca)’. 
Since 3(ab + be + ca) < (a + b + c)’, it is enough to prove that 
81(a + b)*(b +c)? (c +a)? > 64(a +b + c)? (ab + be + ca)’. 

This inequality is equivalent to 

O(a + b)(b+ c)(c+ a) > 8(a+b+c)(ab+be+ ca), 
which reduces to the obvious inequality 

a(b —c)? + b(c — a)? + c(a — b}? > 0. 


Equality occurs for (a,b,c) ~ (1,1,1), and also for (a,b,c) ~ (1,0,0) or any 
cyclic permutation. 


Remark Kee-Wai Lau found out the following nice identity- 
(a? + ab + b7)(b? + be + c*)(c? + ca + a”) — (ab + be + ca)? = 
_1 2 2,1 2502 2 
= z (ab + bc + ca) So(b=c) +g (ato +e) Soa (b—c)*, 
which shows that the given inequality holds for any real numbers a,b,c 
* 


35. Let a,b,c,d be positive numbers such that abcd = 1. Prove that 


1 1 1 
aT t+ SO dt HO O 
l+ab+be+ea 1+be+cd+db + l+ed+da+tac + 1+da+ab+tbd — l 


Solution. We have 


1 1 1i 1 1 - 
whence 
Lat 
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and 
— $ < “Y _ 
l+ab+be+ca~ fa+vb+ /e+ Vd 
Similarly, 
1 < fa 
1 +bc + cd+ de 7 Vat vbt yet vd’ 
ee en A 
l +cd+da+ac T fa+vVo+ fe+vd’ 
1 < Je 


€ 
1+da+ab+bd~ Ja+vb+ve+tvd 


Adding up these inequalities yields the conclusion. Equality occurs for 
a=b=c=d=1. 


* 

36. Ifa,b,c and x,y,z are real numbers, then 

Ala? + 27)(b? + y*)(c? + 2”) > 3(ber + cay + abz)’. 
Solution. By the Cauchy-Schwarz Inequality, we have 

(a? + 27) [(cy + bz)? + be] > [a(cy + bz) + bez}? . 
Thus, we still have to show that 

4(b? + y?)(c? + 2?) > 3 [(ey + bz)? +e]. 
This inequality reduces to 
(cy — bz)? + (bc — 2yz)* 2 0, 


which is clearly true. In the case abc # 0, equality holds for 
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37. I[fa>b>c>d>e, then 
(atbte+d+e)? > 8(ac+ bd + ce). 


For e > 0, determine when equality occurs. 
Solution. We have 
(atb+c+d+e)* — 8(ac + bd + ce) = 


=(at+b+c+d+e—4c)? + 8(a+b+c+d+4e)c—16c*—8(ac + bd + ce) = 
=(a+b+c+d+e-—4c)* + 8(b—c)(c—d)>0. 


From here the desired inequality follows. Equality occurs for either 


atd+e atbte ; 
b=c= a ore = d= a For e > 0, the equality condi- 
, atb+e . . , , 
tions c = d = ———_—~ yield e = 0 and a = b = c = d Since this case is 
included in the first equality case, we can conclude that equality occurs only 
a+d+ 
for b= c= -—— . 


* 
38. [fa,b,c,d are real numbers, then 
b(a? +b? +e 44’) 4(at+b+c4d)* > 12(ab + be + cd). 
First Solution. Let 
E(a,b,c,d) = 6(a? +b? +c? + d’) + (a+b + ctd)? —12(ab + be 4 ed). 
We have 


E{z+a,2+b,2+c¢,2+4 d) = 427 + 4(2a—-b-—c4+2d)2+ 

+ 7(a? +b? +c? + d?) + 2(ac + ad + bd) — 10(ab + bc + cd) = 
= (22 + 2a — b — c + 2d)?+ 

+ 3(a? + 2b? + 2c? + d — 2ab + 2ac — 2ad — Abe + 2bd — 2cd) = 
= (22 + 2a — b — c + 2d)? + 3(b — c)? + 3(a — b + c — d}?. 


For z = 0, we get 


E(a,b,c,d) = (2a — b — c + 2d)? + 3(b — c}? +3(a-b+ec—d)? >0. 


44 1 Warm-up problem set 
Equality occurs for 2a = b = c = 2d 


Second solution Let a =b + z and d= c+ y. We have 


E(a,b, c,d) = 6(x? + y?) + [z +y +2(b +c)? |? — 12bc = 
= 3(a—y)? + 4(2ty)? + 4(aty)(d+c) + (b+c)? +3(b—c)* = 
= 3(x — y)? + (2z + 2y + b +c)? + 3(b—c)? > 0. 


* 


39. If a,b,c are positive numbers, then 


1 


i rt 0 
_ = a 2 2 2 — —- 
(atb+e) (2+3 +2) 21+ 1+ (ate?) (+ a + ). 


Solution. (by Gabriel Dospinescu). Using the Cauchy-Schwarz Inequality, 
we have 


(S)(Li)= eee 2%) 2 
> (S002) Ya) +2 +A (be) ( x)= 
= (2) S +A (Ea (Ei) 


(VEIEI-) 21+ EAE 


From this mequality, the conclusion immediately follows. Equality occurs if 


(Se?) (HE) -Eh Et. 


which is equivalent to 


and hence 


and only if 


(a? ~ be)(b* — ca)(c? — ab) = 
Consequently, equality occurs for a? = be, or b? = ca, or œ? = ab 


* 
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40. Ifa,b,c,d are positive numbers, then 


1 1 1 1 1 -) 
. 24 $24 2 t+ ty oe 
5+ (ah +b +a (atata) 2>(a+bto(z+5t 
a 


b 


c 


b 


a 
Solution. Let z = + Pi We have 


b c b 
+-+- andy=-+ 
c a a 


œ bb ee? be e g 
-o(p tata) (itat) 
= X(x? — 2y) + (y? — 22) +4 = (z +y — 2)? + (z ~y)? > (z +y- 2) 


Therefore, 


I 1 1l 1 1 1 
Ya? +b? +e?) (St tg) -22 ety- = (a+bte) (= +54=)-5 


Equality occurs if and only if a = b, or b =c, orc=a 
* 
41. Ifa,b,c,d are positive numbers, then 


a-b bze erd, daly 
b+c etd d+a a+b ` 


Solution. We have 


a—b e-d a+c ate 1 1 
het dba pre dra 27 Oto ypt arr)? 


Since 
1 1 4 


+- > n, 
b+c d+t+a~ (b+c)+(d+a) 


we get 


azb end, 4(a +c) 
b+c dta~at+b+cH+d 
Adding this inequality to the similar inequality 
bre d-a, 4(b+d) 
ctd a+b ~a+b+c+d 


2, 
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we find the desired inequality Equality holds if and only if a = c and b = d. 
Conjecture. If a,b,c,d are positive numbers, then 


a-b b-c evd d-e e—a 
b+c c+d d+e e+a a+b 


* 


> 0. 


42, If a,b,c > —1, then 


1+? in 1+? 14¢? 
1t64+e2 1l+eta® 1+4a+d7 


5 > 1+8 
Solution. We have 1+6+c* >1+6>0,1+6+¢e <= tite and 


hence 
1 +a? 2(1 +a?) 
1+b+e Tle e) 


Setting t = 1 +a?, y =1 +b, z=1+&, it suffices to show that 


I +—— + 31 
y+2z z+2rz zr+2y 7 
Using the Cauchy-Schwarz Inequality, we have 
Z #8 gp ‘o Etre? 
y+2z  z+2r z+2y^ x(y+2z)+y(z+ 22) + zļz+2y) 
__(z+y+z) 
3(xy +yz + zz) ~ 


Equality occurs if and only ifa=b=c=1. 
* 
43. Let a,b,c and x,y,z be positive real numbers such that 
(a+b +e(z+y +z) = (0 +b +e)? +y +2) =4 


Prove that 


ab < i 
cryz < zg 
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Solution. Using the given relations and the AM-GM Inequality, we have 
A(ab+ be + ca)(zy + yz + zz) = 

[f(a +b +c}? — (a? +b? +c?)] (£ +y +z)? — (z? +y? + 2°)] = 

20 — (a +b +o) (r? +y? + 27) (r tyt) l teH) 

20 — Xa +b+ or +y + z)y (a? +b? +err? +y? + 27) = 4, 


il 


\| 


lA 


therefore 
(ab + be + ca)(xy + yz + zz) <1. 


On the other hand, multiplying the well-known inequalities 


(ab + be + ca)? > 3abc(a+ b+c), 
(zy +yz + zz)? > 3ryz(z +y + z), 
we get 
(ab + be + ca)? (zy + yz + 2x)? > 36abcryz. 


Thus, 
1 > (ab + be + ca)? (zy + yz + zz)? > 36abczyz. 


To have 1 = 36aberyz, it is necessary to have (ab+bc+ca)? = 8abc(a+b+c) 
and (zy +yz + zx)? = 3zyz(z +y +z). But these equalities imply a = b = c 
and z = y = z, which contradict the hypothesis 


(a+b+c\(x+y+2z)= (a? +b? +e) + y? 427) =4 
Consequently, we have 1 > 36abcryz 
* 
44, Let a,b,c be positive numbers such that a? + b? +c? = 3. Prove that 


24 42 p 2 2, 2 
af + +c yore > 3 
a+b b+e cta 


Solution. Write the inequality as follows 


2 c 
rat -+£ > /3(a? +b? te) - a-b- c, 
x bad (a — b)? + (b—c)? + (c — a)? 


> e SS 
2(b +c) V3 +b +e +atb+e 
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Since ,/3(a2 +b? + c*) > a+ b+ c, it suffices to show that 


(b = c}? > (a =b)? + (b — c)? + (c — a}? 
Xb +e) ~ 2(a+b+c) 


This inequality is equivalent to: 


a _ n\2 
2o prz c)* > 0, 


which is clearly true Equality occurs fora=b=c=1. 
* 


45. Leta,b,c be non-negative numbers, no two of which are zero. Prove that 


1 1 1 3 
pi > 
2a4be! Baca’ @+ab ~abtbetca 


Solution. Since 
ab+be+ca _ a(b+ c-a) 


a tbe a? +be ’ 
we may write the inequality as 


a(bt+e—a) b(e+a-—b) 4 oatb~o) 
a? + be b? + ca cA+ab 7 


Assume that a < b < c. Since b +c— a > 0, it suffices to show that 


b(c+a—b)  ciatb—c) 


> 0. 
b2? + ca e+ab 7 


This inequality is equivalent to 
(b? + c?)a? — (b + c)(b? — 3be + c”)a + be(b — c}? > 0. 
It is true because 


(b? + c*)a? — (b + c)(b? — 3be + c*)a + be(b — c)? = 

= (b? + è — 2bc)a? —(b + c)(b? —2be + c”)a + be(b—c)? + abc(2a +b +c) = 
= (b — c} (a — b)(a — c) + abc(2a+b+c) > 0 

Equality occurs for (a,b, c) ~ (0,1,1) or any cyclic permutation. 


* 
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46. Let a,b,c be non-negative numbers, no two of which are zero. Prove that 


1 1 l 3 
b? — be +c? t2 aa + ab te — ab+bce+ca- 


Solution. Denote 


Elab _ ab+be+ca ab+beteca ab+bc+ca 
(a, e) = ape e — cata? aabb?’ 


We first assume that a < b < c, and then show that 


E(a, b,c) > E(0,b,c) > 0. 


We have 
a({b+c) a(c?4+2bc—ab)  a(b?+2be—ac) 
b c)— = TE) NE FECHA) | aY tebe—ac) 
E (a,b, ¢)— B(0, b,c) b? —be+ e? c? —ca+a? a? —ab+b? 7 
> a(b +c) a(bc — ab) a(bc — ac) >0 
bd? —be+e -cata a?—ab+ 6b? 
and 
E(0,b, c) — 3 = bc 424835 (> — c)! > 
o) bbe c b — bc(b? — be + ê) = 


Equality occurs for (a,b,c) ~ (0,1,1) or any cyclic permutation. 
* 


47. Let a,b,c be positive numbers such thata+b+c= 3. Prove that 


12 


b —— m > 
a C+ by bepca = 


Solution. By the third degree Schur’s Inequality 
(a +b +c)? + 9abc > 4(a +b + c)(ab + be + ca), 


we get 3abc > 4(ab + be + ca) — 9. Thus, it suffices to show that 


36 
A(ab+b — 9 + —— > 15. 
(ab + be + ca) + Gb+bepea =” 


This inequality is equivalent to 
(ab + be + ca — 3)? > 0, 


which is clearly true. Equality occurs for (a,b,c) = (1,1,1. 


50 1 Warm-up problem set 


* 


48. Let a,b,c be non-negative numbers such that a? + b? + c* = 3. Prove 
that 
12 + 9abe > 7(ab + be + ca). 


Solution. Let s =a +b+ c. Since 


2 7,24 pR 2 
ab+be+oa= CEPE) a eh ye) = 3, 


the inequality becomes 
45 + 18abe — 78° > 0. 


On the other hand, by Schur’s Inequality 


(a +b +c)? +Qabe > 4(a +b + c)(ab+be+ ca), 


we get 
s* + Qabe > 2s(s* — 3), 
that is 
Qabe > s? — 6s. 
Then, 


45 + 18abe — 78? > 45 + 2(s? — 6s) — 7s? = (s — 3)? (2s + 5) > 0. 
Equality holds if and only if (a,b,c) = (1,1, 1). 
Remark. From the proof above, the identity follows for a? +b? 4 ¢? = 3: 
5 
12+9abe—7(ab+be+ca) = X a(a—b)(a—c)+(a+b+e—-3)? (a +b+c+ =) . 


* 


49, Let a,b,c be non-negative numbers such that ab + bc + ca = 3. Prove 


that 
a? +++ 7abe > 10. 


Solution. Let s = a + b+ c. From the well-known inequality 


(a+b+c)* > 3(ab+ bc+ ca), 
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we get s > 3. Since 
a? +843 = 3abc+ (a + b+c)? — 3(ab + be + ca)(a +b +e) = 
= 3abe + $? — Qs, 
the inequality becomes 
10abe + $ — 9s — 10 > 0. 
This inequality is true for s > 4, because 
s? — 9s — 10 > 16s—9s—10=7s—10>0 
Consider now that 3 < s < 4. By Schur’s Inequality 
(a + b+ c)? + 9abe > 4(ab+be+ ca)(a+b+ c), 


we obtain 
Qabe > 125 — 3°. 


Thus, we have 


l0abe +s? — 9s — 10 > 2 + s — 9s — 10 = 
—s*+39s-90 (s —3)(30 — s? — 3s) _ 
9 7 9 _ 
— 3) |(16 — s?) + 3(4— 2 
_ (53) [6 ~ 97) 4304-9) 43] 
9 2 
which completes the proof. Equality occurs if and only ifa=b=c= 1. 


* 


50. If a,b,c are positive numbers such that abc = 1, then 


0(12s — sè) 
9 


(a+b)\(b+e)(c+a)4+7>5(at+b+4c). 
Solution. Assume that a = max{a,b,c} and denote b + c = z. We have 


2 
a>l,z>2vb =z and 
a 


E = (a+ b)(b+cl(e+a)+7—-5(at+b+e) = 
= 2(ax + a? + be) +7 — 5a— 5r = az + (a? + be—5)2+7—5a= 


2 2 
=a(e+! twas) _ (a? + be —5)? 


2a 4a +7 — 5a 


Since 
2 
a +be~-5 . 2 2 tbe-5 2 9 +373 
2a -= a 2a =a 2a 
1 1 
=z (0 +=~1)> 0, 
, . 2 
it suffices to consider x = —=. In this case, we have 


vya 
E = aa? + (a? +be—5)z +7- 5a =2(a? + Ż-—5) -+11 -5a 
a Ja 


Setting t = fa, t > 1, yields 


1 28 — 56 + 1143 — 1017 + 2 
1 3 
v>2(i i) tha atout ota 
(t= 1) (26 — È — 4¢? +4t+2) 5 (t-1) 2(ot4 — £3 — 4t? + 3t) 
= Epei ee 2? 
1—1) 
_f 1) Gtt+3) o, 
12 
Equality occurs if and only if@a=b=c=1. 
* 
51. Leta,b,c be non-negative numbers, no two of which are zero. Prove that 
a? b? 3 1 


(2a? + b?)(2a? +c?) t (2b? -+c?)(2b? +a?) + (Qe? +.a?)(2c* +b?) S a+b+c 
Solution. The inequality follows by summing the inequalities 
ee 
(2a? + b2)(2a? + 2) T (a+ 64 0c)?’ 
ee ee 
(2b? + c?)(2b? + a?) T (a+b +c)?’ 
ne ee 
(2c? + a2)(Qc? +b?) T (atb4+c)?’ 
multiplied by a,b and c, respectively These inequalities directly follow by 
the Cauchy-Schwarz Inequality. For example, from 


(a? +a? + 6?)(c? +a? +a?) > (ac +a? + ba)’, 


the first inequality follows. Equality occurs if and only if a = b = c 


* 
52. Let a,b,c be non-negative numbers such thata + b+ c> 3. Prove that 


1 + 1 + 1 <1 
a? +b+ce a+b+e atb+er7 © 
Solution. It ıs easy to check that it suffices to consider a + b + c= 3. In 
this case, we may write the inequality in the form 


1 1 1 
m —— = < l. 
aid! Pobe3 + 243 =! 


We can prove this inequality by adding the inequalities 


We notice that 


4-a l „eH RB-a _ (a-1*(b +e). o 
9 œè—a+3 Y(a?—a+3)  Qa?—a+3) © 


Equality occurs if and only if a =b =c =1. 
* 


53. Let a,b,c be non-negative numbers such that ab+ bc + ca = 3. Ifr>1, 


then 
1 1 1 3 


— r + —— 45 mL 
rat rth +a trp ata N rya 
Solution (by Pham Kim Hung). Since 
r =] b? 4 ¢? 
r+b24+¢2 — r+ b24 ¢2? 


we may write the inequality as 


> b? + ¢? S£ 
r+b24+e2 77490 


On the other hand 


4 > rey 


and 
b? + (+o)? 
rbe Ot (b+e2° 
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Thus, it suffices to show that 


yt (b+) + c) s 6 
Qr+(b+c)? ~r42 
By the Cauchy-Schwarz Inequality, we have 


(b + c)? Afa +b +e)? 
Dile ieee 

2r + (b+c)? © 6r+ S$ (b +e) 

_ 2(a+b+c)* O 

~ at +b 4 c24 (r+ 1)(ab+ be+ ca) 
6 7l 2(a? + b? + c2 — ab — be — ca) 
r+2 r42 a+b +e +(r+1)lab+be+ca) ~ 
6 
2777 


Equality occurs if and only if a = b= c=1. 
* 


54. Let a,b,c be positive numbers such that abe = 1. Prove that 


1 1 1 5 
Cra tate tases * Gsadt+bata 
1 1 1 
Solution. Set £ = Y= Te 7 > Tee ,S =2+yt+z2 and 
Q = zy + yz + zxz, where 0 < x,y,z < 1. The hypothesis abc = 1 becomes 
xyz = (1—2)(1—y)(1— z), that is zyz = 1 — $+ Q, while the required 
inequality transforms into z? + y? + 23 + Szyz > 1. That is 


8ryz + 5? - 3S5Q > 1, 


or 
S? — 45S 43> (35 — 4)Q. 
S2 
We have to prove the last inequality for S~1< Q < -y - The left hand side 
condition follows from 2xyz = 1— § +Q, while the right hand side condition 
is well-known. We will consider three cases. 
Case S <1 We have 


S? — 48 +3 = (1 — S)(3 — S — 8°) 2 0 > (385 — 4)Q 
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4 


Casel< S< 3° We have 


S? — 4S +3 — (3S — 4)Q > 8S? — 4S +3 — (35 —4)(S —1) =(S—1)? >0. 


4 
Case S > 3° We have 
s? 25 — 3)? 
S? —4S +3— (38 - 4)Q > S? — 48 +3 — (35 — 4) = esr > 0. 
Equality occurs if and only ifa=b=c= 1. 
* 
55. Let a,b,c be positive numbers such that abe = 1. Prove that 
2 4 1 > 3 

atbt+te 37 abtbe+ca’ 

ab +be+ ca a+tb+ 
Solution. Let u = oS and s = -M By the AM-GM 


Inequality, we get 


u > Vab. bc- ca= 1. 


On the other hand, the third degree Schur’s Inequality states 
(x+y + z)? + 9ryz > A(x +y + z)(zy +4 yz + zz) 


for any non-negative numbers x,y,z. Substituting x,y,z by bc, ca, ab, 
respectively, we get 


(ab + be + ca)? + 9 > 4(ab + be + ca)(a + b+), 


which is equivalent to 


3u? 41> dus. 
Therefore, 

6 9 2 3 8u 3 
—— + |] —- — > Í -— > — -== 
atbic? ab + be+ ca st u T 3u341 l u 

_ Buf — 9u? + 8u? +u—3 _ (u—1)(3u3 — 6u? + 2u + 3) 


u(3u3 + 1) 7 u(3u3 + 1) 


56 1. Warm-up problem set 


Since u > 1, we have to show that 3u° — 6u? + 2u + 3 > 0. For u > 2, we 
have 


3u? — bu? + 2u + 3 > 3u? — bu? = 3u? (u — 2) > 0, 
and for 1 < u < 2, we have 
3u? — 6u? + 2u +3 = 3u(u — 1) +3 — u > 0. 
Equality occurs if and only ifa=b=c=1 
* 


56. Ifa,b,c are real numbers, then 


2(1 + abe) + f2(1 + a?)(1 + b?)(1 + 2) > (14+ a)(1 + b)(1 4c). 


Solution. Using the substitution u = a+b+c, v = ab+be+ca and w = abe, 
the inequality becomes 


Au? + v2 +w? —-Qwu~2v+1)>ut+v—w—-l 
It suffices to show that 
Au? +v? +w? —Qwu—-Qw+1)> (u+v-w-1) 
This inequality is equivalent to 
u? + y? + w — Quv + Quw — 2wu + Qu — w — 2w +1 >00, 


or 
(u-v—-w+1)>0. 


Equality occurs if and only ifu-v—-w+1=0andut+u—w—12>0. 
* 
57. Leta,b,c be non-negative numbers, no two of which are zero. Prove that 


a(b+e)  b(et+a) _ e(atb) 


a + > >? 


a +be bpe ctét+ab 
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Solution (by Pham Van Thuam). Assume that a > b > c and write the 


inequality as 


b(c + a) > (a — b)(a—c) + (a —c)(b—c) 


b°+ca T a? + be c? + ab 
Since 
(a — b)(a—c) < (a — bja < a—b 
aè +be T a+b a 
and 


(a —c)(b-¢) — a(b- e) b—e 
c+ab T pab b’ 


it suffices to show that 


b(c+a) a-b b—e 
b+cea™ a b ` 


This inequality is equivalent to 


b?(a — b)? — 2abe(a — b) + a2c? + ab c > 0 


or 
(ab — b? — ac)? + abc > 0. 


Under the assumption a > b > c, equality occurs if and only if a = b and 
c=0. 


* 


58. Let a,b,c be non-negative numbers, no two of which are zero. Prove that 


a(b+ e) b(c+ a) c(a + b) +9 
a? + be b2 4 ca etab” 


First Solution By squaring, the inequality becomes 


a(b + c) be(a + b)(a + c) 
o> 
we 2 (b2 + ca)(c? + ab) = 


Taking into account the preceding inequality, it suffices to show that 


be(a + b)(a + c) 
2 (b? + ca) (e? + ab 21 


58 1 Warm-up problem set 
Squaring again, it is enough to prove that 


be(a + b)(a+ c) 
L Faaa 


We have 
3 c(a + b)\(a+c) >F be(a? + be) _ 
T + ca)(c? + ab) (b? + ca)(c? + ab) 
4a2b? c? 
+a + be)(b? + ca)(c? + ab) = 


Under the assumption a > b > c, equality occurs if and only if a = b and 
c=0 


Second Solution (by Mink Can). Using the AM-GM Inequality, we have 


a(b+c) _ a(b+c) > 2a(b + c) _ 
a? + be (a2 + be)(ab+ be) (a? + be) + (ab + be) 
2a(b+c) 


= (a+ b)(c+ a) 


Thus, it suffices to show that 
a(b +c)? + ble + a)? + cla +b) > (at b)(b+ e)(et+ a) 
This inequality is true, because it reduces to 4abc > 0. 


* 


59. Leta,b,c be non-negative numbers, no two of which are zero. Prove that 
1 N 1 1 >» 2 + b + c 
b4c cha atb“ @+be bea ce+ab 
First Solution (by Michael Rozenberg) Without loss of generality, assume 
that a = min{a,b,c} We have 
(a—b)(a—c) 


1 a 1 
Tao Late Ll ask) = ray (a? + be) 


Since (a — b)(a — c) > 0, it suffices to show that 


(b—c\(b—a) , (c-a(e~>) 
(copa) aca) + (a4 b)(c 4 ab) ~° 
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This inequality is equivalent to 

(b — c) [(b? — a?)(c? + ab) + (a? — c?) (b? + ca)] > 0 
or 

a(b — c)*(b? + c? — a? + ab + be + ca) > 0 

The last inequality is clearly true for a = min{a,b,c} Equality occurs if 
and only ifa = b =c. 
Second Solution (by Dariy Grinberg) According to the identity 

1 tL tle =y)? + (l~s)? 

(1+z)?  (l+y)? l+ay (14 2)?(14+y)2(14 zy) 

(used also in the proof of problem 28), we have 


1 + 1 1 be(b — c)? + (a? — be)? 
(a+b)? (a+c)? at+be (a4 b)*(a+c)?(a? + be) = 
Using this inequality, we get 
b c 


1 a a 
Emm Elna mayl En tLe 
1 1 a 
Eeler wre) 2 Dare: 


60. Let a,b,c be non-negative numbers, no two of which are zero. Prove that 


1 4 1 4 1 > 2a 4 2b 4 2c 
b+c cta a+b? 8a24 be 3b? 4+ca 32+ab' 


Solution. Since 
2a 


1 1 2a 
Lin Earn bl a) 
(a — b)(a—c) + a(2a — b— ec) 
=> (b+ c)(3a? + be) 
O (a — b)(a —c) a(2a — b—c) 
=} oro (3a? + be) 2 mt oat ba 


we can obtain the desired inequality by summing the inequalities 


(a — b)(a—c) 
Yee 20 


60 1 Warm-up problem sct 


and (2a—b- c) 
a(2a— b-c 
a 0 
> (b + c)(3a? -+ bc) ~ 
To prove the first inequality, assume that a = min{a,b,c} Since 
(a — b)(a — c) > 0, it suffices to show that 
(b—c)(b— a) (c—a)(c— b) 


(c + a)(3b 4- ca) + (a + b)(3c? + ab) z0. 


This mequality is equivalent to 
(b—c) [(o? — a?)(3c* + ab) + (a? — c?)(3b? + ca)| > >0 


or 


a(b — c)? (b? + c? — a? + 3ab + be + 3ca) > 0 


The last mequality clearly occurs for a = min{a, b, c} 
To prove the second inequality, we have 


a(Za~b-—c) _ a(a— b) a(a — c) B 
2 (b + ¢)(3a? + be) 2 (b + c)(3a? + be) +2 (b + ¢)(3a2 + be) 
— a(a — b) bb-a) 

=} (b + c)(3a? + be) > (c + a)(3b? + ca) 


b 
-Ded [erat erea] 
c(a — b)? (a — b)? + cla + b] 
-E IET aie rhea eaj 2° 


Equality occurs if and only if a=b =c 
* 


61. Let a,b,c be positive numbers such that a* + b*+c?=3 Prove that 


3 
— > 18. 
5(a+b4+e¢)4+ abe = 


Solution. Let p= a +b + c and q = ab + bc + ca. From a? +b? + ¢? = 3 we 
get p? = 2q + 3, p> V3, while from the well-known inequality 


(ab + be + ca)? > 3abc(a + b+ c) 


we obtain 
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Thus. it suffices to show that 


Sp 4 3p >18 
q 
Since 
9p 36p 
5p + = — 18 = 5p -r - 18 = 
PT g (p= 3) 
5p” — 18p* — 30p? + 108p? + Bip — 162 _ 
7 (p? — 3)? p 
_ (p—3)?(5p? + 12p* — 3p — 18) 
7 (p? = 3)? 


we still have to show that 5p? + 12p? — 3p — 18 > 0 Taking into account 
that p > v3, we get 
5p + 12p* — 3p — 18 = p? (sp+ 2-2-5) > 
>p’ (5V3 +12— V3 — 6) >0 
Equality occurs if and only if a =b = ¢ 
* 


62. Let a,b,c be non-negative numbers such thata+b+c= 3. Prove that 


] 4 | 4 1 <3 
6-ab 6-bc 6-—ca7~ 5 


Solution. By expanding, the inequality becomes 


108 — 48(ab + be + ca) + 13abe(a +b + ec) — 3a7b*c? > O, 
4/9 — 4(ab + be + ca) + 3abe] 4 abe(1 — abc) > 0. 


By the AM-GM Inequality, we have 


Consequently, it suffices to show that 


9 — 4(ab + be + ca) + 3abe > 0 


62 1 Warm-up problem set 
This inequality has the homogeneous form 

(a+ b+c + 9abe > 4(a + b+ c)(ab + be + ca), 
which is just Schur’s Inequality of third degree. 


3 
Equality occurs fora = b = c = 1, as well as fora =0 andb=c=75,6=0 


d 3 O and b 3 
and¢=a=5,c=Oanda=b= 5 


Remark Actually, the following inequality holds 
1 1 1 3 


-_ < 
poab’ p-b p~ca~p—l 


for a,b,c non-negative numbers such that a +b +c = 3 and p > 6. This 
inequality is equivalent to 


p [3p — (p + 2)(ab + be + ca) + babe] + 3abe(1 — abc) > 0. 
Since 1 — abe > 0, the inequality is true if 


3p — (p + 2)(ab + be + ca) + babe > 0 


or 
(p —6)(3 — ab — be ~ ca) + 18 — 8(ab + bc + ca) + babe > 0. 
Since 
2 
3—ab—be~ca= S404  ab—be— ca = 
_ (a— b} + (b-c? +(e- 2)? 0 
6 
and 


9 — 4(ab + bc + ca) + 3abe > 0, 
the conclusion follows. For p > 6, equality occurs if and only ifa = b= c= 1. 
63. Letn > 4 and let a,,@2, ..,@n be real numbers such that 
a) +ag+-::+a, >n and a 4az4---+02% >n?. 


Prove that 
max{a;,42,-. ,@n} > 2 
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Solution. For the sake of contradiction, assume that a; < 2 for all i. Let 
zi = 2 — a; > 0 for alli, and let S=2)4+294+-- +2n,5>0 From 


n<atar+: +an=?n-S, 


we get S < n, and from 
n 
n? <attaz+---+a? = 5S°(2-2i) = 
i=l 
n 
=4n -48+ r? < 4n—484S? =4n—-44(S—2)?, 
i=] 
we get (S — 2)? > (n — 2}. For S > 2, (S — 2)? > (n — 2)? implies S > n, 
which contradicts S < n. For S < 2, (9—2)? > (n—2)? implies 2—S > n—2, 
and hence S < 4—n <0, which contradicts § > 0. 


* 


64. Let a,b,c be non-negative numbers, no two of which are zero Prove that 


a + b 4 c SB 2(ab + be + ca) 
b+c e+a a+b 6 3(a? + b? + c?) 


Solution (by Pham Huu Duc) Rewrite the inequality as 


a + b + c 525 ( ab+ be + ca 
b+c cta a+b 273 pet) 


Since 
a 1\ | (a—b)+(a—c) © a—b b-a | 
rai ap? 2(b + c) “barata 2(e+a) 
oeb 1 (a ~ b)? 
E 2 Gr -zz = Eae 
and 


= ( pd) = (a=b? 
L [1 = Że Xa oor oo 
3 a? +b? + ¢2 3(a? + BF + 02)’ 


the inequality becomes 


Ce ee 
2(b +e)(e+a) 3(a? +b? + c2)} = 
It is true because 
3(a"+ 6? +4 ¢?)—2 2(b+ c)(c +a) = (a +b- e} + 2(a—b)*> 0. 
Equality holds if and only if a = b = e. 


G1 1 Warm-up problem set 


* 
65. Leta,b,e be non-negative numbers, no two of which are zero Prove that 


(bte) beta) c(at+ 6) 


oer "> 
b2 4 ce +a a2 4 be 2a+b+e 


First Solution (by Gabriel Dospinescu). We have 


2(b + ¢) (b+c) ab(a — b) + acfa — c) 
pitt pepita -pegen 
ab(a — b) ba(b—a ab(a + b)(a — b}? 


- ) 
= Rye IO ara To praag, 


Equality occurs for a = b = c, as well as for a = 0 and b = c, b = 0 and 
c= a, c— 0 anda =b. 


Second Solution. By the Cauchy-Schwarz Inequality, we have 
abe) DOGGI 
b? +e? =F aX (b+ ¢)(b? + e) 
Then, it suffices to show that 
[Eeto] > (La) [Eo qe +e) 
Let p=a+6+cand g=ab+be+ca Since 
D a*(b + o) = (pq — 3abe)? = pg? — babepq + 9a?b? c? 

and 

Ya? (b +o)? +*) = Y (bo) [(a?b? + be + 2a?) — be] = 

= (ab? PE + 2a”) YE +c) Slop- abe? = 

= pla?b? + b*c? + c?a?) + abcq = pla? — 2abep) + abcq, 


the mequality becomes 
abe(2p* + 9abe — Tpq) > 0 
This inequality immediately follows by the third degree Schur’s Inequality 
p> + 9abe > 4pq 


and the known inequality p? — 3q > 0. 
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* 
66. Let a,b,c be non-negative numbers such that 
(a+ b)(b+ e)(c +a) = 2. 


Prove that 
(a? + be)(b? + ca)(c? + ab) < 1 


Solution. We have to prove the homogeneous inequality 
4(a? + be)(b? + ca)(c? + ab) < (a +b}? (b + c)? (e +a}. 
Without loss of generality, assume that a > b > c. Since 
a +be< (a +e) 


and 
4(b? + ca)(c? + ab) < (b? + ca + c? + ab}?, 


it suffices to show that 
b +e +abtacs (a+b)(b +c) 


This inequality is equivalent to e(e — b) < 0, which is clearly true. Equality 
oceurs if and only if a = 0 and b = c = 1, b = 0 and c = a = 1, c = 0 and 
a=b=1. 

Remark Michael Rozenberg noticed that the above homogeneous 
inequality is equivalent to 


(a — b} (b — c}? (e — a)? + dabe X` be(b + c) + 8a?b?e? > 0. 


66 L Warm-up problenm set 


Chapter 2 


Starting from some special 
fourth degree inequalities 


2.1 Main results 


1. If z,y, z are real numbers, then 
(2? +y? + 22)? > 3(a3y + y3z + 232) 
(Vasile Cirtoaje, GM-B, 7-8, 1992) 
2. If z,y,z and r are rea) numbers, then 
or’ + (3r? — 1) 5 xy? + 3r(1 ~ r)zyzý z > 3r Y rey. 
( Vasile Cirtoaje, MS, 2005) 
3. If z,y, z are real numbers, then 
ttyl 4 244 cy? 4 y23 4 223 > Q(a3y + yz 4 z°r). 
( Vasile Cirtoaje, GM-B, 10, 1998) 
4. If x,y,z are non-negative real numbers, then 
eta yt 4 xh gy? —y22? 724? > 2(22y + yz + 22 — ry? — yz3— zz?) 
5. If z,y,z and r are real numbers, then 
Ye —ry)(z—rz)(x—y)(x — z) > 0, 
where > is cyclic over x, y, z. 
( Vasile Cirtoaje, MS, 2005) 
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6. Let x,y,z be non-negative numbers, and let S; = Y r(x — y)(x — z). 
For any real numbers p,q satisfying pg > 0, the inequality holds 


(Vasile Cirtoaje, MS, 2005) 


7. Let x,y,z be non-negative real numbers such that z +y +z = 3. If 
ln 3 


m= n9- må 


æ% 1355 and 0 < r < m, then 
ry +yz +272" <3. 
( Vasile Cirtoaje, CM, 1, 2004) 


8. Let z,y,z be non-negative real numbers such that r +y +z = 2. If 
2 <r <3, then 


a(y4 z) +y" (z bx) +2"%(a@t+y) <2 


9. Let z,y,z be non-negative real numbers satisfying c+ y+2z= 1. Ifp>0 


—1)(2p41 
and q < -D+ then 


yz+q are, TYtd c 1+ 9¢ 
c+p ytp z+p ~14+3p° 


( Vasile Cirtoaje, MS, 2005) 
10. Let x,y,z be positive real numbers If 1 <r < 3, then 


ryt" + y z4 + Pup < (x? 4 y? 4 27)? 


wile 


11. Let x,y,z be positive real numbers. 


1 
a) fr+y+z=3and0<r < 5, then 
altyt + yite" 4 zh ter < 3: 
b) If r+y+z=1+2r andr > 1, then 


gl tty? + yl tat + glitrar < r”(1 + pyitr 
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12. Let x,y,z be positive real numbers. 


3 
a) fo+y4z=3and0<r< 5, then 
zy +yz +z <3; 


b) Ifr+y+z=r+1 andr > 2, then 
eytyetavaecr’. 
13. Let m > n> 0, and let z,y,z be positive real numbers such that 


ymin + yn + mtn —3 
Then ym m 

— > 3. 

zm to r” ` 


am 
vt 
( Vasile Cirtoaje, MS, 2005) 
14. Let a,b,c,d be non-negative real numbers. If p > 0, then 


(1 +P -) (14+ =) (1+p5<) (14+p45) 204) 


(Vasile Cirtoaje, MS, 2004) 
15. If a,b,c are positive real numbers, then 
1 1 1 1 1 1 


1 1 1 
—— >3 —— + ——_} 
da 4b de abt bgc cga? (natanta) 


(Gabriel Dospinescu, MS, 2004) 
16. If x,y,z are non-negative real numbers satisfying z + y+ z = 3, then 


T + y + z S3 
ty+l yz+1 zz4172' 


17. If z,y,z are non-negative real numbers satisfying z +y + z = 3, then 


T + y + z 53 
y7+3 2243 22437 4° 


18. If a,b,c are positive numbers satisfying abc = 1, then 


o-4 f/ 4 fe 54 
b+8 c+8 a+8~ ~ 


19. If a,b,c are the side-lengths of a triangle, then 
a) —-3(a°b + Be + a) > (ab + be + cala? +b? +e), 
b) — 9(ab + be + ca)(a? +.B? +c”) > (a+b 4+ c)* 
20. Let a,b,c be the side-lengths of a triangle. If r > 2, then 
3(a"b bbc + ca) > (at+b+c)(a™ b+ ble + eta). 
21. Let a,b,c be the side-lengths of a triangle. If r > 2, then 
a’ b(a ~ 6) 4 b"e(b—c) + e"a(e— a) >0 
(Vasile Cértoaje, GM-B, 4, 1986) 
22. Let a,b,c be the side-lengths of a triangle. If O < r <1, then 
a®b(a™ — b") + belb" — e) + ceal — a") > 0. 
(Vasile Cirtoaje, MS, 2005) 


23. Let a,b,c be the side-lengths of a triangle. If x,y,z are rea] numbers, 
then 


(ya? +264 2c7)(za? +26? tye) > (ryt+yzt+z2)(a7b? +e +a?) 


(Vasile Cirtoaje, GM-A, 2, 2001) 


2.2 Solutions 


1. If x,y,z are real numbers, then 
(2? +y? +27)? > 3(a8y + yPz + 292). (1) 


Proof. A way to prove (1) would be a suitable arrangement of the variables 
Let 
Elz, y, z) = (2? +y? + 27)? — 3(28y +yz + 2°22) 


First we write E(z,y, z} in the form 


E= 3 [rot + (1—r)jy! + 22°y? —32°y], 
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where r is a real number and > is cyclic over x,y,z (this convention will be 
used along all the book), then try to find a suitable number r, 0 <r < 1, 
such that 

roi (1—r)y* + Qa*y? — 3a3y > 0 


for any real numbers z and y. We can’t find such a number r, since the left 
side of the inequality divides by x — y for any r, but divides by (x — y)? only 


J 
for r = — > 1. Thus this method fails for our inequality. 
Under the circumstances, we will use the substitution method Setting 


y=r+p, z=%+q, 
inequality (1) can be written as 
Ey — 2E» > 0, 
where 


Ey = Y rèr — y) = —px3 + (p- q)y? -+ qz? — 
= p(y — z)y* + yx +27) + qlz — y2? + zy ty’) = 
= 3(p? — pg + q?)x? + 3(p? — pq + Pe + pt- paH g, 


E, = $ z°y(z — y) = —p2*y + (p — q)y?z + q2? = 
= py(yz — x°) + qz(zx ~ y?) = 
= (p° — pg + q?)x? + (P? + p2q — 2pq? + gx + pq- pg 
The inequality is equivalent to 
ax? + Bx + y>0, 
where 
a=p'—pq+¢’, 
B = pP — 5p'q + Apt + 9°, 
y =P — 3p°q + 2p?q? A ai. 


For p = q = 0, we have ar? + Bz +y = 0. Otherwise, we have a > 0, 
and it is enough to show that the discriminant 6 of the quadratic function 
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az? + Bx + is less than or equal to zero. Indeed, we have 


ô = B? — day = —3(p® — 2p°q — 3ptg? + 6p*q? + 2p7g4 — 4pq® + 4°), 
§ = —3(p® — pq — 2p + PY <0. 


We observe that equality in (1) occurs for (x,y,z) ~ (1,1,1) Besides, 
equality occurs for 


An on K 
. 2 -2 -2T 
(x,y, 2) (sin 7 ,sm > sin =) 


or any cyclic permutation thereof. The last equality points can be derived 
from the equality equations 


p — p’q—2pq? +g =0, 
_ (P? — 5p? + 4pg? +) 
2(p* — pq + 8°) 


taking mto account that y=2+p,z=24+4. o 
Remark 1. Starting from the obvious relation 
dalar? + Bx + 7) = (2ar + BY — 6, 
we can deduce the following identity 
4F . E(z,y, z) = (A—5B+4C)°+3(A- B-2C 42D)’, 

where 

F=2" ty +27 — Ty — y2 — 22 = (wav) + (y= 2)" + (za tza? tliat 

A= +y +2, B=ry tyt r, C= ry? + yo? + 22%, D = 3xyz 
Remark 2. We can also prove (1) using the special identities 

(a? +y? + 27)? — 3(23y + yz + z3r) = : S(r? — y? — zy + 2?yz — zx)? (2) 
and 


1 
(x? +y? +27)? -3(22y +y%s +222) = z (22? —y? — 2? — Bay + 3yz)? (3) 
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Remark 3. Inequality (1) can be rewritten as 
x*(x—y)(— 2y) + y*(y— 2)(y — 22) + 2°(2— 2)(2 — 2a) > 0. 
* 
2. If x,y,z andr are real numbers, then 
So 24 + (3r? — 1) $ 2*y? + 3r(1 —r)zyz Sx > 3r Say. (4) 


Proof. We first notice that (4) is a generalization of (1). Indeed, for r = 1, 
the mequality (4) turns into (1). 
Let y = x + p and z = x +q. We see that (4) is equivalent to 


Ei + (1 — 3r) 2 + 3r(r — 1)E > 0, 
where E; and Ep are the previous expressions, and 
E3 = Yr’? -syz x = SI — z} = 
= (p° — pq + q°)2? + (p?q + pq?) x + pq’. 
Thus, inequality (4) reduces to 
ax? + pzr+y7>0, 
where 


a = (3r? — 6r + 4)(p? — pq + 9”), 
B = (4 — 3r)p? + (3r? — 6r — 2)p°q + (3r? + 3r — 2)pg? + (4 — 3r)g, 
y= pi — 3rp°q + (3r? — 1)p?g? + qf. 


For p = q = 0, we have az? + pr +y =0 Otherwise, we have a > 0, and 
6 = B* — day = -3 [rp? — (3r? — 2)p°q + (3r? — 3r — 2)pq? + rq] < 0. 
Another proof of (4) is the following We write the inequality in the form 


3 ($ r?y? — ryz} 2) r? — 3 ($ zy -zyz Y x) r+ 
+r- ry >0 (5) 
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Since 


3 ($ ry? - ryz z) = 53 (cy — 2yz + z2}, 
3(S ry- ryz z ) = 3 yale? ~y’) = 

= -3$ ya(x? — y’) + (zy + yz + 22)(2? — y’) = 
=} (7 -ley — 20 +27), 


Sor! -5 zy? = Da- 


the inequality becomes as follows: 


5r X (zy—2yz+ zr)? —r Y (2? — y?) (zy —2yz+ zz) + > 5Y (z?-y°) 20, 
or 1 
5 So (2? — y? — rry + 2ryz— rea)” > 0, 

which is clearly true 

Equality in (4) occurs for (x,y,z) ~ (1,1,1) Forr > =, we claim that 
equality again occurs for a triple (x,y,z) ~ (11,41, 1) with z1 > 0, y 2 0 
and (#1,41,1) £ (1,1,1) For example, in the case r = =: equality occurs 
for (x,y,z) ~ (0, V2, 1). j O 


-1 . . 
and r = z inequality (4} becomes 


35°24 + (Soy) > 6) ay 


Remark 1. For r = 


wi bo 


and 
2 
35° at +35 rty > 2(> > zy) , 
respectively. Equality occurs in both inequalities for (x,y,z) ~ (1,1, 1) 
The first inequality becomes again equality for (x,y,z) ~ (1,41, 21) with 
yi = —25 65 and zı = —18 35, while the second inequality becomes again 
equality for (x,y,z) ~ (1, y2, 22) with y2 = —0.4874 and z2 = —0.9115 


Remark 2. We can also write inequality (4) as a sum of squares, as follows 


S (227 — y? — z? — 3rry + 3ryz)? > 0. 
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Remark 3. The following statements is valid: 
If x.y,z are real numbers, then 


4 ‘o> a — > yz") ‘o> y?s* — ryz Yr) >3 ‘o> ay — xyz Siz) . (6) 
(Vasile Cirtoaje, MS, 2005) 
We note that (6) is equivalent to 6 < 0, where 6 is the discriminant of 
the non-negative quadratic of r from the left hand side of (5) 
Surprisingly, Thomas Mildorf noticed that (6) is equivalent to the following 
obvious inequality 


D a? (xy + yz— 222)" >0 
Equality in (6) occurs for (x,y,z) ~ (1,1, 1), but also for many other triples 
(x,y, 2). 
* 

3. If x,y,z are real numbers, then 

T? + yt 4 244 ay? + yz? 4 223 > (xy + y?2 + 232). (7) 
Proof Setting y = z + p and z = z + q, the inequality turns into 

Az? + Br +C >0, 
where 
A= 3(p*—pq + 4°), B = 3(p?—2p?q + pq? + P), C = pt—2p3q + pq? + q 
Since the discriminant of the quadratic Az? + Bx +C is non-positive, 
B? — 4AC = —3(p° — 6p4q? + 2p°q3 + 9p°q* — 6pq? + qÊ) = 
= ~3(p* — 3pq’ + 4°}? < O, 


the conclusion follows. 
We have equality for (x,y,z) ~ (1,1, 1). Besides, equality again holds 
mw 2n mvr  @w 
for (x,y,z) ~ (sin g’ sin yT sin zosi F) or any cyclic permutation O 
Remark 1. Inequality (7) is more interesting in the case ryz < 0. If x,y,z 
are positive numbers, then inequality (7) is less sharp than inequality (1), 
because (7) can be obtained by adding (1) to 


xry(x — y} + yz(y — z)? -+ za(z — r} >0 
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Remark 2. From the proof above, we can derive the following identity 

M . F(a,y,z) = (A-—3C + 2D)? + 3(A-2B4+CY, (8) 
where 
F(x,y, z) = zt +y? +244 cy? +yz? + zI? — 2(x°y + yz + 232), 


M =4(2? +y? +2? — ay — yz — 22) = Wa —y)* + Ay — 2)? +22- T}, 
A= +y +2, Baryty z+ 222, C= ry? +yz? 4 22", D = 3xyz 
Remark 3. Inequality (7) is a direct consequence of the identity 

att yt 4244 cy? + y2? 4 223 — (ry + yz + 32) = 

= E Do? -y +yz — ay). (9) 


Remark 4. By identity (9), it follows that (7) becomes equality if and only 
if 
g(x — y) = yly — z) = z(z — £) 
Assuming that 
z(x— y)=y(y—2z) =2(z-2)=58, s#0, 


we get 


r y 2 s s s 
This result yields the following nice statement: 
If x,y,z are distinct real numbers such that 


ri pyt tzt + ry? +yz? + zr? = 2(z°y +y’z + 232), 


1 1 1 
then -+-+-=9. 
r y 2 
Remark 5. Inequality (7) is equivalent to either of the inequalities 


(x — y)(20° + y?) + (y —2)(2y? + 2°) + (2-2) (222 + 2°) > 0, 
(x — y)(x3 + 22) + (y—z)(y? + 22°) + (z — 2)(z? + 2y°) 2 0 


* 
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4. If x,y,z are non-negative real numbers, then 
zit yt + 24—2?y?—y?2?— 222? > (ey +y? + 232 — cy? y23—z23). (10) 


Proof. Write first the mequality in the form 


— 


1 i 
(x? — y?)? + 5 (y? — 27)? + 5 (2? — 2?)24 


+ 2(z—y)(y — z)(z = x)(x +y + 2) 20. 


2 


Due to symmetry, we may consider that x = min{z,y, z}. Using the substi- 
tution y = x +p, z = x +q (z 2 0, p 20, q > 0), the inequality reduces 
to 

2Az? +4Br+C>0, 


where 
A =p +(p-4}} +8, B=p(p—q)?+¢, 
C = p* — 2p°q — pq? + 2pq? +q = (p° — pq— 4°)’. 


Since A > 0, B > 0 and C > 0, the inequality is obviously true. Equality 
1+ 5 


occurs for (z,y,z) ~ (1,1,1), and again for (x,y,z) ~ (0, -z 1) or any 


cyclic permutation. 
Remark. Inequality (10) is equivalent to 
a(z? — y?)(x — 2y) +y(y? — 22)(y — 22) + z(2? — 2?)(2 — 22) > 0. 
* 
5. If x,y,z andr are real numbers, then 
Dlx — ry)(z - rz)(z — y)(z — 2) > 0, (11) 
where > is cyclic over x,y, z. 


Proof. Let y = x +p and z = z +q. We can rewrite the inequality in the 
form 


Av? + Bu+C>0, 
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where u = (1 —r)z, s =2 +r and 
A=p—pqtq’, 
B= (p + 4)(2A — spa), 
C = (p+ 4)?A— spalp +q}? + s*p?q? 
The quadratic Au? + Bu + C has the discriminant 
D — B? —4AC = —3s*p*q?(p — q)? 


Except for the trivial case p = q = 0, we have A > 0 and D < 0, and the 
conclusion follows 

We have equality in (11) for (x,y,z) ~ (1,1,1). Additionally, equality 
again occurs for (x,y,z) ~ (r,1,1) or any cyclic permutation. o 


Remark 1. Setting r = 0 in (10) yields Schur’s Inequality of fourth degree 


\ 2*(z—y)(r—z) 20 
which is equivalent to each of the following inequalities 


xt +y' + 24 +ryz(xr+y +z >$ yz( y? + 2°) , 
ci yt + z 4 2eyz(£ +y +2) > (cy tyz + ze)? +y? +2"), 
Py -z2)}(y+2- 2) 20 
and 
(S? — S2) (452 — S$) 
Sı ? 
where Sı =z +y +z and So = ty + yz + 22. 


6ryz > 


Remark 2. Inequality (11) is equivalent to each of the inequalities 
$ rí+r(r+2) Yy? + (1—r*)ayz IE: > (r+) $ y2(y? +27) (12) 


and oe 

Si — (r +5)S2 S2 + (r+ 2)°S3 

Hoo ee a t, (13) 
Sı 

where S, = z +y +z and $S = ry +yz +zx Forr = 1 andr = 2, from 

(12) we get the inequalities 


3(r —1)(r + 2)zyz < 


x +y‘ + zí 4 3(27y? $y? 2" 4 2°27) > 25° yey? 4 2”), 
gi 4 yt 4 24 + 8(22y? 4 y22? + 222?) > B(zy + yo + ex)(z° ty? + 2°), 
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respectively We have equality when (z,y,z) ~ (1,1,1). For the last 
inequality, equality agam occurs when (x,y,z) ~ (2,1,1) or any cyclic per- 
mutation. Notice that the first inequality can be written as 


(x-y + (y—2z)i+(z-2)' 20. 


Remark 3. We can also prove (11) using the identity 


So (z —ry)(x —rz)(a —y)(x — z) = Zo- (y+z—-x-rz)}? (14) 
Remark 4. From the proof above, we can deduce the following identity 
4M $ (2 — ry)(x — rz)(z — y)(2— z) = p? + 3Q?, (15) 
where 


M=2? +y? +2? — zy -yz — zr = \(2-y)(z — 2), 


P=29 z(z-y)(z-z)-rý z 


Q = (r +2) (z — y)’ (y — 2} (2 - 1}. 
For r = 0, we get the identity 
M Y 1°(z-y)(z-2)= (X 2(e—y)(e—2))"+3(x-y)*(y-2)*(2-2)? (16) 
Denoting S; = X r'(z—y)(x—z), identity (16) yields the following inequality 
So S2> S}, 
with equality if and only if two the numbers x,y,z are equal. 


* 


6. Let x,y,z be non-negative numbers, and let S; = Yr (x—y)(z—2). For 
any real numbers p,q satisfying pq > O, the inequality holds 


Proof. If two of x,y,z are equal, then Sp = Sp = Sg = Spig =0 Consider 
now, without loss of generality, that x > y > z Dividing by 


(x — y)*(y — z} (z -r? 
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the inequality becomes successively as follows: 


(© p=) (Li) 2 EFS) (ES). 


yPt9 4 2PH — yP 29 — a zP 
> (x — y)(z — z) 
Diy — z)(yP — #4? — 2°) <0, 
(y—2)(yP— 2) (y!— 28) + (ay) (2?) (21-4) < (2-2)(3P-2P) (21—29). 
Since (yP — z?)\(y? — z1) > O and (z? — y?)(x9 — y1) > 0, we thus have 


(y — z)(y? — 2?)(y? — 29) < (x — z) (y? — 2?)(y? — 2°) 


0, 


and 
(x — y)(x? — y?)(2* — y?) < (x£ — z)(x? — yP )(2? — y?). 
Thus, it suffices to show that 
(yP — 2P)(y® — 21) + (2? — YP) (z? — y?) < (a? — 2P)(29 — 29). 
This inequality reduces to 
(yP — IP )(y1 — 21) + (y? — 2?)(y? — 29) < 0, 


which is true for all real numbers p, q with pg > 0. This completes the proof. 


e have equality if and only if two of the numbers z,y, 2 are equal o 
* 
7. Let x,y,z be non-negative real numbers such that zr +y +2 = 3. Sf 
In3 
= OCC < 
m= ao ni~ œ 1.355 and 0 < r < m, then 


ay” +yz barr" <3. (18) 


Proof Let E,(z,y,z) = 2"y’ +yz" +272". By the Power-Mean Inequality, 


we have i ; 
OEO 
3 73 
Thus, it suffices to show that Em < 3. To prove this, suppose that 


+z 
x = min{r,y,z} and denote t = -— (hence z + 2¢ = 3, t > 2). 
We will show that 


Em(2.y,2) < En(z,t,t) < Em(1,1,1) (19) 
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The left inequality of (19) can be written as 
rym +y™2™ -p g" < PpMg™ 4 pm, 


or 
t2m > a™(y™ + zm — A) + ym 


By Jensen’s Inequality, we have y™ + z™ — 2t™ > 0. On the other hand, 
from z = min{z,y,z} we have z™ < ,/y™z™ Therefore, 


z™(y™ + 2™ — 2t™) < yyy + z™ — 21) 
Thus, it suffices to show that 
jem > Vyr (y™ + zm — at) + y2™ 
This inequality is equivalent to each of the following inequalities: 
2 2 
(t™ + yma)? > varz ( fym + vzm) , 
um + Va > yma (Jy + Jem), 
2 2 
m fym 4 ym fy™+Vz™ r 
t > | t| y™z >0 
2 2 
Vyr + Vm? 


Since ¿™ — eS) > 0 (by the Power-Mean Inequality), the 


inequality is clearly true. 
The right inequality of (19) can be written in the homogeneous form 


Ipm t2m 27 2m 
ar T (242) (20) 


3 


For t = 0, the inequality is trivial Otherwise, we may set t = 1, which 
implies r <1 Taking logarithms yield 


To prove this inequality, we consider the function 


r+2 ar 4+1 


f(z) = 2mln —In 3 
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We have to show that f(x) > 0 for 0 < z< 1. The derivative 


2m _ 2mr™-! _ 2m(z™ — 22"! +1) 


f(z) = 1+2 2Ww™4] (x +2)(2z™ + 1) 


has the same sign as g(x) = 2™ — 92™-1 +1, and the derivative 


-1 
g'(z) = mz™l — dlini ) 
, 2(m— 1) , 
is zero for x = z} = ———— = 0 524. Since g'(x) < 0 for x € (0, z1) and 


g'(x) > 0 for x € (z1, 1], the function g(x) is strictly decreasing for x € [0, z1], 
and strictly increasing for x € [21,1]. Since g(0) = 1 and g(1) = 0, there 
exists x2 € (0,21) such that 9(22) = 0, g(x) > 0 for z € (0,22), and g(x) < 0 
for x € (x2,1) Hence, f’(x2) = 0, f'(x) > 0 for x € [0, z2), and f'(x) < 0 for 
z € (2,1) Therefore, the function f(x) is strictly increasing for x € [0, z2], 
and strictly decreasing for z € [22,1] As a consequence, 


f(z) > min{ f(0), f(1)} 


Since f(0) = f(1) =0, we get f(x) > 0, establishing the desired result. 
We have equality in (18) for (x,y,z) = (1,1,1). In the case r = m, 


3 3 
equality again occurs for (£, y, z) = (0, 5° 5) or any cyclic permutation © 


4 
Remark 1. For r = zwe obtain the following nice statement 


If x,y,z are non-negative real numbers such that x + y + z = 3, then 


wj 


(xy)3 + (yz)3 + (22) < 3 (21) 


( Vasile Cirtoaje, GM-A, 1, 2003) 


Remark 2. An interesting extension of inequality (18) is the following. 


Let x,y,z be non-negative real numbers such that z +y +z = 2. If 


> In3 1.355, th 
ram = pg jpg 355, then 


ay +y z +z <l (22) 
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r 
m 


E 
(eo ln atb+e/ — 


a + b +—E -= 
a+b+c a+b+c a+b+c 


IA 


? 


we get 
a” + bP 4 cP < (a+b+ o 


Hence 
zy Hy T + a = (aay + (y™M2™)P 4 (z™a™)P < 
<(z™y™ + y™2™ + rT). 


Consequently, it suffices to show that ™y™ +y™z™ +z™r™ < 1. According 
to (18) — case r = m, we have 


2m Q\ 2m 
amy + ymz + 2am < g (ZTE A) =2(5) =, 


and the proof is complete. 
Equality in (22) occurs for (x,y,z) = (0,1,1) or any cyclic permutation. 
222 
In the case r = m, equality occurs once again for (2, y, zj= (3 7? 5): 
* 


8. Let x,y,z be non-negative real numbers such that z + y +z = 2. If 
2<r <3, then 


s (y+ z)+y (z+) +z" (r+ y) <2. (23) 


Proof. Let E (x,y,z) be the left hand side of the inequality. Assume, 
without loss of generality, that z < y < z, and then show that 


E,(2,y,2) < E,(0,2 +y,2) < 2. 
The inequality E,(z, y, z) < E,(0,x2+ y, z) is equivalent to 


TY yr rT T T T 
Sa ty) S (s +y) -a = y”. 
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Since the left hand side is decreasing with regard to z, it is enough to consider 
that z =y In this case, the inequality reduces to 


Qa" +y (£ +y) < (x+y). 
Since 22" < x™7l (x +y), it suffices to show that 
apy < (ety) 

This inequality is true, because 

r-1 | „r-l r-1 r-l 

ToT e) tGh) Srat) 

Notice that the inequality E,(z,y,z) < E,(0,x + y,z) is valid for any real 
r> 2. 


Setting now t= z +y (hence t+ z = 2), the inequality E,(0,2+y,z) < 2 
becomes 


tz(t? 24271) <2 


By Power-Mean Inequality, for r < 3, we have 


trt 4 gro 4 t? 42? 4 
2 S 2 , 


r—1 


2 2\ "x7 
¿771 +z"! < 2 (=) ; 


Thus, it suffices to show that 


so that 


r—-l 
t2 2\ a7 
te( iz ) <] 


Since t + z = 2, this inequality is equivalent to 


t2(2—tz)"F <1, 


or 
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2 
Let u = ~, u > 1, and let p = ZIT 1 <p<2. Using Bernoulli’s 
` r— 


Inequality, we get 


-T 1 1 
(>) =24tz=[1+(u -1P -2+>>1+p(u-1)-2+-= 


tz 
=(u-1)(p--) > 0. 


Equality in (23) occurs for (x,y, z) = (0,1, 1) or any cyclic permutation. O 


Remark 1. For r = 3, the inequality has the form 


1 
M(ytz)t+y(zt2)+2(e+y) <z (r +y +z)" (24) 
We can prove this inequality using the assumption z = max{z, y, z} and the 
identity 
3 (ety +2) = z (2 +Y +2) +a°(y+z)+2(y+z)°. 


The inequality becomes 
yz(y* + 2? — 3zy — 322) < (—£ +y + zy‘, 
and it is true, because left hand side is less than or equal to zero: 
y? + 2° — 3ry — 3rz < y? + 2? - 8y? — 32? <0. 


Remark 2. Inequality (23) is not valid for r > 3. However, as shown above, 
if the numbers x, y, z sum to a constant value, then the expression E,(2, y, z) 
with r > 2 attains its maximum value when one of Z,y,z is zero. For r = 4, 
we have the following nice statement: 

If x,y,z are non-negative real numbers, then 


wyta)+u(eta)+Aety)<sclety +e) (25) 


( Vasile Cirtoaje, MS, 2005) 


On the assumption that z < y < z, this inequality follows from 


Ealz,y, z) < E4(0, x +y,z) < 41 


5 
<p (z+y+4+2z) . 
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We have 


E4(0,2 + y,2) — Ea(z,y, z) = z(£ +y) —a*(y +z) —y"(z4+2) = 
= xy [22(22? + 2y? + 3zy) — 23 — p°] > 
> ry [(x + y)(Qax? + 2y? + 32y) — 2? — y*| > 0, 


and 
(xty+z)°-12E4(0,2+y, z)=(xty+z)(2?+y? +27 422y—dyz—4zx)? > 0 


Equality in (25) occurs for (z,y,z) ~ (0,1,2+ v3) or any symmetrical 
permutation. 


Remark 3. We will show in chapter 5 that inequality (23) is valid for the 
larger range ro < r < 3, where 

in2 
~ n3—m2 
On the other hand, we will show in chapter 3 that for 0 < r < ro and 
z +y+ 2 = 3, the inequality holds 


ro = 171 


z(y +z) +y"(z +2) +z" (+y) <6 


All these results solve the problem posted on Mathlinks Inequalities Fo- 
rum in 2005, by Pham Kim Hung. 

Letz < y < z be non-negative numbers such that x +y +z = 3. For 
r >0, when the expression E,(z,y,z) attains its mazimum value? 

The answer to this problem is the following’ 

a) E(z,y,z) < E(1,1,1), forO<r< ro, 


3.3 
b) E(2,y,2) < E(1,1,1) = E(0o 55) for r = ro; 


3 
c) E(z,y,z) < B(0, 5) for ro<r <3, 


< 0,y,2) = r-1 4 z"=1), forr > 3 
d) E(z,y, z) < max, E( y2) max vay +27‘), forr 


* 


9. Let x,y,z be non-negative real numbers satisfyingz+y+z=1. Ifp>0 
(p — 1)(2p + 1) 
ry 
ye + q zz+q Tyta oit% 
r+p y+p z+p —14+3p 


andq< then 


(26) 
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Proof. We write the inequality in the form 


yz zr zy ol (r l =) <0 
rtp ytp z+p 1+3p 


——. + — — 
r+p ytp z+p 1443p 
By the AM-HM Inequality, we have 

1 1 1 9 9 


+ > = —, 
r+p ytp z+p^ (c£+p)+(yt+p)+(z+p) 1+3p 


(p — 1)(2p + 1) 
4 


Thus, it suffices to prove the inequality for q = . In this case, 


the inequality becomes 


yz+q zr+q , TY+d - Sp—5 
z+p yt+p z+p 7 4 ? 


(6p—5)(x + p)(yt+p)(z+ 7p) > 49 (yz + q)(y + p)(z + p). 


Let t = xy + yz + zz. By the well-known inequality 


(£ +y +2)? > 3(zy +yz + 22), 


1 
we get t < 3" Since 
(6p — 5)(x + p)(y + p)(z + p) = (6p — 5)(yz + pt + p? + p°) 
and 


A> yz + aly +p)(z + p)= > (4yz + 2p? — p— 1)(yz — pr + p+ p?) = 
=4 So yr? + (6p? + 3p — 1)t + p(3p + 2)(2p? — p — 1) — 12pryz = 
= 4t? + (6p? + 3p — 1) + p(3p + 2)(2p? ~ p— 1) — 4(3p + 2)ayz, 


the inequality reduces to 


(1 — 4t)(2p + t) + 3(6p + 1)zyz > 0. 


By the 


l . o, , 1 l 
For t < — the inequality is clearly true. Consider now 7 <t< 7 


third degree Schur’s Inequality 


(z +y +z)? + 9ryz > d(x +y + z)(£y + yz + zz), 
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we get 


4t-1 
zyz > . 


Thus, 


„ P+ 1)(4t-1) _ 


(1— 4t)(2p + t) + 3(6p + ljzyz > (1 — 4t)(2p + t) + 3 


= (#00 -3 5 4 


111 
In the original inequality, equality occurs for (x,y,z) = Gq 5) In the 


(p -1)(2p + 1) 
4 
and any cyclic permutation. E 


1 1 
special case q = , equality also occurs for (x£, y, z) = (0, = 5) 


5 1 
Remark In the particular cases p = 1, q = 0 and p = A i, from 
(26) we find the following inequalities 
yz z£ ry 1 


rtl'ytitzti 
9yz—1 9zr—-1 Qry-1 
6r +5 6y +5 6z +5 


respectively. Equality occurs for (x,y,z) = ( ), as well as for 


1 1 
(z,y,z)= (0, 5° 5) and any cyclic permutation 


* 
10. Let x,y,z be positive real numbers. IfI <r <3, then 
ay "4 yet the r git < 5 (a? + y? +z 2y2 (27) 


Proof. We notice that for r = 1 and r = 3, this inequality becomes of type 

(1) Let E, = 2t%yt* + y"24* + 2724-7 For 1 <r < 3, we apply Jensen’s 
r—l 

Inequality to the concave function f(t) =t 7 to get 


r—i r-l r-l r-l 
2 5 2 p] we 3 E A 
3/2 3f¥ 3 [ * 3) 7 
Er = 2y (=) ry (3) taz (=) sii (5) 7 
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1 1 
According to (1), A, < 3 (ety? +27)? and E3 < zl’ +y +2), and hence 


—_ 


E, < z(a +y +z?) There is equality in (27) for (2, y,z) ~ (1,1,1). In the 


. 947 32T ot 
case r = 3, equality again occurs for (x,y, z) ~ (sin asin’ sin" = ] or 


7 
any cyclic permutation. Also, in the case r = 1, equality occurs occurs again 


om 92m z 4T ; ; 
sinf —,sin =} OF any cyclic permutation. O 


fi ~ | sinf — 
or (2, y, z) (sin 7 7 


Remark. Replacing z,y,z with VT, /y, yz, respectively, and r with 2r, 
we get the following equivalent statement. 


Let x,y,z be positive real numbers such thatz+y+z = 3. Its <r< 5, 
then 
LYT py z? ae <3, 
* 
11. Let x,y,z be positive real numbers. 
a) Ifa+y+z=3and0<er< > then 
gltryy p ylttyr 4 gitar < 3; (28) 
b) Ifr+y+z=1+2r andr > l1, then 
gltryt 4 yltryr 4 zita" < (Lr), (29) 


Proof. Let F,(z,y,z) = al tty? 4 ytt" z" 4 zlte, 
1 1 
a) For r = 5 the inequality F < 3 is just of type (1). Fr0 <r < 7 
applying Jensen’s Inequality to the concave function f(t) = t” yields 


F, = 2 (fry) +y (yz) +z (vz) < 


Fi 2r 
< (r +y +z) (=) <3 


l 
Fr 0<r< z’ equality in (28) occurs if and only if (z,y,z) = (1,1,1). 
b) There are two cases to consider. 
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Case x azy We will show that 

F, (x,y,z) < F.(0,2+y,2) < F(0,1+4r,r) 
We have 
F,(O,2+ y,2)— F,(2,y,2) = (x+ yi tre? — ml ty" ay the? alt. 
Since 
(24y) t > (z+ y)(2" +y") > ry" +a7ytyl* 
we get 
F, (0,r +y,2)-F,(2,y,2) > ryz" + gyz" — rly" — "z! t = 
= gy" (z2 — x") + 272"(y—z) > 0. 
Setting now x-+ y = t (t > 0, t+z = 1 +2r), the right inequality becomes 
F,(0,t,2) < F(0,1 + r,r), 


t l+r yar 
(Ge) G) s+ 
l+r r 
This inequality follows by the weighted AM-GM Inequality, as follows 
l+r yar ~ ~ 
Cy (ete tee te 
l+r r l4+2ridt+r 142rr 
Cuse x <y < z. We will show that 


or 


F(x,y, 2) < F,(0,2 + z,y) < F (0,1 +r,r). 


Since the right mequality is similar to the above one, we will prove only the 
left mequality We have 


F.(0,24-2,y) — F,(z,y, z) = (£ + z)ittyr — r! +y" — ylttst — altt gr, 
Since 
(£ +2) t >(xt2)(e" +27) 20 bas + 2°47, 
we get 
F.(0,2+2,y) — Fp(z,y,2) > xy Poh pyst — yt — gr altt = 
=o | tery a") >y's"(2—y) + yz (y — 2") = 
2’) > 0. 


= ryz 


“(y" 
Equality in (29) occurs for (z, y, 2) = (0,1+ r,r) or any cyclic permutation 
O 
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1 
Remark Inequalities (28) and (29) are not valid for > <r < 1 


* 
12. Let x,y, = be positive real numbers. 
a) Ifet+tyt+ts=3and0<ere<e 7 then 
gyty2z+2'2 < 3, (30) 
b) Ifz+y+z2=r4+1 andr > 2, then 
syty zti rsr. (31) 


Proof. Let G, (x,y,z) = ry + y"2 4272. 
2r 
a) Since the function f(t) = t7 is concave on (0,00), by Jensen’s 
Inequality we get 


G- =u (a) Fret) ta et) < 


yx? + zy? + 2z 
yt24+2 


G3 E 


Thus, it is enough to show that Ga < 3 Since the function f(t} = Vt is 
concave, by Jensen’s Inequality we get 


zy + y2z 4 222 
= tye t+ ysVut seve < (sy + yz + zah . 


We still have to show that 


nile 
Wee 
e| 


<u tet ( 


G 


tott 


(ry +yz + zr)(z?y + y?z 4 222) <9. 
Write this inequality in the homogeneous form 
27T(zy +yz + 22) (27y +y? z + z*2) < (e+tyt+ z). (32) 


Suppose that xz = min{z,y,z}. Setting y = £ + pandz=2z2+q(p>0, 
q4 2 0), inequality (32) becomes 


27(p° — pq + qx? + 9Bx? + 3(p+q)Cr+D>0, 
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where 
B = 4p>—6p*q+-3pq?+4q°, C = 5p°—12p°q+6pg+50°, D = (pt+q)°—27p°q" 
The last inequality is true since 
B= 
3 5 
C = (p— 2q) ae a) + apt > 0, 


209 39 
> 
= 108 peg’ 20 


Equality in (30) and (32) occurs for (x,y,z) = (1,1, 1). 

b) We will present an elegant solution posted on Mathlinks Inequalities 
Forum by Gabriel Dospinescu. Using the assumption x = max{z,y,z}, he 
proved that 


G,(z,y,2) < G, (2 +5,9 +5,0) < Gr(r41,0). (33) 


2 


The left inequality of (33), namely 


z 7 z T T T 
(+8) (i)er 


z 
can be obtained by adding up the below inequalities multiplied by y and 5 
respectively: 


z\r i 
(2+5) Barbus, 
r 
(z + =) > Qr277), 
2 
To prove these two inequalities, we notice that 


z\" z\r ( 2)" "( =) r r-i 
— = T — T ~ > — = a 
(x +) vw (1+) >r 1+ 5 >r 1+ - a Hr z 


Since 
z” +r lz > r” + yz 
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and 
-1 -1 -1 _ r-1 
ew +a" z d> "2" 4242" T = 2427 "',—" 


the conclusion follows. 
The right inequality of (33) has the homogeneous form 


> tyta ( 2)" ( 3 
n A > * a 
r ( r+ AVF 5 5) Vts 


z 


z 
Using the substitution t = (v + 5)/(# + 5) , reduces it to 


bo 


r+1 
(==) >rt. 
r+i - 


By Bernoulli's Inequality, we have 


r+1 t— r+l t—1 
(==) = (1+7 2) >14(r4¢1)——— = nt, 


r+1 r+l1 r+1 
and the conclusion follows. Equality in (31) occurs for (x,y,z) = (r,1,0) or 
any cyclic permutation . O 


Remark 1. In the following section of this chapter (problem 33), we will 
show that inequality (30) holds for 0 < r < rı, where rı = 1.558 is a root of 
the equation 

(L+r)'t? = (3ry". (34) 
Remark 2. Inequality (31) was published in Vietnamese journal 


"Mathematics and Youth”, 1996 On the assumption x = max{z,y, z}, 
we can prove that inequalities (33) are valid for r > ro, where 


In 2 


= ——_— wv 1.71. 
ln 3 — ln 2 l 


ro 


Then, we can say that (31) is valid for any r > rọ. Moreover, we conjecture 
that (31) holds true for r > r;, where ry = 1.558 is a root of equation (34). 


* 


13. Let m > n > 0, and let x,y,z be positive real numbers such that 
getn y ymtn 4 m+n — 3. Then 


+ — >3. (35) 


Od 2. Starting froin some special fourth degree equalities 


2n mtn min 
a= xz, b= y? and 


Proof Usmg the substitutions p = 


. m+n? 
c= 22, we have to show that a? -+ b? + c? = 3 yields 


~ 
~ 


Write this inequality as 


a? b? c? 
>3 
(abyp * (bey * (cay 7 
. . , 1 
Applying Jensen’s Inequality to the convex function f(u) = — 1 we get 
U 
a? b? c? a? +b? + ¢? gitp 
—— > re re 
(ab)? t (be)? + (ca)? © fa? abt? bete ca)” (a8b+b3e+ea)P 
a? + b? +c? 


To end the proof, it suffices to show that a°b+b3c+c?a < 3 This mequality 
immediately follows from 


(a? +b? + c?)? > 3(a2b + be 4 ca), 
which is just (1) Equality occurs for (x,y,z) = (1,1,1) o 


Remark. The above inequality is a generalization of the below statement, 
posted on Mathlinks Inequalities Forum by Michael Rozenberg. 

e If n,z,y,z are positive numbers such that 22?7} + y2?+] 4 z2n+] = 3, 
then 


14. Let a,b,c,d be non-negative real numbers. If p> 0, then 


(1 +p) h + pŠ) (1+7) (1 +r) >(1+py 


Proof This inequality is well known for p = 1; that ts 


(at+b+c\(bt+et+d)\(c+d+a)(d+atb) > 4(atb)(b+ej(c4 d)(d+a) 
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Since (a +b+c)? > (2a +b)(2c +b) and (2a +b)(2b +a) > 2(a+b)*, we have 
[[(a +4 +) > [[ (2a + 6)(2c + b) = [] (2e + 6)(20 + a) > 24 [] (a + 6)? 


aud the above mequality follows (JJ is cyclic over a, b,c) 
Another proof of the same particular case is based ou the inequalities: 


(a+b +ce)(b+e+d)> (b+ cl(at+b+ce+d) > 2Ab+e)V(a + b)(c+ d) 
Then, 


[[(e4 b+) = [](a+b+c)(b+e+d) > 
> 247 [ (b+ eV (a t+ bet d) = 24] (a +6)? 


a b 


In order to prove the original inequality, denote 2 = 


GQ 


c d 
dha and i = a Since 


[[(@ + pz) >l+p(z+y+r+t)+p(ry+yz+zt+tzr4 zz + yt), 


it suffice to show that 
r+y+tz+t>2 


and 
ayd yz+2t+tr4+22+ yt > 1. 


The inequality z + y + z +t > 2 is the well-known Shapiro’s Inequality 
for 4 positive numbers. It can be derived as follows 
a b c d (at+tb+c+d)? 


——_ + — 


SU 
bret cd’ d d+a a+b abro ) + b(c + d) +e(d+a)+d(a+b) = 


The left inequality follows by the Cauchy-Schwarz Inequality, whereas the 
right inequality reduces to the obvious inequality (a — c}? + (b — d}? >0. 

The inequality xy + yz + zt + tx + xz + yt > 1 can be derived using the 
inequalities 


r+z be + da + (a—c)* t — dg)? 
- -rz = Etat (are) y yt -y= Beds (baa a 
2 2(b + c)(d + a) 2 Aa+b)(e+d) = 


and the ideutity 
re(l+yt+t)t+yl+a42)=1. 
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Indeed, we have 


L+2z +t 
zy +yz +zt+tr+eztyt= 1 (y +t) + (ee) tez tyta 


> rz(y +t) +yt(£ + z}+rz+yt=zrz(1+y+t)+yt(l+r+2)=1, 


and the proof is finished 
There is equality for either a = ce = 0 or b = d =Q. B 


* 


15. If a,b, c are positive real numbers, then 


dyly tt yg yy) og) 
da 4b de a+b b+c cta \8atb 3b4+ce 3c4+a/- 


Proof. We present the author’s solution, which emphasizes that (36) is an 
ingenious consequence of the special inequality (1). 

Actually, we will prove that for any positive t, the following more general 
inequality holds ` 


tia pab pac t2(a+b) f2(b+e) ¢2(c+2) pat psbte peta 
da b ae a-+b b+c + cta (sat + 3b+e + s) 7 
For t = 1, this mequality turns into (36) Denoting the left hand side by 


f(t), the inequality becomes f(t) > f(0) We see that it suffices to show 
that f'(t) > 0 fort >0 Indeed, 


f'(t) — pial + 14-1 + pico +2 (t72 +2-1 + p2b+2e—-1 4 pret2a-l) _ 
—3 (t30te-! + poten] 4 pcta-}) 


and letting r = t-i, y= t-i, z= ti, the inequality f'(t) > 0 reduces to 
ri pyt tz + 2 (224? pyre? + z?z?) >3 (z°y + yee + 2°) 
which is just (1). Equality occurs fora = b = c. G 


Remark Another similar problem is the following 
If a,b,c are positive real numbers, then 


11.1 1 1 1 
tlt $ >ə( ) 37 
tat 46 Get at3b bte chla“ (3+ act zera) CD 


(Vasile Cirtoaje, MS, 2005) 
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This inequality is a particular case (t = 1) of the inequality g(t) > 0, 
where 
pie pid tte pots po+3e pe+3a 
th= — ++ 
o) = aot et tet ayant eae + croa 
piatb tte picta 
7 (a + te E) l 


In order to prove that g(t) > g(0), it suffices to show that g'(t} > 0 fort > 0 
We have 


—9 (oreo) 4 pbote-l + t8eta-t) 


Denoting r = tei, y= t?-ā and z = ti, the inequality g'(t) > 0 becomes 
ri + yt + 244 ay? tyz + r? > (xy +y°z + 2z), 
which is just (7). We have equality for a = b =e. 
* 


16. If x,y,z are non-negative real numbers satisfying x + y+ z = 3, then 


T y z 3 
>., 
zy+I  yz+1 ay -2 


(38) 


Proof. Since the Cauchy-Schwarz method fails in proving this inequality, 
we have to choose between expanding and using a suitable hint. We will 
approach the second way The hint is using the relations 


T p x*y y tz zo o z 
zy+ 1l ry+l’ yz+1 % yz4l'zz41 ” zz+1 


to transform (38) into 


xy y?z zT 


zy+1 yotl aed 


<3 
— 2 . 
By the AM-GM Inequality, we have 


zy + l> 2/zy, yz+1>2/yz, zr +1>2 zr. 
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Consequently, it suffices to show that 


zy y?z 2°2r 


2 TY + 2,/Yyz + 2/22 


that is 
zty ty /yzt+2zV2zr <3 


This inequality has the homogeneous form 


(£ +y +2)? > 3(z/zy + yyz + 2V22). 


Replacing x,y,z by x”, y”,z?, respectively, we get just inequality (1) 
Equality occurs in (38) only for (x,y,z) = (1,1,1) o 


Remark 1. A slightly more general statement is the following 
Let x,y,z be non-negative real numbers satisfying r +y +z=3. If 
O< p< 1l, then 
3 
s > —_ 
tytp yztp ze+p 1+p 


(39) 


Proceeding as before, we can rewrite the inequality as 


2 2 2 
r y ytz zE c 3 


+ < - 
rytp yztp ze+p” +p 


By the weighted AM-GM- Inequality, we have 


ny +p=1-cytp-1>(1+p)(ey) He 17% = (1 + p)(zy)™ . 


Hence, 
2 
TY < —_ a(ay) 5, 
ry+tp 1+p 
and similarly, 
2 2 1 
Yz <l yyt, Z2 < a(x) 
yetp”  1l+p zz+p” 1l+p 


Thus, it suffices to show that 


s(zy) F + ylyz) E + 2(22) F <3 


1 
Since 0 < 2 < =, this inequality coincides with (28) 
l+p” 2 
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We conjecture that inequality (39) is valid for 0 < p < po, where 
93, 

po = 1.5874. Replacing the triple (x,y,z) = (0.3.5) in (39) yields the 


27 
necessary condition p < 7 ~ 1.588. 


* 


17. Ifz,y,z are non-negative real numbers satisfying x + y + z = 3, then 


z 
x? +3 


? p 
y? +3 z?4+3 


>z (40) 


we | Go 


+ 


Proof. By the AM-GM Inequality, we have 


y+3ay+1t1t¢1>4yy. 


Hence, 
3a ry? ry? 1 3 
243 213 ey a a 
ye +3 y? +3 Ay 4 
and similarly, 
3y 1 3 3z 3 
> — yz? —— 222, 
2431 4i pay A? 


Using these results, it suffices to show that 


3 3 3 
ry? + yz? + zr? < 3. 


3 
This inequality is just (30) for r = 3 Equality occurs in (40) only for 
(x,y,z) = (1,1, 1). oO 


Remark. The following more general statement is valid: 
Let x,y,z be non-negative real numbers satisfying r+yt+2z2= 3. If 
O<p< 3, then 
x y z 3 
>a + = 4+ a ed aaee 
yY +p wtp 2?t+p-ltp 
By the weighted AM-GM Inequality, we have 


(41) 


2 
y?>+p>(ltpyt. 
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Hence, 
2 2 
pe, ww ay 
y +P Y +P (1+ p)yt l+p 
and similarly, 
PY 1 22 pz 2 
— > — — yųyz!+ g+ 
zp lp” P> 1 + pr? 1 p ” 
Consequently, if the below inequality is true, 
PL -22 PL 
gT- y+ +y- zi+r +z.: ri+p <3, 
. . 2p 3 . 
then (41) is also true. Since 0 < IF? < 5 this inequality follows from 


(30). 

We conjecture that inequality (41) holds for 0 < p < 3+2v3 Replacing 
the triple (x,y,z) = (0, 3— V3, v3) in (41), we get the necessary condition 
p<3+2V3. 


* 


18. Ifa,b,c are positive numbers satisfying abe = 1, then 


a b € 
—— —— —_ >i. 
Vora t Vzmet Vara?! (42) 


Proof. By Bernoulli’s Inequality, we get 


VETS _ b b-1 b+17 
l<] oh 
3 L+- Slt- ~ig 


Then 


Substituting — for va, = Z for Vb, and = = for y to obtain abc = 1 (£,y, z > 0), 


the inequality becomes 


3 3 3 1 
z z y > 


y(172? + 27) + x(1722 +y?) + z(17y? +22) ^ 6 
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By the Cauchy-Schwarz Inequality, we have 


3 3 


x y? z 
gta? +2) * a * a7 +) = 
> (x? +y? 4 22) | 
T gy(17z? + z?) + yz(1Ty? + z?) + zz(1722 + y?) 
Therefore, it is enough to show that 
6(z? +y? + z*)? > 17(29y + yP2z + 222) + zyz(z+y+2), 
which follows by combining (1) and 
(x? +y? + 27)? > 3zyz(z +y + 2). 
The last inequality can be obtained as follows 
(2? + y? + 27)? > (zy +yz + zz)? > 82y2(n +y + z). 
Equality occurs in (42) only for (a,b,c) = (1,1,1). a 
* 
19. If a,b,c are the side-lengths of a triangle, then 
a)  3(a°b + bc + ca) > (ab + be + ca) (a? +b? +e), (43) 
b) = 9(ab + be + ca)(a* +b? +c?) > (24.54 0)4 (44) 
Proof. In order to prove (43), we write it as cyclic sum 
>> ab(2a? — b? — c?) > 0. 


Since 


Y ab(2a? -b — ê) = > ab(a* — b?) — J ab(c? — a?) = 
= $ ab(a? — b?) — Y bela? — b?) = (a? — b?) (a — cb, 


the inequality becomes 


Y (a? — b*)(a— c)b > 0. 
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Using now the classical substitution a = y+2,b =z+2,c=24+y 
(r,y,2z > 0), we have 


a? — b? = (a — b)(a + b) = (y—x)(y+ut2z) = y? —2? + 22(y—2), 
(a — c)b = (z — x)(z + £) = 2° — x°, 
Yla? — 6?)(a-—c)b = Yy? — (2? a) 4+ 23° zly- e)l? — 2°). 


and 
5 z({y—z)({z2?-z?)= X (y2?—x"yz—-rz?+r?2) = ŞS (2x?z—x°yz— r2’), 
the inequality transforms into 
S (zt — xy? 4 4232 — 2x?°yz — 2r2°) > 0. 
We can find this inequality by addıng the below inequalities 
5 (z — xy? 4 2r?z — 2x23) > 0, 
2 S (zz — zyz) > 0. 


First inequality ıs just (10), while the second inequality follows by the 
Cauchy-Schwarz Inequality applied to the triples (xJaxz, y/¥E, z/2Y) and 
(Vu, VZ, v2). 
(x3z + y?r + 22y)(y + z+ x) > xyz(etyt z)’. 
To prove (44), denote A = a? + b? + cè and B = ab + bc + ca. Since 
9(ab+ be +ca)(a? +b? +.c?)-(a+6+c)1=9AB-(A + 2B)? =(A-B)(4B—A) 
and 


(a— b)? + (6—c)? + (e-a)? 
9 


we still have to show that 4B — A > 0 Indeed, we have 


A-B= > 0, 


4B— A> 2%Aabtbet+ca)—a?—B-c? = 
= (Ya+vo+Ve) (-Va+v04 ve) (Va-vb+ Ve) (va+vb- ve) > 0. 


Equality occurs in both (43) and (44) only for an equilateral triangle O 


22 Solutions 103 


Remark. From (43) and (44) we get 


3 3 3 4 
eee (tiite) l (45) 


The following more general statement is valid: 
If a,b,c are the side lengths of a triangle and r > 3, then 


ab+b'c+ca a+tb4ce\"t! 
3 > ( 3 ) l (%6) 


Indeed, from the weighted Power-Mean Inequality and {45), we have 
l Ł 
(Fy > a®b + e+ a\3 > a+b+e 
bicta = b+ece+a 3 , 
and from here, (46) follows 
* 
20. Let a,b,c be the side-lengths of a triangle. If r > 2, then 
3(a" + bc + c'a) > (at+b+e)(a’ b+ ble + eta). (47) 


Proof. By the weighted Power-Mean Inequality, we have 


(= +be+ z2) = ` alb + ble + ela 
a+b+c = a+b+c 
Thus, it suffices to show that 
3(a7b +b" c+ ia) s (= +b c+c"a = 
(a+b+c)? > at+b+e ) í 
which is just (46). Since (46) is valid for r > 3, it follows that (47) is also 


valid for r > 3 
For r = 2, (47) reduces to 


2(2 c £)? 3 

tzt S+ +- = + (48) 
, . ae a+e 

Assuming a = min{a,b,c} and using the substitution b = x + a 


inequality (48) becomes 


(2¢-a)z? + (x +2 )(a—e)? >0 
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This inequality is true, because 2c — a > 0 and 
4x + 3a = a + 4b — 2c = 2Ha +b — c) + (26-a) > 0 


Inequality (48) becomes equality only for a = b = c 
To prove (47) for all r > 2, we rewrite it in the form 


a’ 'b(2a — b— e) + b *e(2b-—e—a) +c" 'a(2c— a -— b) > 0. (49) 


We claim that the following more general statement holds. 
If a,b,c are the side-lengths of a triangle and f(x) is an increasing posi- 
tive function on (0,00), then 


ab(2a — b— c) f(a) + be(2b — c— a) f(b) + caf2e—a—b)f{e)>O0 (50) 


First notice that for f(z) = x777, r > 2, (50) turns into (49) In order 
to prove (50), denote its left side by E(a,6,c), and then consider two cases. 
a>b>canda>c>db 

Casea>b>c Since f{a) > f(b) > f(c), we have 

E(a,b,c) > ab(2a — b — c) f(b) + be(2b — c — a) f(b) + ca(2c — a — b) f(c) = 
=b [2(a— \(a —c) + ab— c°] f(b) + ca(2c— a — b) f(c) > 


b)(a 
> b[2(a—b)(a—c) + ab — °} f(e) + ca(2c — a — b) f(e) = 


b c a a b c 
Taking account of (48), we get E(a,b,c) > 0 
Case a > c > b. Since f(a) > f{c) > f(b), we have 


Ela,b, c) > ab(2a — b —c)f(c) + be(2b— c — a) f(b) + ca(2e — a — b) f (e) = 
= a |{e — b)(2c— a) + bla — b)| f(c) + be(2b — c — a) f(b). 


Since 
(e — b)(2c — a) + b(a — b) > (c — b)(b4+c—a) + b(a — b) 2 0, 
we get 
E(a,b, c) > a[(c— b){2e — a) + b(a — 5) f(b) + be(2b — c — a) f(b) = 


b c a a b c 
= — — — | — | — - — | — > 
abe [2 (= +5 + 2) (F+2+5) 3] £(0) > 0 
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Remark. The following inequality is sharper than (48). 


a(2+54S)oa(F4242) 43 (51) 
a b cœ b c a 


( Vasile Cirtoaje, MS, 2004) 


Proceeding in the same manner as in the proof of (48), we obtain the 


inequality 
(3c — 2a)(2b — a — ¢)? + (4b + 2a — 3c) (a ~c)? > 0 
It is true, because 3c — 2a > 0 and 4b + 2a — 3c = 3(a +b — c) + (b-a) > 0. 
* 

21. Let a,b,c be the side-lengths of a triangle. If r > 2, then 

a’b(a — b) + b’e(b—c) + afe — a) > 0. (52) 
Proof. For r = 2, the inequality turns into the well-known inequality 

afb + bc + c8a > arb? +. bc? 4 ca? (53) 


Using the substitution a = y+2z,b=z+2,c=r4+y (x,y,z > 0), this 
inequality reduces to 


ry? +yz? + zr? > ryz(£ + y 4 z), 
which follows by the Cauchy-Schwarz inequality 
(x3 z + yx + z3y)\y +242) > ryz(z +y4+ z)? 


Let us denote now by E(a, b,c) the left side of (52) and assume, without 
loss of generality, that c = max{a,b,c}. We have 


E(a,6,a) = ab(a — b)(a"~* — b"7?}), 
E(a,b,c) — E(a, b,a) = (e— a) [a(e” — b") — (c — bb"), 


whence 


E(a, b,c) = ab(a — b)(a""? — 6-1) + (e— a) [a(c” — b") — (c — b)b”] 
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Writing now the product ab as 
ab = c(a +b — c) + (c — a)({e— b), 
we get 
E(a,b,c) = c(a + b—e)(a—b){a"' — 6") + 
+ (e—a) [(c — b){a — b)(a"7} — b7!) + afc” — b”) — (e — b)b"], 
E(a, b,c) =cla+b—c)(a—b)(a" | — b77! )+ 
+ afc — a) [(a—b)(e— ba”? + e(t — b"™})] . 
Since 
(a — b)(c— bja”? + efe"! — b71) = 
=(a—b+e)(e—b)a"* +c [—{c — bya’? 4 671 - or] = 
= (a—b+c)(e—b)a"~? + ce — b)(e"—? — a"*) + befe? — 8"), 
we obtain the final form 
E{a,b,c) = c(a+b—c)(a—b)(a"~! —b"-!) + (e—a)(c—b)(a—b +-c)a”* + 
+ ae(e— a)(e— b){ 7? — a?) + abe(e — a)(c”? — 677°). (54) 
For r = 2, this identity has the form 
asb + be + Ba — atb? — be — eta? = 
= e(a +b — c)(a — b}? +a(a—b + e)(e—a)(c—d) 


From (54) it is clear that r > 2 together with c = max{a, b,c} imply 
E(a,6,c) > 0. Equality occurs only for an equilateral triangle 

Another interesting solution was posted on Mathlinks Inequalities Forum 
by Mikhail Leptchinski It two of a,b,c are equal, then (52) is valid. Other- 
wise, consider that c = max{a, b,c}. On the other hand, since the inequality 
1s homogeneous, we may assume that b= 1 This implies either a < 1 < c 


orl<a<c Let 
f(x) = a%b(a —b) +b c(b—c) +. Fale- a) = a*(a—1) +e(1—c) +c*a{c—a). 


According to (53), we have f(2) > 0. Therefore, it suffices to prove that 
f(x) > f(2) for x > 2. We have 


f'(x) = a®(a— 1) na +c*a(e—a)Inc 


Since (a—1) Ina > 0 and (c—a) Inc > 0, it follows that f'(x) > 0 Therefore, 
f(z) is strictly increasing and hence f(x) > f(2) o 
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Remark An interesting generalization of (52) is the following: 
Let a,b,c be the side-lengths of a triangle If f(x) is an increasing positive 
function on (0,00), then 


a’ f(a)b(a — b) + b° f(b)c(b — c) +c? f(c)ale— a) > 0. (55) 


(Dary Grinberg, MS, 2005) 
For f(x) = x"~*, the inequality turns into (52). To prove (55), denote the 
left side by E(a, b,c), and then consider the following two cases a >6> c 
anda>c> b. 
Case a > b > c. Since f(a) > f(b) > f(e), we have 


E(a, b,c) > a? f(c)b(a — b) + b? f(c)e(b— c) + êf (c)a(c — a) = 
= f(c) [a?b(a — b) + b?e(b — e) + calc — a)] > 0. 


Case a > c > b. Since f(a) > f(c) > f(b), we have 


E(a,b,c) > a? f(a)b(a — b) +b? f(a)e(b— c) +c? f (laale — a) = 
= f(a) [a?b(a — b) + b*e(b — c) + calc — a)] > 0 


* 


22. Let a,b,c be the side-lengths of a triangle. IfO< r <1, then 


a®b(a” — b") + belb — eT) + Pale? — a") >0 (56) 


Proof. We observe that for r = 1, the inequality transforms to the well- 
known inequality 


ab + be + ca > ab? pbe? + ca? 


On the other hand, we see that the inequality is true if two of a,b,c are 
equal For example, if a = b, the inequality reduces to 


ac(a — e){a" —¢") > 0, 


which is clearly true We will consider now that a,b,c have distinct values 
and a = min{a,b,c} Rewrite the inequality in the form 


a"*" (ab — cê) + bt! (be — a?) + c+ (ea — b?) > 0 (57 
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Since the inequality is homogeneous, we may cousider a = | 
This assumption yields either b<c<lorce<b<1 Let 


f(z) = a™*" {ab — c?) + b*+4(be — a) 4 E>! (ca — b?) = 
= b— e bt be — 1) +t (e— 6°). 


We must prove that f(z) > 0for0<xr<1 Note that f(0) = 0 and, m 
accordance with (53), f(1) >0 The function f(x) has the derivative 


f'{x) — o (be — 1) lnb + {e — b°) lnc. 


ctl c 


Caseb < c< 1 Since (be — 1)lnb > 0 and 0 < i < 1, the function 
f'(x) 1s strictly decreasmg We claim that f'(0) >0 Indeed, if f’(0) < 0, 
then f'(x) < 0 for 0 < x < 1, the function f(x) is strictly decreasing on 
(0, 1], and therefore f(1) < f(0) = 0, which is not true. Hence f’(0) > 0, 
as claimed Since f'(x) is strictly decreasing and f'(0) > 0, two cases are 
possible either f'(x) > 0 for0< x < 1, or there exists x, € (0,1) such that 
fæ) = 0, f'(x) > 0 for x € (0,21) and f'(x) < 0 for x € (x1, 1] In the 
first case, f (x) is strictly increasing on [0,1], and hence f(x) > f(0)=0 In 
the second case, f(z) is strictly creasing on [0, z1] and strictly decreasing 
on [z,.1] Consequently, f(x) > min{f(0), f(1)} = f(0) = 0 

Casec <b <1. Let us show that f’(0) > 0 We have 


f'(0) = b(be — 1) In b + efe — b?) Inc. 


If c— b? <0, then f'(0) > 0, because (be — 1) lnb > 0 and (c — b°) Inc > 0 
If c— b? > O, that is Ine > 2lnb, then 


f'(0) > b(be — 1) Inb + 2e(c — b?) Inb = (2c? — be — b) Inb 


Since Inb < 0 and 2c? — b?e — b < 2c? — œ — c = -e(c— 1)? < 0, it follows 
that f'{0) > 0, as claimed. To finish the proof, we observe that the function 


b 
f'(x) is strictly increasing, because (be — 1)Inb > 0 and -> 1 Therefore, 
f'(x) > f0) > 0, f(x) is strictly increasing, and hence f(x) > f(0) = 0 for 
0<2<1 Equality occurs only for an equilateral triangle Oo 


* 
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23. Let a,b,c be the side-lengths of a triangle. If x,y,z are real numbers, 
then 


(ya? +b? 4+2e*) (za? +4 ab? +yc*) > (cyt yz+z2)(a7b?+b%c274c%a7) (58) 
Proof. We write the inequality as follows: 
L°b e? 4y ea? + 27a2b? > yza?(b? +c? — a?) 4 zeb? (e + a? — b)+ 
+ rye? (a? +b? — ¢*), 
ge y? 2 y2(b? +2 a?) ze(@ + a? — b? xy{a* +b — c$) 
— yee a A 


Yes zrl? tat? | xyla? 4 e) 
a tg + 2T b?e? cta? a?b? 
r? y? z2? _ 2yzcosA 2zxcosB 2xrycosC 
a tata? mp tt o> 
a b c be? c?a? a*b 
2 2 
(= - 2 cos — = cos B) + (2 sinc — sinB) > 0 
a 6 c b c 
Since the last inequality is clearly true, the proof is complete Equality 
if and only if = = 2 o 
r == E. 
occurs if and only i a 
1 1 i 
Remark 1. For z = —, y = — and z = —, from (58) we get again the 
a 


well-known inequality 
ab + b8e4 8a > a®b? + bre? + elat. 


I 1 ] 
Remark 2. For x = >, y = — and z = -, from (58) we obtain the 
c b? 


elegant asymmetric inequality of Walker (Math. Mag. 43, 1970): 


2 p 22 
af b c 2. 2 afl 1 1 
s(a tati) > (4P atata) 
2.3 Another related inequalities 
1. Let z,y,z be non-negative numbers. IO <r < /2, then 
Veit yt t 24g ryfaty? +yz? 4 222? > (14 r)\/23y + yz 4 232. 
(Vasile Cirtoaje, MS, 2004) 


2. Let x,y,z be real numbers. If —1 <r < 2, then 


x*(x —y)(z — ry) + y*(y — z)(y — rz) + 2(z2-2 z-rr >0, 
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3. Let x,y,z be non-negative numbers. If -2 < r < 2, then 


a(x — y)(x? — ry?) + yly — 2)(y? — r2?) + 2(2 — 2)(2? — ra) > 0 


4. If x,y, 2 are real numbers, then 
(w—y) (20 +y)? + (y — 2)(2y + 2)? + (2-222 + 2)? > 0. 
5. If 21,£2,. ‚£n are real numbers, then 
(zı —22)(321 +22)? +(22—213)(Be2+23)3+ -+ (znz )(3£n +r)? >20. 
6. If x,y,z are non-negative numbers, then 
(x —y)(3x + 2y)? + (y — 2)(3y + 22)? + (z — 2)(3z + 2x)? > 0 


1 
7. Let 21,22, .,2, be non-negative numbers If r > ~=— = 1.7024, 


then 
(x, —22)(rz14+22)° +(x2—x3)(rz24 x3)? + -> +(tn—21)(rtn4+21)° > 0. 
8. If x,y,z are real numbers, then 
(x-y) Yr 4y + (y—2)/2y + z+ (2-2) Voz F220. 
9. If z,y,z are real numbers, then 
(a — y)(x + 22)? + (y — z)(y + 2x)? + (z—2)(z + 2y)? 20 
10. If x,y,z are real numbers, then 
(x —y) Vet 22+ (y—2)Yy + 2x + (2-2) Vz + 2y 20 


-1 


11. Let £1, £2,.. ,Zn be real numbers. H0 <r < , then 


ritarit at tr (zir} + xox} +: + £n2}) > 
>{(1+r) (wire + 2303 +: +2321). 


12. H 21,22,.. , Zn are positive numbers, then 


1 
riri +: +a +5 (2103 + 2223 + -+ znt?) > 


3 
> 5 (risz+a3zs+ + ene). 
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13. If z,y,z are real numbers, then 
z(z +y)? +yly +2)? +2(2+2)} 20 
( Vasile Cirtoaje, GM-B, 11-12, 1989) 


14. If a,b,c are positive numbers, then 


1 1 1 1 ii ) 
24n erst a+3b b+3c c+3al’ 


i 
15. Ifz,y,z€ |52]; then 
s(2+242)>25(2+2+2) +9. 
y z z£ zr y z 
1 
16. Let p= y4 + 3V2, and let z,y,2 € [>+ Prove that 


(zy +yz + zr)(z? +y? + 2°) > (z +y +z). 


(Vasile Cirtoaje, Moldova TST, 2005) 


17. Let z,y,z > : such that z + y + z = 3. Prove that 
zy? + yz? Hz’r? > ty +yz +22. 
18. If x,y,z are real numbers, then 
3(a*+y*+4 24-23 y—y3z— 232) > x*(y—z)? +y?(2—2)? +4 27(2—y)?. 
(Vasile Cirtoaje, MS, 2005) 
19. If z,y,z are real numbers, then 
ai tyt424—xyz(atyt 2) >2V2(28y+y324 232—ay3—yz3— 223). 
(Pham Kim Hung, MS, 2006) 
20. If x,y,z are non-negative numbers, then 


£ tyt +z $17 (my? ty2224 229?) > 6(a+yt2)(e2y+y2z+ 222). 


112 2 Starting from some special fourth degree inequalities 
21. If x,y,z are non-negative numbers, then 
Le? — yz)? > VEY ylz- 2)? 
22. If x,y,z are non-negative numbers, then 
at + yt +z! + 5(z3y + yz + x) > 6(22y? + y?22 + 222?) 


23. Let x,y,z be non-negative numbers, no two of them are zero. Prove 


that 


zt—yz y?—2zn 2*—ay 


z+y ytz z+2 


= 0. 


24. If z,y,z are real numbers, then 
3(at + yt + 24) + 4(a8y + y2z + 2°22) > 0. 
( Vasile Cirtoaje, MS, 2005) 


25. Let x,y,z be positive numbers such that x + y + z = 3. Prove that 


x y z 3 
— +- + >. 
14y I} Ipaa 


(Bin Zhao, MS, 2006) 


26. Let a,b,c,d be non-negative numbers such that a+6+c+d=4. Prove 
that 
3(a? +b? + c +d?) + dabed > 16. 


(Vasile Cirtoaje, MS, 2004) 


27. Let a,b,c,d be positive real numbers such thata+6+c+d=4 Prove 


that 
a a b c 


TREET REET 


Z > 
1+a? ~ 

(Russian Winter Olympiad, 2006) 
28. Let a,b,c be non-negative numbers such that a+6+c=1 Prove that 


2be +3 _ 2cat 3 2ab+3 _ 15 
a+1 b+1 c+1 7 2 


(Vasile Cirtoaje, MS, 2005) 
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29. If a,b,c are the side lengths of a triangle, then 

a*(a+ b)(b — c) + b7(b + c)(e—a) + c? (e + a)(a — b) > 0. 
30. If a,b,c are the side lengths of a non-equilateral triangle, then 


ab+b8e4+ Ca—a*b? —b2c? —c2 a? 


> minfb+e— —b,at+b— 
a26 i bet an Babe > min{b+c—a,c+a a+b—c} 


31. Let a,b,c be the side lengths of a triangle. If 2, y,z are real numbers 
such that z + y + z = 0, then 


yza(b + ce—a) + zzb({e+a-— b)+ ryc(a+b-c) <0. 
32. If a,b,c are the side lengths of a triangle, then 
(2a? — be)(b — ce)? + (2b? — ca) (e — a)? + (2c? — ab)(a — b)? > 0. 


33. Let z, y, z be non-negative real numbers. If 0 < r < m, where m + 1.558 
is a root of the equation 


(1+ m)’ +? = (3m)™, 

then 
t'y +y z+ < (1ta 
3 ~ 3 i 
( Vasile Cértoaje, MS, 2005) 
2.4 Solutions 
1. Let x,y,z be non-negative numbers. If0 <r < V2, then 
Vet tytt 24 4 ry a?y? + y22? 4 222? > (14r) zy + y3z + 282, 

Solution. Squaring transforms the inequality into 


Yr + PY y’? + 2y (Y x4) ($ 2?,?) >(1+r)? Y ay. 


By the Cauchy-Schwarz Inequality, we have 


V(X at) (So 2?y?) > So ay 
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Thus, it suffices to show that 
soz +r? Yy? >(1+r°) Say. 
For r = 0, this inequality is true since 
rt + y4 + 24 — ay — yz — z3r = BX 324 + y4 — 4r?y) = 
~ 22-9) (3x? + Qay + y?) > 0. 


For 0 < r < V2, the inequality can be rewritten as 


Zr- ov) > Try- Pye? 


Since Y zf — ¥ zy > 0, it suffices to consider r = /2 In this case, the 
inequality is equivalent to (1) There is equality if and only if x = y = z. 


* 
2. Let x,y,z be real numbers. If -1 <r < 2, then 
x(x —y)(x—-ry)+y2(y — 2)(y — rz) + 2?°(z —2)(z— rz) > 0. 


Solution. Denote by E the left hand side of the inequality There are three 


cases to consider. 
Caser=0 We have 


1 

E =a +y +2- ay- y?r = Se = 7 (ey)? (20? + (e +y)’] > 0. 

CaseO<r<2 We have 

ipsi TG + yt + zt = xy ~ y?z — 2) — 2? y(2 — y)— 
~ y?z(y — 2) — z?°z(z — 2) 

Since z+ yf +z4—r’y— y z—zľr > 0, it suffices to prove the inequality 
for r = 2, when it becomes just (1) 

Case —1 <r <0. We have 


—1 —1 
— B= (xt +y +21 — ry- y’z -z r) 
T r 


+27 y(x —y) + y22(y — z) + 2°(2 —2) 
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Since x4 + y4 + zt — 23y — y®z — 23x > 0, it suffices to consider r = —1 In 


this case, we get 
E = rity tzire? y yazer? = (a) + y) + atat + (y? al + CAA > 0. 
* 
3. Let x,y, be non-negative numbers. If -2 < r < 2, then 
w(x — y)(x? — ry?) + yly — 2)(y? — r2?) + 2(2 — 2)(2? — rz?) > 0 


Solution. For r = 0, this inequality is true (as shown above). 
Case 0 <r < 2. We write the inequality in the form 


l 
= (x4 + yf + 24 — a8y — y8z — 232) > zy? (z — y) + yz? (y — z) + zr? (2 — 2) 


Since z? + yf 4 24 — ry — y’z — z3r > 0, it suffices to prove the inequality 
for r = 2; that is 


ai tyty z442(ry? +yz? 422°) > (zy +4 y? 2? +4 272?) +a %ytyrz+2%e. 
Summing up the inequalities 
(2? +y? + 27)? > 3(a3y +yz + 232) 
and 
(xy t yz + z’) + Azry? -} yz? + zz?) > 4(x?y? +y’? + z?zr?), 


we get the desired inequality. The first inequality is just (1), while the second 
Is equivalent to the obvious inequality 


xy(x — y)? + yz(y — z} + za(z—2)? >0. 
Case —2 <r <0 We write the inequality as 


1 
— (a* +y4 +24 —a%y—y?z— 232) +2y?(e—y) + yz*(y—z) + 22"(z—2) > 0 


Since x4 + y’ + 24 — gy — 932 — 23g 2 0, it suffices to prove the inequality 
for r = —2, that is 


(2? +y? + 2”) > aby + y?r + 23a Hey? + yo? H 22? | 
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According to (1), we have 
(2? + y? + 27)? > 8(a%y + yPzt 222) 
and 
(x? + y? + 27)? > 3(ay? +yz? + 22°), 
whence the conclusion follows. 
* 
4. Ifx,y,z are real numbers, then 
(z — y) (2r + y)? + (y — 2)(2y + 2)? + (2-2)(22 + z)? > 0 


Solution. Using the substitution 2z + y = a, 2y + z = b, 2z + £ = e, which 
is equivalent to 

_ 4a—2bt+e _ 4b-—2c+a pu erated 

= 9 ? y — 9 i] = Q , 
the inequality reduces to (7): 

at + b4 + é + ab? + be? + ca? > 2(a%d + be + ca). 

* 

5. If 2,22, .,2n are real numbers, then 


(x; —a)(32; +29)? + (£2—£3)(322+ 23)? + © + (2n—21)(3tn+21)* > 0 


Solution. We will show that there is a real number q such that the following 
inequality holds for any real numbers z and y 


(z —y)(3x +y)? > g(a — y). 
Since 
(x — y)(3a +y)? — q(2* — y) = 
= (z — y) (32 + y)? — a(2? +2°y + ay +y°)], 
we will choose q = 16. For this value of q, we have 
(x — y)(3a + y}? — 16(z° — yf) = (x - y)? [L(x + y)? + 44°] > 0 


Using now this result, we have (for tn41 = 21) 


q (zi -= 1) = 0, 


WE 


n 
5 (z: — Tiş1)(3£: + zi)? > 


i=] 


which completes the proof Equality occurs only for 2) = 22 = --- = £p. 


1 


e. 
ll 
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* 
6. Ifz,y,2z are non-negative numbers, then 
(x — y)(3x + 2y)? + (y ~ 2)(3y + 22)? + (2 —2)(3z + 21)? > 0. 
Solution. By expanding, the inequality becomes 


19(2:4 +y +24) 4 97(x%y +y’ + z°2) > 
> 28(ay? + y2 + zz?) + 18(a7y? + y22 + 2727), 


Since zt + y4 + 24 > zy? + yz? + zz, it is enough to show that 


18(24 +y’ +z’) + 97(23y + y®z + z2r) > 
> 27(xy® + yz? + zz?) + 18(a07y? + y?z? + 2727), 


that is 


Q(t + yt + 24) + 3(a3y + y?z + 232) > 
> 3(xy? + yz? + za?) + 2(a?y? + y?2? + 272?) 


This inequality follows by adding up the inequalities 
at + yt + 24) + 4(n2y? + y22? + 222?) > 6(ay? +yz? + zz?) 
and 
; 3(z°y + yz + 23x) + 3(cy? + yz? + 22°) > 6(x7y? +y? + 222). 


First inequality is equivalent to (1), while the second inequality is equivalent 
to 
xy(x — y)? + y2(y — z)? + zz(z — 2)? > 0. 


Also, we can prove the above inequality by adding the inequalities 
(x1 t+ yt + 24) + Q(a3y +y?z + zn) > 4(ay® + yz? + za") 
and 
(z°y + y3z + z>a) + (xy? + yz? + za) > Ur? y +yz? + 2? 2), 


Notice that the first inequality is of type (7). 
Equality in the original inequality occurs only for z = y = z. 
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* 


7. Leta,,29, . „Zn be non-negative numbers. If r > 7 œ 1.7024, then 


1 
Y4- 
(£1 —2)(r2,+29)°+(29—23)(rzot+z3)? + vos +(t_,—21)(r2,+21)° >0 


Solution. As above, it suffices to show that there is a real number q such 


1 
that the following inequality holds for r > PEE] and any positive numbers 
z and y' 
(x — y)(rz +y)? > q(x4 —y*). 

Since 

(z —y)(r2 +y)? — g(a* —y*) = 

= (z — y) |(r£ + y)? — a(z? +27y4 zy? +y°%)], 

. (r +1)? 

choosing q = ra we get 


1 
(z — y)(re +y)? — g(a" — y') = 3 (£ -y (A2? + Bay + Cy’), 
where 


A=4r—(r+1), B=2r-1)(r?+4r +1) C=(r+1)?-4 


1 
For? -= , we have A > 0, B > 0 and C > 0. Hence 
y4 -1 
(z —y)(rz +y)? — q(x* —y*) > 0 
Equality oceurs only for z1 = £2 =: = 2p. 


* 


8. If x,y,z are real numbers, then 


(x — y) Y2r +y + (y—2)/2yt2t (z — £) V2z +2 > 0. 


Solution. Let 2z + y = a, 2y + z = b? and 2z +2 = ê. We obtain 


4a? — 28 + c3 4b? — 23 + a3 4c? — 293 + b’ 
zt = ——_—_— = 


9 ae, i o 3y T 
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and the inequality transforms into 
at + bt + é + abt bet ĉa > 2(ab* + be? + ca), 


which is of type (7). 


9. Ifz,y,z are real numbers, then 
(a —y)(a + 22)? + (y — 2)(y + 22)? + (z—2)(z + 2y} 2 0. 


Solution. Let z + 2z =a, y+ 2z = b and z + 2y = c. We have 
a + 4b — 2c _ b+ 4e—2a c+ 4a — 2b 


O 9’ 
and the inequality reduces to 
a4 + bt + c4 4 abd + bet cba > (ab? + be 4 ca’), 
which is also of type (7). 
* 

10. If x,y,z are real numbers, then 

(£ —y) Va + 22+ (y — z)A/y +22 + (z— 2) 3/2 + 2y 2 0. 
Solution. Setting z + 2z = a3, y + 2z = b and z + 2y = c3, we have 
_ a + 463 -2e _ bP + 4c — 2a? _ + 4a3 — 263 


T= e a SOA L 
9 , y 9 ? 2 9 ? 
and the inequality reduces to (7) 
a +b 4 ct + ab? + be? + ca? > 2(a°b + be + ca). 


* 


2 


11. Let 2,,22,...,2, be real numbers. [fO<r< , then 


TÍ +z} + +a, +r (x23 + arar +--+ 2,09) > 


>(1+r) (xia. + 2323 + “+4 23) . 
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Solution. We will show that there is a real number q such that the following 


inequality holds for 0 < r < and any real numbers z and y: 


zi + ray? — (r+ 1)2°y > qlz — y’) 
If this claim is true, we get the given inequality as follows (for £n4}1 = 21) 


> [z + raat.) — (r + 1)x2ai41] > >" 4 (2; — 2,1) = 0 


i=l t=1 
We have 


gt + rry? —(r+ 1)a?y — q(x4 — yt) = 


= (2 — y) [x — rzy(z + y) — (2° + 27y+ ay? +y°)]. 


l1 — 2r 
4 


Choosing q = , we get 


z’ + ray? — (r+ lzy — qlz’ — y‘) = 


1 

ze- y)? [(2r + 3)x? — 2zy + (1 — 2r)y?] = 

1 2 1 v) 2(1 — 2r — 2r?) 

= — — — —— ee > 

g(t ~ 9) (+3 (2-5 7434) + ap 4 2° 

Equality occurs only for z; = £3 = -= Tn. 
* 

12. Ifz,,22, . ,&n are positive numbers, then 


1 
zitzi t -+an+5 (zi£3 + 293+: -+ ansi) > 
3 
2 3 (zizo +2303 + + shr) 
Solution, Write the inequality as 
n 
> (224 + aint, — 3a2a41) > 0, 
i=l 


or 
n 
Y au(zi- zi41)? (2x: + 2:41) 2 0. 


Equality occurs only for z1 = £3 =: = £n. 
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* 
13. If x,y,z are real numbers, then 
z(z +y} +yly +2} +2(z2+2)3 >0. 


Solution. Using the substitution y + z = 2a, z + x = 2b and z + y = 2c, 
the inequality becomes 


at +644 é tab? + bE 4+ cea? > 3b 4+ B34 ca. 
This inequality is equivalent to 
(a? ~ab—b*)? + (b?—be—c?)? + (c?—ca—a’)? + ab? + bc? + ca? > 0, 
which is clearly true. Equality occurs if and only if z = y = z =0 


Remark. Similarly, we can show that the following inequality holds for any 
real numbers 2, y, z. 


a(z+y) +y(yt2)°+2(2+2)° >0. 
Using the same substitution, the inequality transforms into 
a + bE 4 eÊ 4 ap? + be + ca® > ab 4 b®e + ca, 
which is equivalent to 


D (af + 2ab® — 205d + bê) > O, 


$ (a? + b?)(a? — ab — 67)? > 0. 
Equality occurs if and only if £ = y = z = 0. 
* 


14. If a,b,c are positive numbers, then 


ee E E S 
3a+b 3b+c 3c+a a+3b b+3c c+ 3a 
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Solution. We will prove that the following more general inequality holds 
for any positive t 


pia pao tic t2(a+b) t2(b+c) t2(c+a) 


the — 44 ee EE CL aM 
f(t) 2a | Ob * 2a a+b b+c c+a 
( p3a+b psb+e peta pa+3b po+3e pe+3a ) 


—— — —— 1 m — 


3a 4b | Bba0 1 3Bcha a+3b b+3c c+3a 


Since f(0) = 0, it suffices to show that f'(t) > 0 for t >0. We have 


sf we flO 1 g pdb 1g pho 1  p2la+b)-1 _ 42(b+e)—1 _ p2(c+a)-1 
—92 (10+-1 + pbte-l + petal _ pot 3b—1 — po+3e—1 _ tcr3a-1) . 


Denoting x = t-i, y= t-i and z = tmi, the inequality f’(t) > 0 reduces 
to 


at yt tzi ey? yz a > Aa yty z+ rary? yr"), 


which is just (10). 


1 
15. If z,y,z € 5-2) then 


g(=+%4=)o5(Z+242) 49 


T 


Solution. Let 
Eleye) =8(2+2+5) -s(2+ž+5) —9. 
Without loss of generality, assume that x = max{z,y,z} We will show that 
E(z,y,2)> E (z, vaz, z) >0 
We have 


E(x, y,z)— E (x, Vaz, z) 


il 
oo 
nos 
2:18 
+ 
r |< 
| 
Ww 
r 1] 8) 
{ 
on 
oon 
1 
+ 
| 
} 
bo 
i) 
|! 
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T 
bet now t= fZ,1<¢<2 We get 


eo (t+ 1) =È (t-1)*(t +2) = 


1)?(8 + 6t — 5t)  (¢—1)*(4 + 5t)(2— t) So 
2 rn is 
This completes the proof. In the assumption r = max({s,y,z}, equality 


occurs only for r = y = z and (x,y,z) = (2. 1, 5} 
Remark. Using the same way, we can prove the following more general 


statement: 


1 
Ifp>1 and z,y,z¢€ Far then 


pip+2)(= 4242) > (p+ (24242) 4367-0) 


* 


16. Let p= 4+ 3V2, and let x,y,z € 5, P|. Prove that 
> 


Ory + yz + zr)(z? +y? + 27) > (ety +z). 
Solution. Let A = r? +y? + 2? and B= ry + yz+ 22. Since 


Oxy + yz + zx)(x? +y? +27) — (z +y +z) = 
= 9AB—(A+2B)* = (A — B)(4B — A) 


and 
2(A— B) = (x - y)? + (y — z)? + (z — z)? >0, 


we have show that 4B — A > 0. This inequality is equivalent to 
E(2,y,z) <0, 


where 
E(2,y,z)=2? +y? 42? — A(xy + yz +22). 
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1 
We will show that the expression E(x, y, z) is maximal for z, y, z € {zp} 
p 


Assume that this assertion is not true. Then, there exists a triple {x,y,z} 


1 
with 7 <x < p such that 


E(z,y,z) > max fz G 1.2) , Bp.v.2)} 


From 
1 1 
E(x,y, ) B( 1.2) = (2-5) («+= ~ 4-42) 20, 
P Pp 
we get 
Aly +z) r<, 
(y +2) s3 
and from 
E(x,y,z) — E(p,y, 2) = (x — p)(z + p — 4y — 4z) > 0, 
we get 


4(y+z)-22>p 
1 
These results imply p < D which is false. Consequently, the expression 


E(z,y,2) is maximal for x,y,z € =p}. Since E(x,y,z) is a symmetric 


1 1 1 
a P); E (= p.p) E(p,p,p)} = 
P 'p P 
l 2 
-8, = -2 2-8} =p 2_ = _g=0, 
p P p 


expression, we have 


1 1 1 
E(2,y,2 < max {E (2,25) (, 
(x,y, 2) D'DP 


—9 22 2 
= max 4 — ,—-9p*, p — -> 
(z POP g 


I 1 
Equality occurs when z = y = 2, and also for (z,y,2) = (=, =) or any 


cyclic permutation 


* 


2 
17. Let x,y,z > 3 such that r+ y +z = 3. Prove that 


xy? + yz" + zg? > ry + y2 + 22. 
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Solution. Without loss of generality, assume that x > y > z. Let 
E(x, y, 2) = xy? +y? + 222? ~ cy — yz — zr 


2 . 
and t = 24%. From z,y,z > z» 22 y2 zand rt+y+z = 3, it follows 


2 
immediately that 3 <t< 1. We will prove that 
E(2,y,z) > E(x,t,t) > 0. 
We have 


E(z,y,z) — E(x, t,t) = x?(y? + 2? — 2t?) — (t — yz)(t? +yz - 1) = 


E 


and 
E(x,t,t) = 227t? + tt — Qet — t°, 


Since x + 2t = 3, we get 
9E(x,t,t) = 18274? + o¢4 — (Qet + t?)(x 4 2t)? = 
= t(5t9 — 12xt? + 92*t — 223) = 
= t(t —x)*(5t — 2x) = 3t(t — x)?(3t- 2) >0 
and the proof is completed. Equality occurs for (x,y,z) = (1,1, 1), and also 
for (z,y,z) = Gey 5) or any cyclic permutation. 
* 
18. If x,y,z are real numbers, then 
3(a* tyt +24—2%y—y%2— 232) > 2?(y—2)? +y?(2—2)? +27(2—y)?, 
Solution. The inequality can be rewritten as 
82°(x2—y) +3y9(y—z)+323(z—2) > x? (y—z)? 4y?(2z—2)? +27(2—y)?. 


Using the substitution y = x + p and z = z +q, the inequality becomes as 
follows 


7(p? — pq + q?)2? + (9p — 11pq — 2pq? + 993) 2+ 
+ 3p* — 3p°q — 2p?q? + 3q4 > 0. 
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The left hand side is a quadratic of x For p = q = 0, the inequality becomes 
equality. Otherwise, we have p? — pq + q? > 0, and it remains to show that 
the discriminant is non-positive. Indeed, we have 


A = (9p? — 1tp?q — 2pq? + 9q°)?— 
~ 28(p? ~ pq + q°)(3p* ~ 3p°q — 2p?q? + 34) = 
= —3(p® + 10p5q + 9p4q? — 78p°q° + 74p2q* — 16pq° + q°) = 
= ~3(p? + Sp?q — 8pq’ + q*)’ < O. 
Remark 1. We can rewrite the inequality as a sum of squares, as follows: 
Y (2z? — y? — 2? — ry + yz)? > 0, 
Y (827 — 3y? — ry + 2yz — zr)? > 0 


Remark 2. Using the substitution r = 2a — b, y = 2b — c and z = 2c— a, 
the inequality transforms into 


(a? + b? +e) > 3(a3b + Be ea), 
which is Just (1) 
* 
19. If x,y,z are non-negative real numbers, then 
ai tytte24—axy2(z+y+z) > 2V/2(23y 4y24232—ry?—yz? zr’). 
Solution. First write the inequality as 


a?(2? — yz) + y?(y? — zz) + 2? (2? — ty) > 
> 22x + y + z)(z — y)(y — 2)(z — 2) 


Without loss of generality, assume that x = min{z,y,z} Using the substi- 
tution y = z + p and z = z + q (p È> 0,q È 0), the mequality becomes 


5(p? — pq + gP)? + (4p? — p°g — pq? +4q*)z +p +a 2 
> 2V2pq(p — q)(3£ + p+ q) 
or 
5(p? — pq + 4?) x? + [4p — (6V2 +1) p2q + (6V2 — 1) pg? + 4q°] 1+ 
+ pi + qi + 2v2pq(q" — p”) > 0 


24 Solutions 127 
Since p?—pq+g? > 0 and p+ q4 + 2V2pq(q?~ p?) = (P? ~ V2pq— 4?) 20, 
it is enough to show that 
4p? — (6/2 + 1) pq + (6V2 — 1) pq? + 49° > 0. 
Indeed, we have 
4p? — (6/2 + 1) pg + (6V2 — 1) pq? + 4q° > 
> 4p* — 10p°q + > pa +4q° =p (2p- 5a)" + 4q° > 0. 
Equality occurs for (x,y, z) ~ (1,1, 1), and also for (x,y, z) ~ (0, V2 + 6, 2) 
or any cyclic permutation. 


* 
20. If x,y,z are non-negative numbers, then 
tty tz HIT (ry 4y2 274 2227) > Gld y+z)(z yty z+) 
Solution. Write the inequality as 
(So rt- y) +12 (So y?2? ayy x)—6(S > a°y—2yz Ý 2) > 0. 
Since 
Det Dye? = 2 P(e? yy, 
6 (So yz" -ryz Y £) = $ (zy—2yz + 22)’, 
3 ($ 2°y—ayz Sz) = -3 Y y2(2?-y*) = 
=—3 Y yz(z?—y°) + Y (zy + yz + zz)(£?—y?) = 
= $ (z°—y°)(zy—2yz + zz), 


the inequality becomes as follows: 


1 
5 Y (r? — y?) + 25 (zy — 2yz + zr)?— 
— 25 (z? = y*) (xy — 2yz + zx) > 0, 


l 
5 Y (2? — y? — 2ry + dyz — 22x)? >0. 
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* 
21. If x,y,z are non-negative numbers, then 
Sa? — yz)? > V6 ry(z - r} 
Solution. First write the inequality in the form 
($ rt- y) 42 (X y?z?—-ayz Y 2) - v6 (X r*y-eyz} 2) 2 0 
Since 
Dr grh Lpa, 
6 ($` y?2?—ayz $ r) = X (ry—2yz + z2}, 
3 ($ 8y—2yz $ r) = —3 Y y2(2?—-y?) = 
= 3 Y ye(x?—y?) + Y (zy +yz + 22)(2?—y’) = 
= $ (z?—y°)(zy—2yz + 22), 


the inequality becomes as follows: 
l 1 
5 Y (z? — y?)? + 3 S (zy — 2yz + 22)?— 
2 
— Ere — y?)(xy — 2yz + zx) > 0, 
or 
1 2 ? 
5D [22-9 - V5 (ay —2ye + 22) > 0. 
k - 
22. If x,y,z are non-negative numbers, then 
at + yt H 244 5(a3y + y?r + r) > 6(x7y? +y??? + 272°). 


Solution. Without loss of generality, assume that z = max{z,y,z} Using 
the substitution y = £z +p and z = z +q (p 2 0, q = 0), the inequality 
becomes 


9(p? — pq + q?)x? + 3(3p* + p*q — 4pq? + 3q°)x+ 
+p! + Sp'q— 6p*q? + é 20. 
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This inequality is true, since 
p —pq+ È 20, 
3p? + p°q — 4pq? + 3q° = 3p(p — q)? + q(7p" — 7pq + 3°) > 0, 
p + 5p*q — 6p*q? + q* = (p — q)* + pq(3p ~ 2q)? > 0 


Equality occurs for t = y = z. 
* 
23. Let x,y,z be non-negative numbers, no two of them are zero. Prove that 


eyez yr—zr 22 — ry > 


x+y y+z z+4r ` 


0 


First Solution. Since 


x? — yz B x(x +2) 


zct+y rt+y 


1 


we can write the inequality as 


s(r+z) yly+e) z(z+y) 
aw ee S 
zty y+z t z4+2 cutyte 


Applying the Cauchy-Schwarz Inequality, we get 


a(e+z)  y(yta2)  2(z+y) > 


ct+y y+z z+r7r 


Beerst (+ Dy)’ 


C Laetuletz) Sa +(X e) (Sy) 


Then, it is enough to show that 


(Ee + V2)" = (E) (2%) + (Vz) (Ny). 


Since 


(2? + Ye) = (EPY 4-42 (N24) (Ly) + (Ky) 
and 


(Ee (uz) = (£) (Nye) +2(K yz)’, 
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the inequality becomes 
2 2 
(e) + (2?) (yz) = (Doz) (do 2") + (ly) 
This inequality reduces to 
5 ytz? > ryz > £, 
which 1s true because 
1 
Dye’ —axyz 5 r = 5 ely -= 2)? 


We have equality if and only ifx=y=z 


Second Solution By expanding, the inequality becomes as follows 


Siy? — r2) (z? + Y yz) > 0, 

L-E (EA) o) - (Ey) 20, 

Y r'y > gy2} r. 
The last inequality follows immediately from the Cauchy-Schwarz Inequality 

(Z 2°v) (Sz) 2 aye ($2) 
* 
24. If x,y,z are real numbers, then 
Blt + yt + 24) 4 a(28y + 22 + 232) > 0 


Solution. If x,y,z are non-negative numbers, then the inequality is trivial. 
Since the inequality remains unchanged by replacing x, y, z with -z, —y, —2, 
respectively, it suffices to consider the case when only one of x,y,z is nega- 
tive, let z < 0. Replacing now z with —z, the inequality becomes 


3(24 + yt + 24) + 4a°y > 4(y?z + 2°2), 
where x > 0, y > 0, z >0 It is enough to show that 
3(x* +y + °y) > 4(y?z + 29x) 

Cause r < y Since 32°y > 3274, it suffices to show that 


6x4 + By? + 824 > 4(y2z + 22°) 
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Using the AM-GM Inequality, we have 
Byt + z4 > 4Vyl2z4 = dyPz 


and 


4512 
JZZ = 4 ed > Qaz?. 
9 v3 
Adding the first inequality to the second inequality multiplied by 2, the 
desired inequality follows. 
Case x > y Since 32°y > 3y4, it suffices to show that 


1 1 
gat pata Bett iti >a 


324 + 6y4 4324 > A(y>z + 2°). 
Since 1 4 
6y* + = = 2y* + 2y4 + Qy4 + = > AV/yl?z4 = dy®z, 

23 , 
we still to show that 324+ —z4 > 4zz3_ We will prove that the following 
sharper inequality holds 

3x4 + 5z > 4rz? 


Indeed, we have 


5 5 3 3 12524212 
442 A gt Oh Ok gfe LS 3 
3x +52 3a tož +a? toz 24 73 > 4x2 
Equality holds only for z = y = z = 0. 


* 


25. Let x,y,z be positive numbers such that x + y+z=3. Prove that 
x y z 3 
— + 4 M’, 
1443 1} IJA? 


Solution. Using the AM-GM Inequality, we have 


t r2 > 3 
l+y l} gy2 F 2° 


and, similarly, 
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Thus, it suffices to show that 
y?l? 4 yzl + za? < 3. 


This inequality follows immediately from (30). Equality occurs if and only 
ife=y=rs=l 


* 


26. Let a,b,c,d be non-negative numbers such thata+b+c+d= 4. Prove 
that 
Bla? +b? +c? +d’) + 4abed > 16 
. b+etd | 4 
Solution (by Gabriel Dospinescu). Setting z = a yields x < 3 and 
a+ 3x = 4 Without loss of generality, assume that a = min{a, b,c, d}, 
a<1 We will show that 


E(a,,c,d) > E{a,z,x,x) 2 0, 


where 
E(a,b,c,d) = 3(a? +b? +c? + d°) + 4abed — 16. 


Assume that a = min{a,b,c,d}, a < 1. We will show that 
E(a,b,c, d) > E(a,z,2,2) > 0. 
The left side inequality is equivalent to 
3(3x? — S) > 2a(x* — bed), 
where S = be + cd + db By Schur’s Inequality 
(b +c + d)? + 9bcd > 4(b + c + d)(be + cd + db), 


we find that Aa 
x? — bed < =z (32" ~ S) 


Thus, it enough to show that 
3(322 — $) > a (an _ 8), 


that is 
(3x? — S)(9 — Bax) > 0. 
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The mequality is true since 
6(32? — S) = (b~c)? + (c — d}? + (d—a)* > 0 

and 

3(9 — 8ax) = 27 — 8a(4 — a) = 8(1 — a)? + 16(1 — a) +3>0. 
With regard to the inequality E(a,x,2,x) > 0, we have 
(a? + 32) + daz? — 16 = 
(4 — 3a)? + Ox? + 4(4 — 3z)? — 16 = 
(8 — 182 + 92? + 4x3 — 324) = 
(1 — z)?(24 2)(4— 32) > 0. 
This completes the proof. Equality occurs for (a,b,c,d) = (1,1,1,1), and 


444 ; 
) or any cyclic permutation. 


also for (a,b,c,d) = (0, 3°3°3 


* 
27. Let a,b,c,d be positive real numbers such thata+b+c+d-= 4. Prove 


that 
a b c 


——_ 4+ —— 4 —— > I, 
f¢P 1+ '1¢@tiga= 
Solution. Using the AM-GM Inequality, we have 
aq a ab? >a ab? ot 
1462 — 1462 ~ 2b 2” 
and, similarly, 
b be c cd d da 
— >b- 5, — >e- L >d- 2. 
1+2 aes eee ae te 


Thus, it suffices to show that 
ab+be+cd4+da<4 
Indeed, we have 


16 — 4(ab + be + cd + da) = (a +b + c+ d)? — 4(ab + be + cd + da) = 
=(a-—b+ce~-d)? >0 


Equality occurs if and only ifa=b=c~=d= 1. 
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* 
28. Let a,b,c be non-negative numbers such thata+b+c=1. Prove that 


2be+3 | 2eats , 2ab+3 15 
a+1 b+ 1 c+1 72 
Solution. Let z = ab+ bc + ca. By the known inequality 


(a+b+4c)? > 3(ab + be + ca), 


we get x < and by Schur’s Inequality 


(a+b +c)? + Gabe > 4(a +b + c)(ab + be + ca), 


we get 
1 + 9abe > 4x 


The required inequality is equivalent to 
15(a + 1)(b+ 1)(e+ 1) > 29 (2bc+3)(b+1)(c +1) 


Since 
15(a + 1)(64+ 1)(c +1) = 15(abe + x 4 2) 


and 


25 (2be + 3)(b + 1)(c + 1) = $ (4be + 6)(be — a + 2) = 
= 4) be? + 142 + 30 ~ 12abe = 42: + 14x + 30 — 20abc, 


the inequality reduces to 


x(1— 4x) + 35abe > 0 


1 1 1 
For z < T the inequality is clearly true. Consider now I <r< 7 Since 
dz — 
abe > , we have 
35(4x— 1 4x — 1)(35 — 9x 
o(1 — 42) + 35abe > 2(1 — 4a) + EZZ _ (4 ~ 185 ~ 92) So 


9 7 9 
For a < b < c, equality in the original inequality occurs when 


11 
(a,b,c) = (0,0,1) and (a,b,c) = (0,5 5) 
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* 
29. If a,b,c are the side lengths of a triangle, then 
a° (a + b)(b ~ c) + b7(b + c)(e — a) + c*(c + a)(a— b) > 0 

First Solution We write the inequality as 

07h? + bc? + 07a? —abe(at+b+c) > ab? +b +ca?—a®b—be—cPa, 
or 

a” (bc)? +b? (e—a)? 4-c?(a—b)? > 2(a+b+4+c)(a—b)(b—c)(c—a) 
Using now the substitution a = y + z, b = z + æ, c = z + y (z,y,z > 0), we 
have 

a?(b—e)? + b?(c—a)? + e (a—b)? = (y? —2?)? + (22-2)? 4 (£?—2?}? = 
= el py? 424 —a2y?—y22?— 2222) 


and 
2a tb+e)(a-—b)(b-e)(c—a) = 4(24+-y+2)(y—z)(2~-y)(z~z) = 
= A(x yty’ z+ rey? myz? 223). 
Thus, the inequality reduces to 
at yt 4 ct y — y22? — 222? > 
> ary + y%24 222 — zy? — yz? — za), 
which is Just (10). Equality holds only for an equilateral triangle. 
Second Solution. Write the inequality as follows 
be? + ca? + 02h? > ab(b? + c? — a”) + be(c? + a? — b7)4 
+ ca(a? +b? — c), 
bce ca 


— + +t = > 2bcos A + 2ccos B + 2a cos C. 


i o. ca ab be 
Making the substitution z = Pr a r > the inequality 
a 


transforms into the well-known inequality 
£? ty? +z? > 2yzc0s A + 2zz cos B + 2zy cos C, 
which is equivalent to 


(z — y cosC — zcos B} + (ysinC — zsin B)? > 0. 
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* 
30. If a,b,c are the side lengths of a non-equilateral triangle, then 


a3b+b8c+a—a2h?—b2c? —c?2a* > mi {b+ b b 
a?b + bc + ca — 3abe > min{b+e—a,c+a—b,a+b—c} 


Solution. By the AM-GM Inequality, we have 
a*b + b?c + c?a — 3abe > 0 
Let us assume now that c = max{a,b,c} Then 
min{b+c-~a,c+a—bat+b—ch=at+b—ce, 


and the inequality follows from the identity 
a®b + b8c + Ba — atb? ~ be? — eta? = 


= (ab + bc + ĉa — 3abce)(a + b — c) + 2a(c— a)(b — c)? 
On the assumption c = max{a, b, c}, equality occurs for either c = a or c = b 


* 


31. Let a,b,c be the side lengths of a triangle. If x,y,z are real numbers 
such that x + y + z = 0, then 


yza(b+c—a)+zxb(c+a—b)+2rycla+b—c) <0 


oy , a+b+e , 
Solution. Multiplying the mequality by — it becomes as follows: 
c 


põ rie + 2) pea( HE +2) (Se +2) < 0, 
2yz cos A + 2zxcos B + 2rycosC + 2(xy +yz + zz) <0, 

x? +y? + 2? — 2yz cos A — 2zr cos B — 2xycosC > O, 

(x — yeosC — z cos B}? + (ysin C — zsm B)? >0 


The last inequality is obviously true. Equality occurs if and only if ztytz= 
x y z 
d — = —~ = ——-; that is for r =y=z=0 
and mA sinB sinC’ y 


Remark Forz = a—c, y = b—a and z = c—b, we get the known inequality 


ab? + be? + eta? < ab + bc + ca 


2 4. Solutions 137 
* 
32. If a,b,c are the side lengths of a triangle, then 
(2a? — be)(b — c)? + (2b? — ca)(c — a)? + (2° — ab)(a — b)? > 0 


First Solution Using the substitution a = y+2,b=z+2,c=24y 
(x,y,z > 0), the inequality becomes 


230 et + Qeyz Soe > J yzy +27) 4250 yz. 
This inequality follows by summing Schur’s Inequality below multiplied by 
2 
Siet+ayz} z> S y2(y? + 2°) 
to the obvious inequality 
S y2(y — z} > 0. 


Equality occurs for an equilateral triangle. 


Second Solution. Without loss of generality, assume that a > b > c. Since 
2a? — be > 0, it suffices to show that 


(2b? — ca)(a — c)? + (2c* — ab)(a — b}? > 0. 


Since (a—c)? > (a — b)? and 2b? — ca > 2b? — e(b + c) = (b — c)(2b + c) > 0, 
it is enough to prove that 


2b? — ca + 2c? — ab > 0. 
Indeed, we have 


2b? + 2c — ab — ac = (b — c)? + (b + c}? — ab — ac = 
= (b — c)? + (b+ c)(b +c- a) > 0. 


33. Let x,y,z be non-negative real numbers. If 0< r <m, where m = 1.558 
is a root of the equation 


(1 +m l+m — 3m)”, 
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then 
s'y +y z+ r xtyt2z\r7t! 
eS) 


Solution. Since the function f(t) = t"/™ is concave, by Jensen’s Inequality 
we get 


zy + yz + r= y(a™y/™ + z(y™yr/™ + a2(2™)"/™ < 


y2™ + zy™ + any 


<(y+2 Ha) ( yt2+en 


Thus, it is enough to prove the inequality for r = m Without loss of 
generality, assume that + = min{z,y,z} There are two cases to consider 
x<z<yandr<y<z. 


I. Casex < z < y. If z = 0, then z = 0, and the inequality is trivial. 
Otherwise, for fixed y and z (y È z > 0), let us denote 


m+1 
f(r) = s (113) ay —y™z2-—-2™2, xe [0,2]. 


We will show that 
f(x) 2 min{f(0), f(z)} 20. (1) 
Let us show that f(z) > min{f(0), f(z)}. We have 


f'(a) — (m+ 1) (1t — ma™—ly _ zm, 


3 
J" (z) m+ (zista _ (m-l) 
m 3 3 gêm 
Since f" (x) is strictly increasing and lim f(x) = —co, two cases are possible 
r— 


a) f"(z) <0, forO <r <2; 
b) there exists 2, € (0, z) such that f"(z,) = 0, f"(z) < 0 for z € (0,2)) 
and f”(x) > 0 for x € (x1,2], the point z; satisfies the relation 


(m1) (FELEN L afm any (2) 


Case (a). The function f(x) is concave on [0, z], and hence 


f(z) 2 min{ (0), f(z)} 
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Case (b) The derivative f'(x) is strictly decreasing on (0, xı] and strictly 
increasing on [21,2]. We have 


PO = (m4 D(H)" -ar > [ima ($Y -1] 2”. 


27 1\™ m 
By Bernoulli’s Inequality, (5) = (1 — 3) >1— 3 Then, 


m+n (3) -1>(m41)(1-@) -1= 22m >o, 


and hence, f’(0) >O There are two possible cases to consider f’(z) < 0 or 
f(z) >0 

Sub-case f'(z) < O There exists z3 € (0,2) such that f'(x} = 
f(z) > 0 for  € (0,22) and f'(x) < O for x € (x2,z) The function 
f(x) is strictly increasing on [0, x2] and strictly decreasing on [z2, z]. Hence, 
f(x) > min{ f(0), f(z)} 

Sub-case f'(z) > 0 Weclaim that f’(21) > 0. If our claim is true, then 
f'ite) > f'(21) > 0 for x e [0,2], the function f(x) is strictly increasing on 
|0, z] and f(x) > f(0) > min{f(0), f(z)} To show that f'(z1) > 0, taking 
into account (2), we have 
zı tytz\™ m- m 


Fy (24 +ytz)— matty z” = 


1 
= x lm 1)y (x +y+2z)~ mzy — z? mam] = 
= sP [(m—1)yly + z) —21y—2?-™2"] > 
> a? [(m— 1y(yt 2) — zy — 2°] = 2 -%y + z)|(m — 1)y — 2]. 


Thus, it suffices to show that (m—1)y > z. To prove this, we will show that 
(m — 1})y < z implies f'(z) < 0, which is a contradiction We have 


+ 22\™ - 
4 3 ) —m2™ ly — z", 


f'(z) = (m+1)( 


For fixed z, consider the function 


h(y) = (m+1) (4=)" = mz™ ly — 2™, 
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We must prove that A(y) < 0 for y € |z, -2 z) Since A(z) = 0, it 


Indeed, since the derivative 


suffices to show that h’/(y) < 0 on |z, i 
m — 


pg) = EED (22) ga 


is strictly increasing, we have 


k'(y) < w ( = ) =m z# (= 3 — 1 Zl 


m-~1 3 3m — 3 
œ —0.0282 mz™7! < 0. 


This completes the proof of the left inequality (1). To prove the right in- 
equality (1), we will show that f(0) > 0 and f(z) > 0 Since 


B y+z mH me m (LEZ ym 
po = 3 (HE) — ye = mm (ZTE) =y", 
the inequality f(0) > 0 is equivalent to 


+1 
(4)"=s (4) 
m ~\m+1 
This inequality follows from either the weighted AM-GM Inequality or Jensen’s 
Inequality bellow applied to the concave function f(z) = Inz. 


siz) 
m+1/- 


mf (£) +s < (m+ DF ( 


Since 


the required inequality f(z) > 0 can be rewritten as g(t) > g(1), where 


=~ >1 and 


We have 
t+2\™ _ 
g(t) = (m+1) (F5) -m 1, 
ney Mm+1) (t+2 m-l m(m—1) 
g (t) = 3 ( 3 ) t-m 
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Since the function g(t) is increasing, we get 


g"(t) > gt(1) = Tm o 


Then, the derivative g/(t) is strictly increasing on [1,00}, and hence 
g'(t) > g’(1) = 0. Consequently, the function g(t} is also strictly increasing 
on [1,00}, and therefore g(t) > g(1). 


II. Casex < y < z. Let F(z,y,z) = "y +y™z + 22. We will show 
that 


m+ 
F(a,y,2) < Fla, zy) < 3 (1HE) 


Since the right inequality is true (as shown in the preceding case}, it is 
enough to prove the left inequality F(z,y,z) < F(z,z,y). For x = y, the 
inequality becomes equality, while z < y < z it is equivalent to 

f(z) = fy) . fy) - fe 


r—y y—z 


or 


f(z) f(y) F(z) 
(c—y)(z—z)  (y—2)\(y-2)  (z-2)(z-y) 
where f(t) = 1”. These inequality are true because the function f is convex. 
The original inequality becomes equality for (x,y,z) ~ (1,1,1). More- 


= ? 


over, in the special case r = m, equality occurs again for (x,y,z) ~ (0,m, 1) 
or any cyclic permutation. 
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Chapter 3 


Inequalities with right 
convex and left concave 
functions 


Let f be a function defined on an interval I C R. The function f ıs said 
to be right convex on f if there is s € I such that f is convex for æ > s. 
Similarly, f is said to be left concave on I if there is s € I such that f is 
concave for x < s [7] The following two theorems and their corollaries are 
useful to prove a large class of Jensen’s type inequalities for right convex and 
left concave functions. 


3.1 Inequalities with right convex functions 


Right Convex Function Theorem (RCF-Theorem) Let f(u) be a func- 
tion defined on an interval I C R and convex foru > ssel. If 


mitet ten) a) 


n 


flai) + fle) ++ flan) > nd ( 
for allz,,22,  ,Z,€I1 such that 


Tı tTa t- +2 
n 


zı tzot -EEn 
— > 
n 


then (1) holds for all £1, £3,..., £n € 1 such that s. 


143 
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Proof. Without loss of generality, assume that z} < 22 < +: < £n. If 
x, > s, then the desired inequality is just Jensen’s Inequality for convex 
functions. Assume now that 2; < s Since z} + 2¢4+:°-'+2, > ns, there 
exists $ € {1,2, ,n— 1} such that 


By Ss Lees LFky S++ S Tp. 
Setting 
_ &y + oet++++ tEn Spt tee | Lepr tes- + 2n 


Wig ot 
5 n , 2 k ? 


we have z € I, t € I, kz+(n—k)t = n8 and 
z<s<oS<t 
By Jensen’s Inequality, we get 
f (epi) +: + fen) 2 (n= k) FO) 
Then, we still have to show that 
Fæ) +++ + flee) + (n—k) f(t) 2 nf (5) 


NS — Ti , 
Denote now y; = fori = 1,2,...,k. Let us show that s < y; < t 
n 


The left side inequality reduces to x; < s, which is true for i = 1,2,. ,k. 
In addition, we have 


ns— zı nI- Lat- ttn o Ekiti tEn 


, _ Bowl we Tin e AHIT OOO eg 


Thus, according to the hypothesis, the inequality holds 
f(z) + (n — 1)f(y:) 2 nf(s) 
Summing all these inequalities for? = 1,2, .,ķ&, we get 
F(z) + +++ flax) > knf(s)—(n- 1) (f(a) +> + Fuk) 
and we still have to show that 


kn f(s) + (n—k)f(t) > nf(S)+(n-1)[f(m)+ > + Flu). 
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(n+k—1)s—kz 


Let s; = — . We have 
s< 5 g MERA NSO (BOURNE ce 
n— n— 


We will apply now the Karamata Majorization Inequality, which states the 
following. 

e If f is a conver function on I, and a vector A= (@1,09, .,@,%) with 
a; € I majorizes a vector B= (61, 62,. bk) with bi EI, then 


fay) + faz) +--+ + flax) 2 f (br) + f(b2) +--+ + F (be). 


We say that A = (a1,a9,. ,@,) with a) > ag > --- > an majorizes 
B=(b,,b2, bn) with b; > b2 > -- > bn, and write it as A> B, if 


a, > b, 
a, + ag > by + bo 


a taz t tan = bi tbt: + by. 


In our case, the vector A= (s1,8,.. ,8) majorizes the vector B= (Yk Yi, Yi), 
since (k—1)s+s; =yi+ +ykands <yk <yr-ı <- <y, Consequently, 
by Karamata’s Majorization Inequality we have 


f(yi) tt fe) < (k — 1)f(s) + f(s1). 
Therefore, it suffices to show that 
(n+ k~1)f(s) + (n — k) f(t) > nf(5) + (n—1)f(s). 
This inequality can be obtained by summing the following Jensen’s 
inequalities multiplied by n and n — 1 respectively. 


S 


— s 
t—s 


f(t) 2 F(S), 
f(s) + 2 fe) > fsi). 


t-—S 

qa, fis) + 
t— sj 
t—s 
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Remark 1. The theorem hypothesis is equivalent to the condition: 

f(z) + (n—1)f(y) 2 nf(s) 
for all x,y € I such that z < s < y and z + (n — l)y = ns. 


f(t) — f(s) 
s 


Remark 2. Let g(t) = z 


we get 


For x < s < y and z +4 (n — 1)y = ns, 


f(x) + (n—1) f(y) — f(s) = f(z) — f(s) + (n= 1) a) f(s) = 
= (z —s)g(x) + (n — 1)(y — s)gly) = (s — 2)[o(y) — o(2)]. 


Thus, the theorem hypothesis is equivalent to the condition 
glz) < gly) for all x,y € I such that x < s < y and z + (n — 1)y = ns. 


Remark 3. Assume that f is differentiable on I Then, the RCF-Theorem 
holds valid by replacing the theorem hypothesis with the more restrictive 
condition 

f'(z) < f(y) for all x,y € I such that z < s < y and z + (n —1)y = ns. 


To prove this claim, let us denote 


ns — T 


F(a) = f(a) + (n= 1)f (E) -ng(s) 


n—i 
Since 

F(x) = f(x) — f(y) < 0, 
the function F(x) is decreasing for x < s Therefore, F(x) > F(s) = 0 for 
x < s, and hence f(z) + (n— 1) f(y) —nf(s) 2 0. 


Right Convex Function Corollary (RCF-Corollary) Let f be a function 
defined on (0,00), and letr > 0. If the function f\(u) = f(e") is conver for 
u > nr, and 


f(a1)+f(a2) +: -+ flan) > nf (Yara2 an) (2) 
for all ay,a9,. .,@n > O such that 

Vaiaz...ân =r and a} =03= =n?T, 
then (2) holds for all a,,a2, „an >O such that ~/aja2.-an 2r. 
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Proof. Apply RCF-Theorem to the function f(e”). Moreover, replace s by 
lnr, and z; by ln a; for all indices 7. O 


Remark 4. The corollary hypothesis is equivalent to the condition: 


f(z) + (n— 1) f(y) 2 nf(r) 
for all z y >0 such thata <r <y and gy"! =r". 


Remark 5. Assume that f is differentiable on I The RCF-Corollary holds 
valid by replacing the theorem hypothesis with a more restrictive condition 
xf'(x) <yf'(y) for allz,y € I such thatz <r <y and zy"! =r”. 

To prove this, let us denote 


F(x) = f(z)+(n-—1)f (r Z) — nf (r). 


Since Hn) —uf"(y) 
t -f bnaE p _ PINE) TY Y eg 
Ps) = f'a) — Z Y= fy) = <o, 
the function f(x) is decreasing for s <r Therefore, F(x) > F(r) = 0 for 


x <r, and hence f(x) + (n—1)f(y)-—nf(r) >0 


3.2 Inequalities with left concave functions 


Left Concave Function Theorem (LCF-Theorem). Let f(u) be a 
function defined on an interval C R and concave foru<s,s El. If 


tet ten) 
n 


Flas) + f(a) +--+ flan) < nf ( (3) 


for allz,,29, ..,2, E I such that 


Yi +teat-: +2y 


z =s and tı = £ = --=2,_) Í S, 


x aa 
then (3) holds for all 21,29, .. £n € I such that mi att tn <s, 
n 


Proof. To prove this theorem we proceed as in RCF-Theorem proof. O 
Remark 6. The theorem hypothesis is equivalent to the condition. 
(n= 1) f(x) + f(y) < nf(s) 


for allz,y € I such that x < s < y and (n — l)e +y = ns. 
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Remark 7. Let g(t) = 
to the condition 


g(x) > gly) for all x,y € I such thal £ < s < y and (n — 1)z + y = ns. 


Remark 8. lf f is differentiable on I, then the LCF-Theorem holds valid 
by replacing the theorem hypothesis with a more restrictive condition 
f'(x) > f(y) for all x,y € I such that x < s < y and (n—-—l)t+y=ns 


The theorem hypothesis is equivalent 


f(t) — f(s) 


t- 


Left Concave Function Corollary (LCF-Corollary). Let f be a 
continuous function on (0,00), and letr > 0. If the function fifu) = fie") 
is concave for u < lnr, and 


fle) + f(a2) + . + f(an) Snf(y 2142 an) (4) 


for alla,,a2, ..,4n > Ô such that 


aja. . Gn =r and a) =02=: =4n-1 ST, 
then (4) holds for alla,,a2, „an >O such that Vaja? an ST. 


Remark 9. The corollary hypothesis is equivalent to the condition: 
(n — 1)f(z) + f(y) < ng(r) for all x,y > O such that z < r < y and 
g” ly =r 


Remark 10. If f is differentiable on I, then the LCF-Corollary holds valid 
by replacing the theorem hypothesis with a more restrictive condition 
zf'(x) > yf'(y) for all z,y € I such that z <r <y anda” ly =r" 


3.3 Inequalities with left concave-right convex 
functions 


Left Concave - Right Convex Function Theorem (LCRCF - Theorem). 
Leta <c be real numbers, and let f be a continuous function on I= |a, 20), 
concave on [a,c] and convex on |c,00). If £r1,£2, Xn € I such that 


£i tz +--+ Er = S = constant, 
then the expresston 
E = f(z1)+ f(z2)+  +f(zn) 


is maximal for £y = £9) =` = n-i S Tn. 
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Proof Without loss of generality, assume that 2; < 22 S<- < ay. If 
Xn <c, then by Jensen’s Inequality for concave function we have 
zı +t +: -+T 
Fei) + Sle) + + flen) < ng (THE) 
Therefore, the expression E is maximal for z1 = z = = En İf zn >c, 
there exists k € {0,1, „n — 1} such that 
aS OSIRE I San 


By Karamata’s Majorization Inequality for convex function and Jensen’s 
Inequality for concave function, we have 
Flara) t 4 fen) S(m—k-1)f()+F (tear Hen- (n=k—1)e) 


and 


(n-k-1)f(c)+f(ei)+- - +f (ex) <(n-1)f (eter tr), 


respectively Summing up these inequalities yields 
f(z1) + flt2)+ «+4 flan) < (n— If (x) + f(y), 
where 


n—k—i)ce+ay, |] +r 
r= (nok Veter tte Y= Tkt -+2%n —(n—-k—-l)e 


n—1 
It easy to check that (n—-1)a+y=2,+29+-- +2, and z < y. According 
to the last inequality, the expression E is maximal for 2} =- -=2,-1 =T 
and Tn = y o 


Remark 11. Theorem 1 1s also valid in the case I = (a, co) and lim f(z )= 
—oo In addition, Theorem 1 is still valid ifa << c<b,S < (n — “te +b 
and f is a continuous function on I = [a, b), concave on [a,c] and convex on 
[c, b) 

Jn a similar manner we can prove that the following statement 
Single Inflexion Point Theorem (SIP - Theorem). Let f be a twice 


differentiable function on R with a single inflexion point, let S be a fixed real 
number and let 


ate) = fe) +- s (ZE). 


If £3,£2, Zn are real numbers such that zı Hza + +2, = S, then 


inf g(z) < f(a) + f(22) +- -+ f(n) < supg(z). 
reR 
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3.4 Applications 


1. If T1, T2,- 


then 


, Zn, are non-negative real numbers such that 


Lite+-'' +l=N, 


(n-1) (ri taht tan) tn? > (2n-1) (zi +23 + -+a4). 


2. If 2,29, . 


then 


(Vasile Cirtoaje, GM-A, 2, 2002) 


„£n are non-negative real numbers such that 


Z+2o+-: +In=n, 


at HE+ +a tn? <(n+1) (efet ta) 


3. If £1, £2,. 


then 


4, If £1, T2, 


then 


(Vasile Cirtoaje, MS, 2004) 


‚£n are non-negative numbers such that 


mt aot tt py noi 
n n 
1 1 +- 1 S” 
1g? tiz? tIl 


(Vasile Cirtoaje, GM-A, 2, 2005) 


„£n are non-negative real numbers such that 


gı tert: ttn ne j n-1 
n ~Vn?-n4+1? 


i + ——~ 1 +e + l < alo 
1+2? 1+23 1+22~ 147?" 
(Vasile Cirtoaje, GM-A, 2, 2005) 


., Zn are positive real numbers such that z; +29+- +2, =1, 


1 
. + — > (n= 2)? + 4n(n — 1) (2 +23 ++ aR). 


(Vasile Cirtoaje, MS, 2004) 
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6. If 21, 29,...,2, are non-negative real numbers such that 
toate ttn |e n—1 = 
n (n +yn-— T) 
then i A i n 


I= ya eya Iya y 


7. Let O < 2,29,...,2, < 1 such that 


Tı + 22+ tn a> n—l 
A E r Re 
n (vn + vn = 1) 
Then i SE S 1 bet 1 n 
1—/m 1- ym 1— Jin ~1—-vVr 
8. If z1, £2, ..,2, are positive real numbers such that 
Eittats tn _ <il 
n n 
then i i i jnn 
(+) d) fia 
T1 T2 Tn r 
9. If 21,22, ..,£n (n > 3) are positive real numbers such that 
,+29+---+2, = 1, 
then 


a) (Ga) (Favs)? (veya) 


10. If x,y,z are non-negative real numbers, no two of them are zero, then 


j4 48x = +h +- 48z 


(Vasile Cirtoaje, CM, 6, 2005) 


11. Let x,y,z be non-negative real numbers, no two of them are zero. If 


In3 
r > ro, where ro = iho 1 + 0585, then 


(= y+( 2y y+ 2z “Sg 
y+z z+ (=) = 


(Vasile Cirtoaje, CM, 6, 2005) 
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12, Let x,y,z be non-negative real numbers such that r+ y +z = 3. If 
In2 


In3 —In2 
a(ytz)+y(zt+a)+2(2+y) $6. 


O <r < rgo, where ro = æ% 171, then 


13. If z1, £3, .,£n <1 are non-negative real numbers such that 
Ti +T +: -+2n l 
SLETT OTOR ar>, 
n -3 
then 
NET NEZ JEn n/r 
+ tet 2 
l-z} l-r 1 — 2x, l-r 


( Vasile Cirtoaje, CM, 7, 2004) 
14. If a,b,c are non-negative real numbers such that a +b + c= 3, then 


(l1-a+ae’)(1—b+b°\(1—c+4e*) >1 


15. Ifz1,22,. ., Zn are non-negative numbers such that 71+224+---+2, = Nn, 
then 
1 l l 
aratat tpai! 
M-X,+2~ N—-X+2X Nn — In + Th 


(Vasile Cirtoaje, MS, 2005) 


16. If a,b,c are positive real numbers such that abc = 1, then 


1 1.1 
ltatb+e>%a/l+—-+54+-— 
a b c 
17. If a,b,c,d are positive real numbers such that abcd = 1, then 
(a—1)(a—2) + (b—1)(b—2) + (e~1)(c—2) + (d—1)(d—2) > 0 


18. If a,,a2, . ,@n (n> 4) are positive real numbers such that a,a2 an=1, 
then 


(n—1)(a?+03+ + +02) 4+n(n+3) > (2n+2){ai tast tan) 
{ Vasile Cirtoajye, MS, 2005) 


19. Ifa;,a2,  ,@n are positive real numbers such that ara? .an = 1, then 


1 1 1 
att gant 4. -tagl tn(n—2) > (n-1)(—+—+4- +>) 
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20. Let a,,@2, ,@n be positive real numbers such that ajaz ..an = 1. If 


m >n, then 


1 1 1 
ar tag + $a mn > (m+1)(—+—4e4+—). 
ai a2 n 


( Vasile Cirtoaje, MS, 2006) 


21. Ifa,,a2, „an (n > 3) are positive real numbers such that 


/a}02...4, =p>Vn-], 


t 
hen i i i n 


a taat to 2 
(1+0)? © (1+ a2)? (1tan)? ~ (1 +p)? 
22. If a,,a2,...,@, are positive real numbers such that 


Vaaz.. an =p>n*—1, 


then 


1 l 1 n 
See + t +t ee . 
vl+a yl +a V1+ an JI+p 
23. If a;,a2,.- , a, are positive real numbers such that 
Va1a2-..dn = PS yf ——1, 
n — 
then 
t lao 
(1 +a}?  (1+az2)? (l+an)* T (1+p)? 
24. H a1,a2,.. „an (n > 3) are positive real numbers such that 
2n — 1 
Vaaz. =p 
ý (m-i) 
then 


1 1 1 n 
Sa + eS H 
Vita vi+a ‘Ta = < tt? 
25. If aj,a2, .., an are positive real numbers such that pan . On = 
1, then 
1 l 1 


Tanned Feet te 
Ltayt:--+at7? lagt taga lant tagt = 
n 


> ——— n 
l+p+--+pr-} 
(Vasile Cirtoaje, GM-A, 2, 2005) 
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26. If a,,a9,-..,Qn are positive real numbers such that ajaz ..a, > 1, then 
l 
a tat +an— Yaa .. an > 5 y (In a; ~ Ina;)? 
2n — 
1<i<jen 


(Manan Tetiva) 


27. If a1,a9,.. ,@p are positive real numbers such that aja. ..a, = 1, then 
1\% 1\™ 1\% 
ee eee 
n n n 
( Vasile Cirtoaje, GM-A, 3, 2004) 
28. If 1,29, ..,£, are non-negative real numbers such that 


z1 +r +- +I SN, 


then 
nt pn T poe p nTen > 1. 
(Pham Kim Hung, MS, 2006) 
29. Let 21,29,  ,2, be non-negative real numbers such that 
zı trat: +2, En. 
Prove that 


Q(ap+a3+---+28) +n? S (2n +1) (sp +r -+27) 
30. Let x,y,z be positive rea] numbers such that z +y +z=3 Prove that 
1 1 1 2. 2, 2 
8{—~+—+4-—]49> 10(a* + y* + 2°). 
x y z 


( Vasile Cirtoaje, MS, 2006) 


3.5 Solutions 


1. If zy,29,.. ‚£n are non-negative real numbers such that 
zy trt.: +In =n, 
then 


(n—1) (23 +r 4---+23) +n? > (Qn-1) (ai +apt+-. +22). 
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Proof. We may write the inequality in the form 


1 


Tı +z + =) 
n 


fer) + Fler) + + Flen) > nf ( 
where f(u) = (n — 1)u3 — (2n — 1)u?, u > 0. The second derivative 


J") = 6(n — 1)u — 2(2n — 1) 


2n— 1 
shows that f is convex for u > n’ and hence for u > s, where 
bee In — 
ga LETH ttn _ yy Anal 
n = 3(n—1) 


By RCF-Theorem, it is sufficient to prove the inequality for 
zı S 1 < £3 = T3 =t = Tp- 


According to Remark 2, we have to show that g(x) < gly) forO<2<1l<y 
and x + (n —1)y = n, where 


a(t) = OO _ ntt 1) (2-11) 


Indeed, we have 
9(x)~g(y) = (z—y)[(n-1)(z+y+1)=2n+1] = (n—2)z(z—y) < 0 


For n = 2, our inequality becomes equality. For n > 3, equality occurs 


when either xı = T9 = < = £, = 1, or one of z; is equal to 0 and the other 
n 
ones are equal to . o 
n—l 
* 
2. If 21,22,...,2, are non-negative real numbers such that 


Py+xQ+ --+2,=N, 


then 
Bpt apts + ay tn? < (n1) (a? taht 422), 
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Proof We inay write the inequality in the form 


f(a1) + (22) +--+ flan) Saf (Fite tte) . 


n 
where f(u) = u? — (n + 1)u?, u > 0. This function is concave for 
n+l 
O<u< , and hence for 0 < u < s, where 
ntt: tEn j< Pl 
n 7 3 


By LCF-Theorem it is suffices to prove the inequality for 
Tı == = 2-151 Fy. 
Taking into account Remark 7, we have to show that g(x) > g(y), for 
O<r<i<y and (n—Il)r+y=n. 


We have 


g(t) = W =t?—nt—n 


and 
g(x) — gly) = (£z —y)(z +y- n) = (n— 2)2(y—2z) 20 


For n = 2, the original inequality becomes equality For n > 3, equality 
occurs when either 2; = z2 =- - = £n = 1, or one of z; is equal to n and 
the other ones are equal to 0. o 


* 


3. If 11,22, .-,2n are non-negative numbers such that 


. =1 
ayteet > Han opa [PTL 
n n 


then i i 1 n 


sg dL 
a t 


Proof. Apply RCF-Theorem to the function f(u) = u > 0. From 


1 
1+u?? 
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1 n—1 1 
it follows that f is convex on [z.00) Since s = z > FR the 


function f is convex on [s,oo) By RCF-Theorem and Remark 2, we have 
to show that g(x) < gly) forO<a2<s<yand2+4+(n—1)y = ns, where 


F(t)— f(s) _ Tiss 
g(t) = t—~s (14s7)(14t?) 


Since 
(x — y)[s{(x +y) + zy -— 1] 


(1+ s?)(1+2?)(1+y?) ’ 
we still have to show that s(z+y)+zy—1>0 Indeed, 


g(x) — gly) = 


ns*—n+1+2[2(rn—1)s—z] ns*—n+1 B 


=] = nm T > —____ = 0. 
s(z+y)+ey n+l =e 
. n—i 
Equality occurs for zi = ta = = £n = r. In the case r = 4f ——, 


equality occurs again when one of z; is equal to 0 and the others equal 
n 


nol: d 
* 
4, If z1,29,.. ,&n are non-negative real numbers such that 
Ti Hra t +2, n—1 
ep a al a, 
n T Ẹ\Vn?—-n4l1 
then 
1 4 1 pog 1 n 
lta? 1423 l+ ~ 147? 
1 
Proof. Apply LCF-Theorem to the function J(u) = —,,u>0 Since 


l +u?’ 


; 1 n—1l 1 
f is concave on fo, a and s = Von < Wt it follows that f is 


concave on [0,s]. According to LCF-Theorem and Remark 7, we have to 
show that g(x) > g(y) forO<a2<s<y and (n —-1)z2+y=ns, where 
f(t) — f(s) -t-s 


Aer ETET 
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_ (x whotety) +w- _ 
(1+ s?)(1 +2?)(1 +y?) 
(x — y) [ns? — 1 + 28x — (n — 1)2*| 


we have to show that ns? — 1+ 2sz — (n — 1)z? <0 Indeed, 


2 2 _ _ _ 2 
ns? — 142s- (n 1)e? = Mas ntl = [means] 


n—l 
-otes <4 
n— 1 
Equalit f In th -yJ 
quality occurs for z1 = %2 = --=Zy=Pr in the casc r= Woy 


equality occurs again when one of z; 1s equal to fn — 1)r, and the other ones 


are equal to O 
n—i 
* 
5. Ifa1,22, „£n are positive real numbers such that xı rat: -+2, =1, 
then 
ty 445. ts (n- 2? 4 ann -1) (22 4234+ +r) 
zı z3 tn 1 2 n 


Proof We may write the inequality in the form 


2 


zi +T t: iza) 
n 


fer) + Sle) + AlE) ny ( 


? 


1 
where f(u) = 4n(n — 1)u? — yu 0. We see that the function f(u) is 


1 

L t . 
4n(n — 1) n dn(n = 1)’ he function 
f(u) is concave on (0, s] 


According to LCF-Theorem and Remark 7, it is enough to show that 


3 - 
concave for 0 < u < |] —————~_ Since s = 


1 
g(x) > gly) for O<z<S—Sy and (n—l)zty=1. 
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Indeed, we have 


t)— 1 n 
g(t) = J0 = Sls) = 4n(n—1)(t+ s)+ —=4(n—-1)(nt+1)4+— 
t— s st t 
and 
1 n(y—2x)(2nx—22—1)? 
_ — _ 4n—4——_ | = “ae Oe" 7 
g(2)—gly) = n(z—y) ( n =) zy > 
1 
This completes the proof. Equality occurs for x; = rg =": = Tp = 77 as 
1 
well as when one of z; is equal to 5? and the others are equal to m5 O 
* 
6. Ifa1,22, £n are non-negative real numbers such that 
iffy Ft pcg PTL 
n (n +vn-— 1) 


then 


n poe O 
Ja I ya I ÂA 


n(n—1 
Proof. Since x, +2z94+ °° << <1, we have z; <1 for all i. 
1 
We will apply LCF-Theorem to the function f(u) = T= Va O<uc<l. 
— yu 
3yu-1 1 
From f"(u) = —————__—,, it follows that f i fo i d 
f"(u) ual VA ow. J is concave on |O, gp an 
n—1 
hence on [0, s], where s = —————;_:« By LCF-Theoren, it suffices to 
(n + yn — 1) 
consider the case 1 = rg =: - = fn_1 < 8 < 2p. Taking into account 


Remark 7, we have to show that g(x) > gly), for O < x < s < y and 
(n — 1) +y = ns. Since 


I-I) _ 1 


g(t) = 7 = 
=s (1—58) (1— vt) (vVs+vt) 

and 
g(x) — gly) (vø v=) (1 Zve- ve~ va) 


AVUA Vst v=) (1a (rA 
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we still have to show that 1 — ys > yz + yg By the Cauchy-Schwarz 
Inequality, we have 


(+1) t-te tu) > (vet va)’, 


tim 
ma 2 VE + vy. 


or, equivalently 


Therefore, 
1- vs- vz- y7 z1- (1+) v= 
nt 
n—1 
Equality occurs for T} = 22 = --=2, =r In the case r = ———__—,, 
(n+ n—l 


equality occurs again when one of 2; is equal to (n—1)r, and the other ones 


are equal to Ct 
n—-l 
* 
7. LetO< 21,29, .,2n <1 such that 
zı trat + Hin n—i 
wie OTR ar n. 
7 (Vit vat) 
Then 
1 1 + 4 1 > n 
1- ya 1- ya -ya F 
; 1 
Proof We will apply RCF-Theorem to the function f(u) = IVa ,O<u<l 


WY 3/u—1 
From f"(u) = tuyu(l— Jap ay’ 


hence on [s, 1), where s = 


1 
it follows that f is convex on 5): and 


n— 1 


(Vnt vni) 


By RCF-Theorem, it suffices to consider the case 


Ti L S Z T3 S'S En- = n. 
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Taking into account Remark 2, we have to show that g(x) < gly), for 
O<z2<s<y<landz+(n—Ii)y=ns Since 


gt) = LOL) _ 
is Iv) Va 


and 


O (veva) (i-vs-vE- ve) 
(1= V3) (1- Vz) (s+ Vz) (1- Va) (Vat) | 


we still have to show that 1~ ys < yx + yy Indeed, we have 


n 
Vit +V -1> y- tutve-t = J= tvs- 1=0 


g(z)—g(y) = 


n— l1 


Equality occurs for z1 = £2 = -= £n =r. Ín the caser = —— 
(Vn+Vn—1) 
equality occurs again when one of z; is 0, and the other ones are equal to 
nr 
o 
n— l 
* 
8. If £1,£2,. .,£n are positive real numbers such that 
Ti Hrot +En -rgi 2L 
n n 
then 


l l 1 1\” 
(11 +5) (e+ 55) - (m+ gc) 2 (r+ 2)". 
xy x9 Ln r 


l 
Proof. Apply LCF-Theorem to the function flu) = —In (u + z) u > 0. 
u 


The first two derivatives of f are given by 


l= wu? ut — 4u? — 1 
d ti = 
and f”(x) OES 


From the second derivative, it follows that f is concave for 0 < u < y2 -+ V5. 


2y n — 1 


Since s= 1 4+ —— 2< 72+ v5, f(u) is concave for0 <u < s. By 


LCF-Theorem and Remark 8, it suffices to show that f(z) > f'(y for 
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O<a<s<yand(n-Il)zrty=ns 
Since 
2 2,2 2 2,2 
rero = (y-2) SE > a 
it is enough to show that z +y > xy Indeed, we have 
x+y-zy=24+(1—-2z) [n+ 2Vn—1-(n—-1)z] = (Vn=ie-1-Vn—1) >0 
Equality occurs only for zı = 22 => =2,=P7. O 
* 
9. If £3,£2, Zn (n > 3) are positive real numbers such that 
xytazet 4 n=l, 


then 
a) (as) ea o 


Proof. We will apply LCF-Theorem to the function f(u) = — ln ( 
O<u<1 We have 


S~ 
2 


ritzat 4an 1 
Since f is concave on (0, V2- 1] and s = arar o l ea zS y2 -1 


(for n > 3), f is also concave on [0,s] By LCF-Theorem, it is enough to 
show that (n—1)f(z)+f (y) < ns (5) fr0< z< ~< y and (n—l)z+y = 1. 
Write this inequality as 
n3(1~2)"!>(n- 1)? te F y? . 
By squaring. it becomes 
I 

(2 — 22)? > (2n ~ 2) 2 ar 3y 

Since i 
2- 2r =n- + (n-3)z +y, 

this inequality follows from the AM-GM Inequality. Equality in the original 


O 


1 
inequality occurs for g4 =Z2= ` =n = z 
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Remark 1. According to Remark 8, inequality (5) holds if f'(z) > f'(y) 


1 
for 0< 2<—<yand(n—I)z+y=1 Indeed, we have 
n 


i i 1 1 ji E _ (y~z)(1~r~y~ry) _ 

TOOS 564 Ta y y ali) 
_ z(y- z)(n-2-y) zly-z)(l-y) 
~ 2æy(1 ~ r)(1 ~y) 7 2zy(1 — x)(1 — y) 
_ (n-i)? (y- z) 
EDE 


Remark 2. Inequality (5) can be written as 


idioata 


t=1 


On the other hand, by the AM-GM Inequality and Jensen’s Inequality, we 
have 


honasi) (ike) (a) 


Thus, the following result follows: 
e If £1, £2,. „£n (n>83) are positive numbers such that 


HE+ tEn = 1, 


E) a!) (s) 


Remark 3. By squaring, inequality (5) becomes 


I (2 +2-2)>(-4n-2)". (6) 


i=} 


then 


, , l+z 
Since the function f(x) = In; > is convex for 0 < x < 1, by Jensen’s 


Inequality we get 


£i tTI +. .£y 


te toi S + — - (247 
izi i—a = ee ez n-1 


n 
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Multiplying this equality and (6), we obtain the inequality of Kee- Wai Lau 
(Crux Mathematicorum, 2000): 
o If £1, £2,. „Zn (n>3) are positive numbers such that 


2+22+ +2, =1, 


then 


10. If x,y,z are non-negative real numbers, no two of them are zero, then ” 


48a 48y 48z 
fl 4/1 —— +,/1+ —— 215. 
tote toyz tity 


Proof. Since the inequality is homogeneous, we may assume that ztyt+z=1. 


Under this supposition, the inequality becomes 


[1+ 47x n [1 +4Ty Ji +47z >15 
l-z l-y i-z 


To prove this inequality, we will apply RCF-Theorem to the function 


Flu) = 1 + 47u 


,O<u< 1. From the second derivative 


l-u 
A48(47u — 11) 


POS Ti ot ate 


1] 
it follows that f is convex on Fa 1). Therefore, f is convex on [s, 1), where 


r4ytz 1 . . 
s= —; 5y By RCF-Theorem, ìt suffices to consider z < y = z. In 


1 
this case, the problem reduces to show that 0 < z < 3 implies 
1+ 47x 49 — 47x 
4] 2| ———- > 15 
l-z t l+z `~ 
, 49 — ATx ; ; , 
Setting t = TE (5 < t< 7), the inequality transforms into 
— 9372 
1175 — 23t > 15 — 2. 
V` z-i 


35 Solutions 165 
By squaring, the inequality becomes 
350 ~ 15t ~ 61t? + 1543 — tf > 0, 


or 
(t = 5)°(t + 2)(7 — t) > 0, 


which is clearly true. 
Equality occurs when (z,y,z) ~ (1,1,1), and also when (x,y,z) ~ (0,1,1) 
or any cyclic permutation. . O 


* 


11. Let x,y,z be non-negative real numbers, no two of them are zero. If 


In3 
r > ro, where ro = TaT 1 = 0.585, then 


r 9 r r 
GEE = 
y+z z+ zZt+y 
Proof. We distinguish three cases. 
Case r = 1. The inequality reduces to the well-known inequality 


£ y Z 3 
+ + > —. 
ytz z4+2 x+y” 2 


Case r > 1. The inequality follows by Jensen’s Inequality applied to the 
concave function f(u) = u” 


r 


2x 2y 2z 


r — + 
2r 2y \” 2z \" ytz z+z z+y 

+ (24) (Z) s| He m en |z 
(=) Z+x t z+y/ 7 3 z3 


Case ro <r <1. Since the inequality 1s homogeneous, we may assume 
that r +y +z = 1 and write the inequality in the form 


Ie) + flv) + #2) 2 ss (HES), 


2u \7 
where f(u) = (; — 5) ,09<u< 1. From the second derivative 
wy). Ar ( 2u y 
f(u) = Ga Tou (2u+r-—1), 
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l-r 
it follows that f is convex on | 1) Therefore, f is convex on [s, 1), 


2 


zxty+tz 1 i-r 
where s = a E> 


. By RCF-Theorem, it suffices to consider 
r<y=2z It is convenient to return to the original inequality (leaving aside 
the constraint x + y +z = 1) and to consider y = z = 1 (which implies 
O<-2z<1) Thus, the problem reduces to show that 0 < x < 1 implies 
h(x) > 3, where 


The derivative 


has for O < x < 1 the same sign as the function 


2 
g(x) = (r ~ 1) nx ~ (r +1) Ino 
2rze+r—-1 . l—r 
From g'(x) = ea it follows that g'(x) = O for zo = a $ l, 


g'(x) > 0 for z € (0,20) and g'(x) > 0 for x € (xo, 1]. Then, the function 
g(x) is strictly decreasing for x € (0, zo] and strictly increasing for x € [Zo, 1]. 
Since lim g(x)=oo and g(1)=0, there exists z; € (0, xo) such that g(x) =0, 
g(x) > O for z € (0,21) and g(x) < O for x € (a,1), hence, h’(x) = 0, 
A’(1) = 0, h'(x) > O for x € (0,2) and h’/(z) < 0 for x € (z,,1) Therefore, 
the function h(x) is strictly increasing for x € [0,21] and strictly decreasing 
for x € [21,1] Since h(O) = 277! > 270+! — 3 and A(1) = 3, it follows that 
h{x) >3 forO<a<¢l 

Equality occurs when (x,y,z) ~ (1,1,1) Moreover, for r = ro, equality 


holds again when (z, y,z) ~ (0,1,1) or any cyclic permutation o 
* 

12. Let x,y,z be non-negative real numbers such that x +y+z=3 TI 

0< r < ro, where ro = a 1 71, then 


t (y+ z)+y (24 z)+z(z+y)< 6. 
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Proof. We have three case to consider. 
Case r =1 The inequality reduces to the well-known inequality 


3(zy + yz + zx) < (z +y+2) 
CaseO<r<1 The inequality follows by Jensen’s Inequality applied to 
the concave function f(u) = yu 
(ytz)a’4 (2 +z)y" + (z +y)?” < 


(vtset (eau t (et uel" _ 


<%etyt2)| x+y +z) 


T 2r 
= e (Zt) < 6e (=H) =6 
3 3 
Case 1 <r < ro. We may write the inequality in the form 
z+tyt+2z 
f(a) + Fy) +f) 23s (2 **), 


where f(u) = u7(u—3),0<u<3 From 


f"(u) = ru’? [(r + Iu 3(r — 1)], 


3r—3 
it follows that f is convex on | i 3. Since 
r+i 
-Z7tYy+? is or 3 
3 r+i 


f is also convex on [s,3] By RCF-Theorem, it is enough to consider 
x S y = z. It is convenient to write the inequality in the homogeneous 
form 
xtybe2 
(= 
3 
to leave aside the constraint x+y +z = 3 and to consider y = z = 1 (which 


implies 0 < x <1) The inequality reduces to g(x) > 0, where 


T+ 
(e) = 3 (242) -r =g- l. 


r+ł 
) Sz (y4z)ty"(z+2)4+27(x+y), 


3 
We have 
2 T 
d'(a) = (r +1) (2 ) =r! =i, 
l m r+ifx+2\771 r— i1 
79 (2) = 7 (7H) g2-7 
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Smee g” is strictly increasing on (0, 1], g”(0) =—co and y(t) = 
there exists r; € (0,1) such that g”(x1) = 0, g’(x) < 0 for z € (0,2;), and 
g(x) > 0 for z € (21,1] Therefore, the function g'(x) is strictly decreasing 
for x € [0,2,], and strictly increasing for x € [z,, 1]. Since 


2\7 2) 70 r+i r-l 
t 
= — —] > — —] = — —] = — 
g (0) GDIS 12 (r+1) (3) I=- l=- >O 
and g'(1) = 0, there exists x2 € (0,21) such that g'(x2) = 0, g'(z) > 0 
for x € [0, z2), and g'(x) < 0 for x € (z2,1) Thus, the function g(x) 
is strictly increasing for x € [0, z2], and strictly decreasing for z € [22,1] 
2 r+} 2 T 9 TO 
Since g(0) = 3(5) -I= 2(5) -12 2(5) —1=0 and g(1) = 0, it 
follows that g(x) > 0 for0<z<1 
Equality occurs when (x,y,z) = (1,1,1). Moreover, for r = ro, equality 


33 
holds again when (x,y, z) = (0, z? 5) or any cyclic permutation. O 
* 
13. Ifa,,22, Zn <1 are non-negative real numbers such that 
ty 2+ +2 _ r>l 
n — 37 
then 
vir, ym 4 my IT 
1 — x l-z? 1-2, 


Ji 


Proof Apply RCF-Theorem to the function f(u) = ,O<u< 1. From 


l— u 
3u? + 6u — 1 
i _ 
S (u) = qual — 03 
2 1 2 
it follows that f is convex on I= — I, 1) Since s = 3 > A7 l, the 


function f is convex on |s, 1) By RCF-Theorem and Remark 2, it suffices 

to show that g(x) < gly) forO <a<s<y<landz4 (n—i)y = ns, 

f(t) — f(s) 
t—s$ 


(2) = f(t?) — f(e*) _ l tet 
I pg 0-A- Pto) 


where g(t) = 
We have 


For convenience, let a = yx, b = /y and e = ys 
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and 
g(x) ~ gly) = g(a”) — 9(b) = 


— (a-b? a? +b? +e(a+b)+c?—1+ab(1+c?)+abe(a+b) 
= (a* ~ b*) (1—c?)(1~a?)(1—b2)(a+e)(b+c) 


Since 


a? +b? + cla +b) +c? —1 4 ab(1 +e) + abela + b) > 
>a? +b? +e(at+b)+c?-1> 


>20 +b teya tb 4c -1, 


it is enough to show that 


zrtytVs(xy) +s-120. 


Indeed, we have 


ns+(n—2)2 ns 
= Aa’ 
THY n-i ÎR’ 


and therefore, 


n n 
-1 > (— + +1) s- -1=0. 
z+y+s(xty)+s—1 > (7, + zt! s—l > 3s 0 


Equality occurs only for x; = 29 = = fp =r. 


o 
Remark. From the final part of the proof it follows that the inequality 
holds for the larger condition 

Ti £2 He +H En 


l 
=r> 
n 


+ Z 1 
n-l noi? 


i 
In the case r = 


, equality occurs again when one of x, 
n— 1 n-1 


is equal to 0 and the other ones are equal to 


* 
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14. If a,b,c are non-negative real numbers such thata +b +c = 3, then 
(I-a+a’)\(l1—b+6*)(l1—-e+c*) >1 


Proof. We may write the inequality in the form 


VORS OES CENI (AS), 


where f(u) = —In(1-u+tu?),0<u<3 We have 
l — 2u 2u? — 2u — 1 
t — H = 
f) = Ppa” fu) (l-ut u?) 
1 3 atb+e 
Since f is concave on fo, ni and s = —z = 1, f is also concave 


on |0, s] Therefore, according to LCF-Theorem and Remark 8, it is enough 
to show that f'(x) > J'(y)for0 <z <1 < yand 2r +y=3 Indeed, we 
have 


(y—x)(l+2+y—2zry) _ (y~x)(42?—Tx+4) 


Ma) 20) = Gaig) T Uaa A * 


, (yra)(da2—82+4) _A(y~2)(2-1)? 
= (I-2-2?)(1-y-y?)  (1-2-2*)(1-y-y?) © 
This completes the proof Equality occurs only for a = b = g 


Remark 1. Marian Tetiva found for this inequality a nice elementary so- 
lution He noticed that among the numbers a,b,c always exist two (let b 
and c) which are either less or equal to 1, or larger or equal to 1; that is 
(b-1)(e-—1)>0 Thus, 


b?—b)(c?-c) +b? +e? -b-c +1 > 
+c?—b-ct+1> 


(b 
b? 
*_da+5 
=(b+0)?—(b+ c)+1= etate 


(1—b + b?)(1-c +e) 


and hence, 


(l-a + a*)(1—b + b’)(I-e +2)-1 > 
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Remark 2. Actually, the following more general statement holds. 
e Let x1,22,. Zn be non-negative numbers such that 


tı trat +2£y 
n 


=r>1 
[fn < 13, then 
(1-2 +z?) (1 -z2 + 23).. (1-2n + z$) >(l—-r4r?)”. 


We can prove this statement for n < 10 by following the same way as for 
n= 3. We must only show that 1 +z + y — 2zy > 0 forO0< z <1 <y and 


1 
(n—1l)z+y= n. Indeed, fr0 < z< 5 we have 


l+z2+y—2ey=1l+x+y(1-22)>0, 


1 
and for z< x <1 we have 


l +z +y 2ry = 1+ 2r- 2r’ — n(2r — 1- x) > 
> 1+2g-— 22? — 10(22 — 1)(1 — £) = 
1 


7 2 
= 1827 -28r +11 = 2 (32-5) +g >0 


Remark 3. Bin Zhao posted on Mathlink Site, in November 2005, the 
following conjecture: 
e If a,b,c are non-negative numbers such thata +b+c= 3, then 


(1—a+aP)(1-b+b)(1-c+P)>1 


for any p> 1. 
* 
15. [fx,,29,...,2n are non-negative numbers such that rj+29+ «+2, =n, 
then 
1 1 1 


+o + el. 


n-z +r? n-r+r? n— Tn +r? T 


Proof. We may write the inequality in the form 


Fler) + Sæ) Ht fen) sng (EEF Fn) 
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RE a 


where f(u) = zu 20 We have 


n-u+tu 
1 — 2u 


Gos _ Sulu — 1) +2(1 — 2) 
n— u +u?) 


and f”lu) (n-utu?)3 


F(u) = 
Since f”(u) < 0 for 0 < u < 1, it follows that the function f(u) is concave 


ay tag ters + 
on -[0, s], where s = ae ima] According to LCF-Theorem 


n 
and Remark 7, it is enough to show that g(x) > gly) forO< z < 1< y and 
f(t)— fQ) 

t—1 
—t 
n(n —t +t?) 


(n —1l)x +y = n, where g(t) = 
Indeed, we have 


g(t) = 


and (y — x)( ) 
y — £)(n — £y 
— = —— m >00 
g(x) gly) n(n — gz +gr?)(n— y +y?) Z. ~) 
because n — ry > n ~ y = (n — 1)x > 0. This completes the proof. 
Equality occurs for 2] = T2 = = Tfn =l O 


Conjecture [f 21,272, .,2n are non-negative numbers such that 
zy tarot: +22, = 7, 


then for any p > 1 the inequality holds 
1 1 4 1 
n= r +r] n— gr: +r n— Tn +R T 


* 


16. If a,b,c are positive real numbers such that abc = 1, then 


1 1 1 
ltatbt+e>%Al+—+754+-. 
a b ce 


Proof. By squaring, the inequality becomes 


1 1 1 
ae P 44+ Hatbte)22(—+ 542) 43, 


or 


f(a) + f(b) + Fle) > 3f (Yabe) 
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9 
where f(t) = t? + 2t- 7 t > 0. To prove this inequality, we will apply 
RCF-Corollary for r= 1 Let 


filu) = f(e”) = e?" + 2e" — 2e™. 


From the second derivative fi(u) = 2e7% (2e°" +e? 1), it follows that 
filu) is convex for u > Inr = 0. According to RCF-Corollary, we need to 
show that f(x) + 2f(y) > 3f(1) forO < z < 1 < y and zy? = 1. This 
inequality is equivalent to each of the following 


2 
2? +2- 24y 4 dy —-2>3, 
T y 


dy? ~ 3y? — dy? + 2y? +1 > 0, 
(y—1)?(y+ 1)(4y? +y +1) 2 0. 


The last mequality is clearly true. 
Equality occurs if and only ifa=b=c=1. Q 
Remark Marian Tetiva noticed that 
a? +b +674 %a+b4+c)-2 (<+54+-)-3- 
a c 
=a? +b? +47 +2(a+b+c)—2(ab+ be + ca)-3 = 
= (b—c)? + (a—1)? + 2(1—a)(b + e—2) > 0, 


because the allowable assumption a < b < c yields 1 — a > 0 and 
1 
b+c-2 > 2vVbe-2=2|—-1] >Q. 
Va T 


* 


17. If a,b,c,d are positive real numbers such that abcd = 1, then 
(a—1)(a—2) + (b—1)(b—2) + (e—1)(e—2) + (d—1)(d—2) > 0. 
Proof. Write the inequality as 
f(a) + f(b) + f(c) + f(d) > 4f (Vabed) , 
where f(t) = (¢— 1)(t — 2), t > 0, and apply RCF-Corollary for r = 1 Let 


filu) = f(e“) = (e*-1 -2 , 
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From the second derivative f//(u) = e“(4e% — 3), it follows that fi(u) is 
convex for u > lnr = 0. According to RCF~Corollary, we need to show 


that f(x) + 3f(y) > 4f(1) for z < 1 < y and zy? = 1. This inequality is 
equivalent to 
(a-1) ($ -2) +3W-w-2)>0 
We may write it as 
(y — 1)? [u° (y — 1)(3y? — 1) + 8y? + 2y + 1] > 0, 
which is clearly true. Equality occurs if and only ifa=b=c=d=1 O 


* 


18. Ifai,a2,. .,an (n>4) are positive real numbers such that aja2.. an=1, 
then 


(n—1) (a? fart. +a2)-+n(n-+3} > (2n+2)(a;+ag+-: +n). 
Proof. Write the inequality as 


f(a) f(a) +: +f(an) > nf (Yara. an), 


where f(t) = (n—1)t? — (2n + 2)t +n +3, t > 0, and apply RCF-Corollary 
for r= 1 Let 


fi(u) = f(e”) = (n— 1e** — (2n + 2)e” +n +3. 


From the second derivative ff (u) = 2e” [(2n — 2)e“ — n — 1], it follows that 
fi(u) is convex for u > Inr = 0. According to RCF-Corollary and Remark 
5, it suffices to show that rf’(x) < yf'(y) for æ < 1 < y and zy"! = 1. 
Since 


xf'(e) — yf'(y) = An — 1)2? — (2n + 2)a — (n — 1)y? + (2n + 2)y = 
= Ax ~y)[(n ~1)(a+y)—n- 1], 


n+l , 
we need to show that 2 +y > -IT By the AM-GM Inequality, we have 


y y a| cy} nyn-1 
= —% _4...4-% > ws H‘, 
THY z+ t-17” (n —1)"-! n—1 
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Therefore, it suffices to show that 
nvn—-l>ntl 
This inequality is equivalent to 
1 n 
n-l> (1 + =) 
n 
It is true because for n > 4 we have 
1 n 
n-1>3> (1 + =) 
n 
Equality occurs for aj = ag = -= an = 1. g 


Remark Using the same way, we can prove the following sharper statement 


e If ai a2, .,@n are positive numbers such that aian ..an = 1, then 
2n yn- l 
at + ayo tay n> =~ (a) + at +an ~ n). 


(Gabriel Dospinescu and Călin Popa) 
* 


19. If a,,a2,. .,@, are positive real numbers such that ajas.. an = 1, then 
— _ 1 
att +a l4. +an-lin(n — 2) > (n—1) (+24 e ++) . 
S] a? 
Proof. We write the inequality as 


f(a1) + f(a2)+---+ flan) > nf (yaa an), 
n-l 
where f(t) = Į- a t>Q Let 
filu) = fle") = el — (n — 1)e™t. 
From the second derivative 


1 (u) = (n=1) e0 (n—1)e™" = (n—1)e™" (n= 1)e™— 1], 


it follows that fı (u) is convex for u > lnr = 0, where r = 1. 
By RCF-Corollary and Remark 5, it suffices to show that xf'(xz) < yf’(y) 
for 0< z < 1 <y and ry™! = 1. We have 


t) = (n= De a BS L 
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—-_________—"} es = a a 


and 
uu) ~2f'(2) = (ai + -aart ~ 2 
= nal (n—1L)2™ 1 = eonen) > 0. 
y 
Equality occurs for a) = a2 = -+ = an = 1. 0 
* 
20. Let a;,a2,.. ‚ân be positive real numbers such that ajaz.. an = 1 Sf 


m > n, then 


1 1 1 
ay + ay + tat +mn>(m+1)(—+—+4- +=). 
at a2 an 


Proof. We write the inequality as 


f(e) + faz) +: + flan) > nf (%/a142--- an), 


1 
where f(t) = t™ — ie t> 0. Let 


fi(u) = fet) = e™ — (m + Le 
From the second derivative 
(u) = me” — (m+ 1)e™" = e™ [m elm) -m-!], 
it follows that fı(u) is convex for u > lnr = 0, where r = 1, because 
mete _m—1>m?—m-1>0. 


According to LCF-Corollary, it suffices to show that the given inequality is 
true for az = @3 = :-: = @n > 1, that is to prove that 


m+1_(m+i(n=1) o 


z™ + (n—1l)y™ + mn — y 


for0 < zr < 1 <y and zy"! = 1. By the weighted AM-GM Inequality, we 


have 
m(n — 1) 


r” 4+(mn- m- 1) > m(n- 1) "Vz = 7 


3 5. Solutions 177 
Then, we still have to show that 
(n= 1)(y"~—) ~(m41) (2-1) 20 
y x 
This inequality is equivalent to h(y) > 0 for y > 1, where 


h(y) = (n= 1)(y™** — 1) — (m + 1)(y" — y). 


h’ 
(y) (n — 1jy™ — nyl +1 > (n—-1)y"—ny™ 1415 


= ny" (y — 1) - (y” — 1) = 
— (y— 1) [yr —y") + (yr — yr) E (y™} _ 1)] > 0, 


the function A(y) is increasing. Therefore, h(y) > h(1) = 0. Equality occurs 
for aj =ag=---=a, = 1. O 


* 


21. If a1,a2,...,a, (n > 3) are positive real numbers such that 


aiaz. On = p> ynl, 


then 
teada T 
(1+a)? (1a)? (1+ an)? ~ (1 +p)? o 
l 1 
Proof. We will apply RCF- Corollary to the function JH = TETA 
l 1 
t > 0. i = = 
> First we must show that the function fi(u) = f(e") = (+e 


is convex for u > hr, where r = yn — 1. Indeed, the second derivative is 
given by 
2e"(2e¥ — 1) 
1 
u) = “> 


and for u > Inr, we have 


2e“-1>2r-1=2 -3>0. 
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t 
4 


Therefore, we have to show that (7) is true for ag = a3 =: =a, >r and 
ayaz? Qn = T”; that is to prove that k(x) > h(r) for x > r, where 


The derivative 


3 


Let m = qim2l We see that 


hy(z) = 7m (2™ +r?) -gmt _ 3m — 


— (2™—~r™) (ra +77" — 92m") =_™ (2™—r™) h(x), 


where 
2m 


ho(x) =r" + = —_™l, 
Since ho(x) is strictly decreasing for x > r, 
ha(r) = r=} {2r ~ 1) =r"! (2vn — 3) >0 


and ha(oo) < 0 (ha(o0) = r — 1 = y3 — 2 for m = 1, and ho(oo) = —oo for 
m > 1), there exists zı >r such that ha(x1) = 0, kalz) >0 forr < z < z1, 
and ho{x) < 0 for x > xı Since the functions h(x) and A’(x) have the 
same sign as ho(x) for z > r, we may say that the continuous function A(z) 
is strictly increasing for r < 2 < 2x}, and strictly decreasing for r > 24; 
consequently, h(x) > min{h(r),h(co)} Since A(r) = A(co) = 1, we get 
h(x) > h(r) for x > r, and the proof is complete Equality occurs for 
al = a, = = ün =P (E) 


Remark We can rewrite inequality (7) as follows. 
e Let a,,a2, .,an (n > 3) be positive numbers such that ajaz ..an = 1, 


and let p > /n—1. Then 


l 1 1 n 
— ntt do | 
(1 +pai)? (1+ pag)? (1+ pan)? ~ (1+p)? 
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3 5. Solutions 
For n = 4 and p = 1, we get the well-known statement: 
e If a,b,c,d are positive numbers such that abcd = 1, then 
: + l + l + ———; 
(lta)? (146)? (1+6? (14d)? ~ 
( Vasile Cirtoaje, GM-B, 11, 1999) 


* 


„Qn are positive real numbers such that 


22. If ai, @2, . 
Vaaz. ..än = p> r? -—1, 
1 n 
+f d> ame 8 
V1+ an V1+ 3p (8) 


1 1 
+: 


then 
-= + 
Vl+a, Vl+a 


1 
„t>0. 


vVli+t 


is convex for 


Proof. We will apply RCF-Corollary to the function f(t) = 
1 
First we must show that the function f;(u) = f(e") = ———— 


u > hnr, where r = n?—1 Indeed, the second derivative is given by 


and for u > Inr, we get 
e- 2>r-2=n?-3>0. 


We have now to show that (8) is true for az = a3 = --- = a, > r and 
@1@)...d, = T”; that is to prove that h(x) > h(r) for x > r, where 


The derivative 
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where 
ho(x) = pem _ pmym-1 — yen- 


We see that ho(x) is strictly decreasing for x > r, 
ha(r) = pem—lip 9) = r?m—-lin? 3) > 0 


and hy(co) <0 Then, there exists z; > r such that h2(21) = 0, ho(x) > 0 
for r < x < x, and ho(x) < 0 for x > 2, Since the functions hı (x) and 
h'(x) have the same sign as h(x) for x > r, the function h(x) is strictly 
increasing for r < x < 21, and strictly decreasing for x > x1, consequently, 
h(x) > min{h(r), h(oo)} Since A{r) = h(co)=1, we get h(x) >A(r) for x>r, 
and the proof is complete Equality occurs fora;=ag= =an=Pp O 


Remark. Inequalities (7) and (8) are special cases of the more general 
statement 

e Lel n > 2 be an integer, and let k < n— 1 be a positive number. If 
@1,42, Qn are positive numbers satisfying ~a,@7 ün = p = nk — 1, 


then 
] 4 1 4.4 1 > n 
(1+a,)* § (1+ a2)4 (1 +an)f ~ (1+ p) 


(Vasile Cirtoaje, GM-A, 2, 2005) 
We can rewrite this statement as follows 
è Let n > ? be an integer, and let O< hc n-—1] and p > nk — l. Ij 
ay, @2, „an are positive numbers satisfying ayaz  @n = 1, then 
1 1 l n 
TF pat Fpa) (1E pen) Fp 
An interesting corollary is the following 
e Letn > 2 be an integer, and let 0<k<n-—l and p= nt —1 Ij 
41,42, ,@n are positive numbers such that ajaz an= 1, then 
| 1 1 
(rt pale Fpa t Fpa) = 
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* 
23. If a,,a2,...,@, are positive real numbers such that 
yaa in = p< f= 1, 

then i ' \ n 

Ota UFa asap e O 
Proof. We will apply LCF-Corollary to the function g(t) = TH t> 0. 
First we have to show that the function f(u) = g(e") = era iS concave 
for u < Inr, where r = J- 1. Indeed, we have 

f" (u) = Je" (2e” — 1) 


(1e ’ 


and, for u < lnr, 


2e" -1 < 2r — 1 = a| 3< 2V3 -3 <0. 


We need now to show that (9) is true for ay = ag =: -= an- <r and 
@142...d, = T”; that is to prove that h(x) < h(r) for 0 < z < r, where 


h(x) = n-1 een—2 
T (1 + x)? (znt + rn)? . 


The derivative on-3 
Wn — Np.an— — 
h'(z) = 2(n Ur T —_ 2(n—1) 
(z7! +r”) (x +1) 


has the same sigu as the function 
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where 


ho(r) = r™ 1 (1 — 2r) =r! (3 — a= ) >0 
n — 


In the case n > 3 (m > 1), the function ha(x) is clearly strictly increasing 
forO <2<r It can be readily checked that this property is also valid for 


n=2 (m= 2) Thus, there is xı € (0,r) such that ka(x1) = 0, ho(z) < 0 
for 0 < x < xı, and hg(x) > O for zr; <x<r Since the functions h(x) and 
h'(x) have the same sign as kg(x) for 0 < x < r, the continuous function h(z) 
is strictly decreasing for 0 < z < 2, and strictly increasing for z; <z <r, 
consequently, k(x) < max{h(0),A(r)} From h(0) = A(r) = n— 1, we obtain 
h(x) < h(r) for 0 < z < r, and the proof is finished 

Equality occurs fora; = a2 = = ün = P. 0 


Remark We can rewrite inequality (9) as follows: 
è Let a,,a9,. .,Qn be positive numbers such that ajag an = 1, and let 


— 1. Then 


n—l 
1 , 1 pag 1 <? 
(1+ pai)? (1+ paz)? (1 + pan)? 7 (14 p)? 


* 


24. Ifaa, Qn (n > 3) are positive real numbers such that 


yaar Gn = PS TE 


then 
1 1 1 n 
+ +- 4——— L . (10) 
JYlia, vVvl+a vitan  yvI+p 
1 
Proof We will apply LCF-Corollary to the function f(t)= Jit’ t>0 
i 
First we have to show that the function fifu) = f(e“) = is concave 


14 e¥ 
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2n- 1 ; 
for u < lnr, where r = CED Indeed, the second derivative is given by 
n — 
e”(e"— 2 
ru) = =?) 
4(i + e%)3 


and for u < lnr, we get 

—2n?4+6n—3 — 2n(3—n) 

— < — + LO. 
(ni? <-> 

We need now to show that (10) is true for a; = ag = -- = an-ı < r and 

aiaz.. -an =r”, that is to prove that h(x) < h(r) for 0 < z <r, where 


ev’ -2<r—-2= 


n—- 1 gral 
h(x) = nel en 
(x) 1 +2 + ani +r” 
The derivative n-3 
h(x) = Ma Lee? al , 


2(xn-1 rn)? 2(z+1)? 
has the same sign as the function 


hi (z) = rect! (x +1)—2"7! — r” 


n 
Le m=z, m21 We see that 


hi(z) — 2M (gm +z™7!) — ml — pom — 
— pm (pm _ r™) +r” 1(p2m _ z?™) — 


= (r™ — a" )ha(2) 


where 
ho(x) = gem) 4 rrem! _ rem 


Notice that ho(z) is strictly increasing for 0 < 2 < r, ho(0) < 0 and 
ho(r) = r?"1(2—r) >0 


Therefore, there exists x; € (0,r) such that ha(zı) = 0, he(z) < O for 
0 < x < 2, and he(z) > 0 for zı < x < r. Since the functions hilz) 
and h’(x) have the same sign as ho(xr) for O < x < r, the function h(z) is 
strictly decreasing for 0 < x < 2, and strictly Increasing for xı < T < T; 
consequently, k(x) < max{h(0),h(r)} From A(0) = A(r) = n— 1, we obtain 
h(x) < h(r) for 0 < x < r, and the proof is finished. Equality occurs for 


a) =@2= =p =p C) 
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Remark Inequalities (9) and (10) are special cases of the more general 
statement: 


] 
e Let n > 2 be an integer, and let k > i be a positive number. If 
n — 


a1,@2,. ,@n are positive numbers satisfying 


1 
n — 


then the inequality holds 


1 ] J n 
———— 4 m H 4 —. l MMMM 
Fa) UF a) OF am) = (TF p) 


(Vasile Cirtoaje, GM-A, 2, 2005) 
We can rewrite this statement as follows: i 
"and 0 < p< ( r J 1 
an < —— —\. 
n-li P> \n-1 
Ifa,,a2, „an are positive numbers satisfying ajag ...an = 1, then 


e Let n > 2 be an integer, and let k > 


l 1 1 n 
< 


ep at $ Se 
(1+ pa;)* ' (1+ pag)* (1+ pa,)* ~ (1+ pY 


An interesting corollary is the following: 
1 


1 n \Fk 
; and p= (—"1) —1 ff 


e Letn > 2 be an integer, and let k > 


n— n-i 
Q1,09, ..,@n are positive numbers such that ajaz. an = 1, then 
l + a + +n n-li 
(14+ pa,)k (1+ paz)" (1+ pan) ~ 
* 


25. Ifaj,aq. „an are positive real numbers such that ajag ..€, =p> 1, 
then 
1 1 1 


——_-___, + ——___.74+ +~———-__ > 
l+aj+ taht lart: tag l+an+ --+an—! 
n 


> ——. 11 
= 1l-+p+- +p”! ( ) 


Proof We will apply RCF-Corollary to the function 


1 


= —__—______, t>0 
14E poe’? 


f(t) 


1 
First we have to show that the function fi (u) = fle“) = Ljet} gemu 
is convex for u > Inr, where r = 1; that is foru > 0 Setting y =e" (y > 1), 
the necessary condition f”(u) > 0 reduces to 


2[y + 2y?+- -+(n—Vy"]° > 
2 [yt tet (nie) [ity te ty]. 


We will prove this inequality by induction over n. For n = 2, the inequality 
becomes y(y—1) > 0, which is clearly true. Suppose now that the inequality 
is true for n and prove it forn+1, n > 2. Using the inductive hypothesis, 
we still have to show that 


n°(y" — 1) + ary +agy? + --4+an_yy"! > 0, 
where a; = 3n? — (2n — i)? Since 
a <ag< <an- and y Sy? <- <y, 
by Chebyshev’s Inequality we get 
m(aytaay?+ --+aniy"") > (atant +an4)(yty?t: - +y™"), 
Thus, it is enough to show that a, + a9 +--+ an-ı > 0. Indeed, we have 


n(10n? — 15n — 1) 


6 >0 


a&i +taz+ +4,-1= 


Finally, it remains to show that (11) is true for ag = a3 = --=a, > l and 
@1@2.. @, = l; that is to prove that 


f(z) + (n—I)F(y) 2 1, 


for 0 < x < 1 < y and zy"! = 1. Setting k = n — 1, k > 1, the inequality 
is equivalent to 


where 
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For the nontrivial case y > 1, we write successively the inequality h(y) > h(1) 
as follows: 


Leyte ty > Leykp. ty 
k(y-1) -1 t-l 
yktI 1 l yk- yE]? 
k(y-1) 4# -1 
yet] — | T yktk—]?’ 

yhlKt1) — i1 yf | 
ytti] © y-1’ 


? 


k [1+ yt! pytty -+ y+] >leytyr be +y DED, 


k[l- ty ytty y +y] > 
> (1+yty? tty) yë Hy? H + yO MF]. 


Since t <y <y? < <y andl <y? <y <. < yI, the last 
inequality is Chebyshev’s Inequality applied to the k-tuples 


(ly, . ,y*7!) and (1,y*, y7") 


This completes the proof For n > 3, equality occurs is and only if 


Q = a9 =: = ün. C} 
Remark For p = 1, we obtain the following nice statement: 
è If a;,a9, . ‚an are positive numbers such that ajag...a, = 1, then 
1 1 1 
sp yf 
l4a;+< +a? l+ag+ -+az7 ltayt+-+-+an7 > 
In the case n = 4, the well-known statements follows 
e If a,b,c,d are positive numbers such that abcd = 1, then 
1 + 1 4 1 + 1 >] 
(14a)(1+a*) (1+6)(1+5?) (1+e)(1+c?) (14+ d)(1+d?) = 


{ Vasile Cirtoaje, GM-B, 11, 1999) 


35 Solutions 187 


26. If ai, a2,.. „an are positive real numbers such that ayaz ..an > 1, then 
1 
a +ag+ -+a,—- Vaia.. An > nil 5 (in a; — Ina;)? 
M 1SiS3sn 


Proof Since 


we may write the inequality as 


f(ai)+ fla) +--+ flan) > nf (Yaa... an), 


has the derivative i 
ti u 
u)=et—-_. 
1 (u) hn 


Since f(u) > 0 for u > 0, the function f,(u) is convex for u > lnr, where 
r=1 By RCF Corollary and Remark 5, it suffices to show that 
xf'(z)<yf'(y) for O<2<1<y and gy} -= J 
We have r 
tf’(t) =t—— Int, 
n 


and 


1 1 1 
t f — y _ L — yP — 4, 
yf (y)-2f'(z)=y z Iny z+— Inz=y—r—Iny=y ye In y. 


Let h{y) =y- z — lny. Since 


y” 
m—-1l l_ n=l 

yr 

the function h(y) is strictly increasing for y > 1. Therefore, h(y) > h(1) =0 


and hence yf’(y) —zf'(z) > 0. 
Equality occurs for a; = ag =--- =a, = 1, oO 


>0, 


1’ 
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* 
27. Ifa,,a@,.. „ap are positive real numbers such that ajag. .an = 1, then 
a) ao 1 Qn 
0-24 (Ya (td sent 
n n n 


Ti 


Proof. Setting a; = for each i € {1,2,...,n}, the statement 


Inn — In(n— 1) 
becomes as follows: 


è If x1,29,...,2n are positive numbers such that 


n 
YTT.. Tp = T= mT. 


then 
eT peT? peo peT < ne”. 


We may write the inequality as 


flai) + fla) +. -+ flan) < nf (ayaa. ün), 


where f(t) = e™%, t > 0. The function 


has the second derivative 
(a) = (e" Le. 


Since ff(u) < 0 for u < 0, the function f;(u) is concave for 


<0 


u<Inr=Inin 
n-i 


According to LCF-Corollary, it suffices to show that 
(n— lje" +e” <ne” 


for 0 < z < r <y and z™`!y = r”. That is g(x) < g(r) for 0 < x <r, where 


n 


glz) =(n—-lje*+e%, with y= 


gn-l 


Since ae 
—— g(x) = are, 
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it follows that the derivative g’ has the same sign as the function 
gi(z) = r™—2"e¥* 


From 
e* ¥gi(z) =a" — nx"! 4 (n-1)r”, 


we find that gi (2) has the same sign as the function 
h(x) = z” — nz”! 4 (n-1)r" 


The derivative of h(x) is given by h'(x) = nz"—?(z—n+4 1). Since h(x) < 0 
for 0 < x < r, the function A(z) is strictly decreasing In addition, since 
h(0) = (n — 1)r” > 0 and A(r) = nr"—!(r — 1) < O, it exists zı € (0,r) 
such that A(z) > 0 for z € (0,21), h(x1) = O and h(x) < 0 for z € (x1,r]. 
Therefore,.the function g;(z) is strictly increasmg on (0,2,] and strictly 
decreasing on [21,7] Since g,(0;) = —oo and g;(r) = 0, it exists x2 € (0,2;) 
such that g(x) < 0 for x € (0,22), gı (z2) = O and g;(x) > 0 for z € (z2,r) 
Consequently, the function g(x) is strictly decreasing on (0, 29] and strictly 
increasing on [x2,r]. Since g(0;) = n— 1 and g(r) = ne“? = n— 1 = g(04), 


we get 9(z) < g(r) forO<a<r Equality occurs forajy=ag=. =a,=1 O 
* 
28. If 2%1,22,...,2n are non-negative real numbers such that 


Ti trat :4+2,=7N, 


then 
n Ti + no? + a + n-tn 
Proof We may write the inequality as 


? 


zı +x -> 
Fa) + flet + flen) 2 ng (7HE tan) 
where f(u) = n7 u? u > 0. from the expression of the second derivative 
f"(u) = 2n-™ (2u? mn — l)lan, 
it follows that f is convex for u >1, and also for u > s= Titrat ttn 1. 
By RCF-Theorem, it suffices to prove the inequality for 


z1 S E £ T2 = £3 = = En 


190 3 Inequalities with right convex and left concave functions 


Let 
g(z) = noe + (n— In — 1, 
where x+ (n— l)y =n ad0<zr<]1] <y. We have to show that g(x) > 0 
forO<a2<1 Takmg into account that y’ = =. we get 
g(z)=2 (yn — sn’) Inn 
The derivative g' has the same sign as the funtion 


gi(z)=In (yn) —In (2n-*") =Iny—Inz + (x*—y?) inn 


From 
—1 1 y 
f = — — —— l = 
glz) (n— l)y athe tz) nn 
_ —] 2+ 2(n —2)2 in n| 
=n x(n — T) (rn — 1)? > 
we see that gi (zx) has for 0 < x < 1 the same sign as the function 
_(n—1)\2 
h(x) = znz +ar(n-— z) [l + (n —2)z] 


IInn 


The derivative of A(z) is given by 
h'(x) = n+ 2(n? — 2n — 1)2 — 3(n— 2)2°. 
Since 
hi(z) = n+ 2(n? — 2n — 1)2 — 3(n — 2)2? > 
> na + 2(n? — 2n — 1)z — 3(n — 2)2 = 
= Xn — 1)(n— 2)z > 0 


for 0 < x < 1, the function A(z) is strictly increasing Since h(0) < 0 and 


h(1) = (n- 17(1 — ara) > 0, it exists zı € (0,1) such that h(x) < O for 


x € [0,2,), h(z1) = 0 and h(x) > O for x € (x1, 1] Therefore, the function 
gi(2) is strictly decreasing on (0, xı] and strictly increasing on [21,1] Since 
g1(0,) = +œ and gi(1) = 0, it exists x2 € (0,21) such that gı(x) > 0 
for x € (0,22), gı (£2) = O and gi(z) < O for x € (x2,1) Consequently, the 
function g(x) is strictly increasing on [0, x2] and strictly decreasing on [z2, 1] 
Since g(0) = (n — 1)n7(a27) > 0 and g(1) = 0, it follows that g(x) > 0 for 
O<2x<1 Equality occurs if and only if x1 = r= =2,=1 Cj 
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* 
29. Let 21,29,...,2n be non-negative real numbers such that 
tit rot -42,=7N, 

Prove that 

2 (zi trit o tra) tn < (2n + 1) (xi + 23+ +25). 
Proof Write the inequality in the form 

f(z1) + f(z2)+- + flzn) < 0, 

where f(r) = 2x3—(2n+1)z?+n. Taking into account the second derivative 


f(x) = 2(6x — 2n — 1), 


2n +1 2n+1 
5 and convex on l 5 ,00) 


By LCRCF-Theorem, the sum E = f(21) + f(ze)+ - + f(2n) is maximal 
for z1 = 2%2=-- = Tn—1 < Tn. Therefore, it suffices to prove the inequality 


it follows that f is concave on fo, 


(n— I) f(z) + f(y) < 0, 
forO< zx <1 <y and (n-—1)z +y =n. The inequality is equivalent to 
n(n — 1)z [2(n — 2)x? — (4n — 7)x + 2n — 2| > 0. 
It is true because 
2(n—2)x*—(4n—7)x + 2n—2 = 2(n—-2)(z-1)? + 2-2 > 0. 
Equality occurs if one of z; is equal to n and the other ones are 0. O 
* 


30. Let x,y,z be positive real numbers such that £ + yt+2z=3. Prove that 


i 11 
s (5 +o + 2) 49> 1007 +y? +24) 
ry 2 
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Proof. Write the mequality in the form 


f(x) + f(y) + f(z) < 9, 


4(5t? — 4) 


8 
where f(t) = 101? —~. According to the second derivative f"(t) = = 


4 4 
the function f is concave on fo, is and convex on [f$.0). 


By LCRCF-Theorem, the sum E = f(x) + f(y) + f(z) is maximal for 
x=y<z Therefore, it suffices to prove the inequality 


2f(z)+ f(z) < 9, 
for O< 2 <1 <z and 2r +z = 3. The inequality is equivalent to 
40x* — 140x? + 17427 — 89x 4 16 > 0, 


or 
(22 — 1)° (10x? — 252 + 16) > 0 


Because 
10x? — 252 + 16 = 10(z — 1)? + 6 — 5z > 0, 


the inequality is clearly true. Equality occurs if and only if two of z, y, z are 


1 
equal to z? and the other one is equal to 2 o 


Chapter 4 


On Popoviciu’s inequality 


4.1 Introduction 


In 1965 the Romanian mathematician T. Popoviciu proved the following 
inequality 


f(a) + fia) + re) + 3f (HEE) > 


224 (25%) +24 (S*) +27 (754), 
where f is a convex function on an interval J and z, y,2E/. 


A Lupag generalized this in 1982, in the following form (where p,q and 
r are positive numbers): 


pf(z)+af(y)+rf(z)4 (ptatr)f (Eier) 5 


=a (eh) sien EE) oe oy 


In 2002 and 2004, we extended Popoviciu’s Inequality to n variables [5, 
6], as follows 


Theorem 1 (Generalized Popoviciu’s Inequality) Jf f is a conver 
function on an interval I and a1,02,...,an € I, then 


Flar)+F(a2)+ +f (an)-+n(n—2) f(a) > (n= 1) [f(b1) + F(b2) + + + flon), 


aitat -4da 
n 


where a = 


"and b; = Sra, for all ¢. 
jfi 
193 
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Theorem 2. Jf f is a conver function on an interval and a,,a2, ,a, EÍ, 
then 


fai) + f(a2) +» + flan) + Fla) 2 2 D (245), 


S 1si<j<n 


ai taz + + tan 
where a = ———————————, 


n 
Soon after these inequalities were posted on Mathlinks Inequalities Fo- 
rum, Bill Zhao conjectured the following general statement 


Theorem 3 Iff is a conver function on an interval I and a1, a2, ‚an E[Í, 
then 


(PAv sentaa (E) 


n 
>m y (4t : ttm) 
I<i< <imín m 

Dari) Grinberg posted in 2005 on Mathlinks Inequalities Forum a long 
proof of this mequality by induction over n. 

In this section, we will prove the first two theorems, and then will 
give some applications of these Our proof relies on Karamata’s Inequality 
for convex functions, which we now recall. We say that a vector 
A= (@1,02,.. ,4n) with ay > ag 2 . > an majorizes a vector 
B = (b,,b2, bn) with bi > bp > > > ba, and write it as A > B, 
if 


a; > by, 
a, + ag > by + do, 


ai tagt- -+an-1 2614+ 624+ -+bn-1, 
aj tagt-::+ an =), 4+ bo + + by, 


Karainata’s Inequality states that for any convex function and A> B, the 
following inequality holds: 


flay) + f(a2) +-+ flan) > f(bi) + f(be)+- + f(bn) 


Proof of Theorem 1 Without loss of generality, we may assume that n > 3 
and a, < a2 Z- - < an. Then there is an integer m with 1 <m <n-l1, 
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such that 
aS: <n Sf ami <a 


and 
bi > + > bm 2 A> bm 2+ > dn, 
a++: +a SOSS 
where a = utat Fan It is clear that the required inequality that 


we are trying to prove is the sum of the following inequalities 
F(a) +- + f(am) +n(n—m—1) f(a) > (n—1)[f(bm+1) + > + f(bn)}, (1) 
F(am+1) + +++ flan) +n(m—-1)f(a) 2 (n-1)[F(b1) +: -+ F(bm)} (2) 
In order to prove (1), we apply Jensen’s Inequality to get 
flai) +--+ flam) + (n- m—1)f(a) > (n — 1) f(b), 
where 


ait --+amt+(n-m-—l)a 
n—-1 


b -= 
Thus, we still have to show that 
(n—m—1)f(a) + f(b) > f(bm+1)+ > + f(b). 


Since a > bm41 > + > by and(n—m—1)atb = bm}1 +- --Hbn, we see that 

An—m = (a,. .,a,6) majorizes Bnom = (bm41,6m42,-. ,bn) Consequently, 

the inequality follows by Karamata’s Inequality for convex functions. 
Similarly, we can prove inequality (2) adding Jensen’s Inequality 


flamsi) + + + f(an) + (m= 1) f(a) 


n— 1 


> f(e) 
and the inequality 

f(c) + (m = 1)f(a) > f(r) ++ ++ f(bm), 
where 


_ ümit + On +(m — 1a 
i n-1 f 


The last inequality follows from Karamata’s Inequality, because 


bi > bma and c4(m—1 a=b +- -+bm, 
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and therefore Cn =(c,a, . ,@) majorizes Din = (b1,b2, =, bm) O 


Proof of Theorem 2 We will prove this by induction over n For n = 2, 

one has equality Suppose now that n > 3 and the inequality is valid for 

ay +a + tan 
n 


n—1 We wil) show that it holds for n Let a = and let 


ai +a + ++ Qn- , , , , 
= AL According to the induction hypothesis, we have 


n—l1 
ai taj 
(n-3) [fla )+ f(a) +--+ flan) +(n-1f(@)>2 E (E 
I<i<j<n-1 . 
Thus, it suffices to show that 
flai) + fla) +--+ + flani) + (n — 2)f (an) + nf (a) 2 
> (n — 1)f(z) 20 (5%). 
By Jensen's Inequality, we have 
f(a) + f(a2)+ ++ flani) 2 (n - 1) f(z). 
Hence, we just have to show that 
(n—2)f(an) +nf(a) > 2 5 =) 
paa n . - r . 
Since (n—2)an+na = 2 Dhe , we wil] again use Karamata’s Inequality 


for two cases. 
Case 2a > mm{ai,a2, an} + max{ai,a2, an} Without loss of 


generality, assume that 
a, = max{a,,42,...,@n}, an = min{aj,@2, an}. 


Then, 2a > aj + an. According to Karamata’s Inequality, it is enough to 
show that 


. altan a2 + Ap an-ı + Qn 
an <mn 2 } 2 ? ? 9 
and 
a; +4n 42+ Gy Gn-1 + ân 
aama rr g g 
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The first condition is clearly true, while and the second condition reduces to 
a, + ân 
2-5 l 
Case 2a < min{aj,@2,. ,an} + max{ai, do, an}. Without loss of 


generality, assume that 
a, = min{a1, a2, . ün}, Gn = max{a),a2,...,an}. 


Then, 2a < ay +a, According to Karamata’s Inequality, it is enough to 


show that 
: Qi tan a?+ an ün~1 + ân 
a < mn -5 : 9 ’ ’ a 
and 
fart an Ag+ ay an—1 + an 
ûn > max nr ee eee 
oo: a; + ûn . . wae . 
The first condition reduces to a < a while the second condition is 
clearly true C) 


Remark The generalized Popoviciu’s Inequality may be rewritten in the 
following form 


_ fla) + f(a2) + +--+ Fan) — nf (a) 


= Fb) + f(b) + + Flin) nfa ="! 


En (a1, ae, än) 

For some convex functions, the greatest lower bound of En is just n— 1, 

but for other functions, the greatest lower bound of En is greater than n—1. 

In this last case, the generalized Popoviciu’s Inequality may be improved 
For instance, for the convex function f(z) = x?, the equality holds 


at tat- tar na a)? 
b? +684 +b- na? , 


while for the convex function f(z) = z°, x > 0, the greatest lower bound of 
En is 

(2n — 1)(n — 1)? 

3n -5n4l 


Therefore, if a1,a2,. .,an are non-negative numbers, then 


al talt - +a — na? (2n —1)(n - 1)? 
bB D34. FB na l 3n- 5n4l 
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On the assumption that a; +a2 +- +a, = n, this inequality is equivalent 
to the first inequality from the section 3 4. 


(n — 1) (a? +a3+- + a3) +n? > (2n—1) (af +a + + a2) 


For n > 3, equality holds when either a; = a2 = = an = 1, or one of a; 


equals zero and the others equal 


4.2 Applications 


1. If a},a2,...,@n are positive numbers such that aja2...@n = 1, then 
1 1 1 
atlag l+ -eo 4a"! p n(n — 2) > (n-1) (—+—+. +—) 
Qa) ag ûn 
2. Hf aiaz, „an are positive numbers such that aja? .an = 1, then 


altal o Hap n(n- 2) 


n—1 1 1 1 
= (ar:tazt:-tant—+—+- +=) 
Q) a2 ûn 
(Bin Zhao, MS, 2005) 
3. If 21,a2,.. ,@n are positive numbers such that a; taz + -tan =n, 
then 
(n —a1)(n—a2)...(n—@n) > (n — 1)” "-Yajaz an 
A, If ai, a2, . , an are positive numbers, and b; = L a; for all ¿, then 
A 
b b b a a a 
Ply yg > Shy Pg aLa 
ay a2 an by bo bn 
5. If £1, 22, . ,Zn are positive numbers such that 
1 1 1 
titr t+t +2n=—+t—-+ +, 
Ly T2 Trn 
then 
1 1 1 
> 1, 
2) l+ (n-1}r; 14 (a-a ¢ 1+(n— 1)tn 7 
b l + : + p— 
) nm-l4+2, n-1i+zr n—l+zn 7 


(Vasile Cirtoaje, A M M , 1996) 
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6. If ai, a2,..., ân (n > 3) are positive numbers such that a;+a2+ -ta, =l, 
then 


1 1 n 
(a t>- 2) (at — -2)... (ant >-2) > (n+ 1-2) . 
a) a2 an n 


7. If z1,22,.. ,2, are positive numbers such that 
1 1 
Z1+294+- (tin = — + + — = ns, 
Ti T2 Tn 
then 
1 + 1 hog 1 
gmtn-1l a#4t+n-—-1 Tnn- 7 
1 4 1 7 1 
~ns—2,;+1 ns—2o+1 ns — Tn +1 


(Gabriel Dospinescu, MC, 2004) 
8. Let ZnT, ..;2n (n > 3) be positive numbers satisfying 2122 .2, = 1 


-1 
Ho<ps ij? , then 


l 1 1 n 


-= t ett eS L . 
Vl+pr, VJ1l+ pre Vl+pin7~ Vl+p 


( Vasile Cirtoaje, and Gabriel Dospinescu) 


9. If z,,22,...,2n are positive numbers, then 


(n—1) (2p +23 + tan) tnat 22 > (s1 + a+- + an). 
(F. Shleifer, Kvant, No 3, 1979) 


10. If a,b,c,d are positive numbers such that ab + be + cd + da = 4, then 


(1+3) (1+2) (1+5) (1+5) > (a+b+ e+ a}. 


4.3 Solutions 


1. Jf ai,a2,..., Gn are positive numbers such that @jQ2...@n = 1, then 


atag! tap! t n(n 2) > (n-1)(—424..42). (3) 
1 
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Proof. The inequality follows from generalized Popoviciu’s Inequality (Theo- 


rein 1) considering the convex function f(z) = e” and replacing @1,@2, ,@n 
with (n — 1)lna;, (n —1)maz, „(n — 1) Inap, respectively 
For n > 3, one has equality if and only ìf ai =a, =- - =a, = 1. g 
r? y? 22 
Remark For n = 3 and a; = —, a2 = —, a3 = —, one obtains the 


. yz 22 ry 
known inequality 


rê + yo + 2% 4 3(ryz)? > Ayr29 + 2393 + xy), 
* 
2. If ai, @2,..., an are positive numbers such that ajaz an= 1, then 
at! + an} +---¢arl4n(n-2)> 


> 


(a1 + a2 + taat t+ +5) 
Proof We can get this inequality by adding (3) to the inequality 
at! taht 4+ +a! 4 n(n—2) > (n—-1)(a) +a2+-- +an) 
The last inequality follows by adding up the inequalities 
a®!4+n-2>(n—1)a, 
for all ¿ We have 


a" 4 n-2—(n—1)a, = a?! -1-(n-1)(a; - 1) = 


l 


= (a; — 1) (ap? -1) + (ap? —1)+- + (ai 1)] 20. 


For n > 3, equality occurs if and only ìf a; = @a3 = = =a, =l. O 
* 
3. If a1,a2, -,@n are positive numbers such that a, +a2+ -+adn = 2, 
then 


(n-a:)(n—a2). (n-an) > (n—1)" "Yara: an 


Proof We apply Theorem 1 to the convex function f(z) = —Inz for x > 0 
For n > 3, one has equality if and only if a} = ag =--- =a, = 1 CT 
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Remark Since a; + ag +--- +a, = n implies ajaz ..a, < 1 (by the 
AM-GM Inequality), the above inequality is sharper than the inequality 


(n — a(n — ag)... (n— an) > (n—-1)"a,a. . ay, 
which easily follows by multiplying the inequalities 


n—a =a, +- +an > (n— 1)" Vaz -< ûn, 


Nn — an = 0 +e + ana >(n-1) "Ya; an-ı. 


* 
4. If a),@2,.. ‚an are positive numbers, and bi = ee for alli, then 
n lja 

b b b a a a 

Lpy p> t rO ye (4) 

ay ag an by bg bn 

artat- +a 
Proof. Let a = Creer ooo r Using the relations 

n 
Ai ay bi bi 

for i = 1,2, . ,n, the inequality becomes 


1 1 1 n(n —2) 1 1 1 
wtaoto toe a -n(pret +>). 
a bi bo 


a] a3 an bn 


This inequality easily follows from generalized Popoviciu’s Inequality, if we 


1 
consider the convex function nie xr) = ; for x > 0. Forn > 3, one has equality 


if and only if a; = ag = = 1 g 
* 
5. If £1,£2,. £n are positive numbers such that 
1 1 1 
Tı +r +: + +2%p=—+—+ -+—, (5) 
Ly To Ly 
then 
1 1 1 
a > 1; 
) 1+(n—1)a, 1+(n-1) t+ l+(n— lrn, (6) 
1 1 1 
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Proof. a) This inequality may be derived from (4) using the following way. 
Suppose that inequality (6) is false; that is 


1 1 l 


p H fp ed, 
[+(n—1a, | 14n- ij tipmi 


Then we will show that (5) also does not hold In order to show this, let 


{- Qi . . 
xy = ———— for all i= 1,2,...,n. Then, the above inequality yields 
(n — l)a; 
and hence 


l — a; > > Soa = (n — 1)b 


j#i 
for all i = 1,2,. .,n Consequently, 


ntt tama sit 
1 2r* * = 7. 41, — 
"ff (n= la" ai 
Taking account of (4), we get 
Z bi "a; T (n— l)a 
i=l ay isl i i=1 t 
toi ra 
Th Tt? En` 


which shows us (5) does not hold. For n > 3, one has equality if and only if 
zi = f2 = =n =l 
b) Substituting 1/2; for z; in (6) and noting that (5) is still satisfied 


gives us 
T1 T? Tn 


nipa | n-1+2) n—-1l+2zy, 


= ? 


which is equivalent to (7). o 
* 


6. Ifa,,a2, ,@n(n > 3) are positive numbers such that a\+a2+---+an = 1, 
then 


1 i 1 yn 
(a. +— -2) (ap +—-2)...(am+—-2) > (n+=-2) 
Qj ag an n 
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Proof. Applying generalized Popoviciu’s Inequality to the convex function 
f(z) =—Inz for r > 0, we get 


? 


o. n(n—2) 
(biba... bn)?! > (ajaz... an) (ters) 


1 
where b; = — 5° aj for all 2. Under the condition a, +@2+-::+an = 1, 
n—1¢ : 
this inequality becomes as follows 
2 


1 no |n 
(1—0) 11-a)! ... (1-an) T} > n” (1- =) Q102...An. (8) 


On the other hand, by the AM-GM Inequality, we have 
(1 — a) + (l-a) +> +(1 — an) >nv(l —a;)(1—ag)...(1— an), 


that is jnn 
(1- 2) >(1-a)(1—a)--.(1— an). 


From this inequality, for n > 3 we obtain 


n(n—3) 
(1--) (1 —a,)?(1 — a2)?...(1— an)? > 
>(1- a)" (1 — aj)" ...(1- an)". 


Multiplying this inequality and (8) yields the desired inequality. Equality 


1 
occurs if and only if a, = ag =--- = än = —. 0 
n 
* 
7. If £1,£2,...,£n are positive numbers such that 
1 1 1 
zi Hra +: + EIn = — t — + — = ns, 
then 
ee SN 1 
ztn-l z+tn-—l Intn-1 — 
1 1 1 


“ns—aj,t+1l ns—xz,+1 ns— zn tl 
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Proof. By the Cauchy-Schwarz Inequality, we have 
1 2 
(ry tratten) (>+ + r>), 
Ly T 


whence s > 1 follows. Applying generalized Popoviciu’s Inequality to the 


convex function f(r} = for z > 0, we get 


1+(n-1)x 
3 1 n n(n — 2) >(n-1) 5 1 
—jit(n-VYay 1 t(n-1)s ~ Sins- ti+1 


Thus, we still have to show that 


n 
ritn- 1 p27 Hops, (+ IF m-i 


or 


1 

where A; = (n — 1) (z + z) +n? — 2n +2. By the AM-GM Inequality, we 
Ti 

have 


1 1 1 n? n 
=+- t: ta Ta ee IL” 
A, Ag An Ai+Aot -+An 22A(n—-1)s +n*—2n+2 


Consequently, it is enough to show that 


n 1 
O 
2(n—-—1)s+n?-2n+2 7 1+(n-1)s 


It is easy to check that this inequality is true for s > 1. For n > 3, equality 
holds if and only if 2] = 27g =- =2Z,=1 g 


* 
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8. Let x1,29, . „Zn (n > 3) be positive numbers satisfying 2122 -Tn = 1. 


2n — 1 
7’ then 


{n — 1) 
1 + 1 p. 4 1 < n 
vi+pri yi+pr vI prn ~ JI +p 

Proof We suppose that the reverse inequality holds 
1 + 1 t4 l > n 
Ji+px, Vit pre Vi + pin” VI +p’ 


and show that this inequality implies ziz}? .Zn < 1, which contradicts the 


Hcp 


1+ 
hypothesis z; r2. .2, = 1 Using the substitution 1 + pr; = E (a; > 0) 
a‘ 
for alli = 1.2,.. ,n, we have to prove that a; +ag+ +a, >n yields 


(1+p-a?) (1 + p— a?) (1+p- a) < p” (aa . an)’. 


Since the ratio (1 + p — a?) /a? is increasing when a; is decreasing, it suffices 


n 
to consider the case a; +agt-- +an = n. Denoting 1+p = q?,1<q< PE 
n — 
the mequality becomes as 


(q? — ai) (P — a3) (g? -— a2) < (8-1) (aiaz... an)? (9) 


Applying the generalized Popoviciu’s Inequality to the convex function 


Ha) =—1n( T-a) for O< e <1, 


gives us 
(araz... an)"! > [n—(n—1)a)] [n—(n—1)ag]...[n—(n—1)an]. (10) 
On the other hand, Jensen’s Inequality applied to the convex function 


fla) = In n—(n—1)z 
q-zr 
yields 


[n — (n — 1)ai] [n — (n — 1)az]. [2 — (n — 1)an] > i 


(4-—@,)(q—42) .(q— an) = q-1F (11) 
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Multiplying (10) and (11) yields 


net (a-a)q— az). (qn) 
) 2 q- 1 


Thus, in order to prove (9), we will still have to show that 


(a102 an 


(aiaz -..an)" (q +ai)lq + a2) - (q+an) < (q +1)". 
By the AM-GM Inequality, we have 


ay + a+ tony” 


ajap an < ( 
n 


and 


' atat > + n 
(qtar)(qta2) . (qÈ an) < (q+ H 


from which the conclusion follows. 
Equality holds if and only if z} = r2 = -=2,=1 o 


* 


9. Ifx,,x9,- -£n are positive numbers, then 


(n—1) (xp+a3+- 4+ 22) + narrate... 22 > (z1 + rt tTn). 


Proof. This inequality follows by Theorem 2, using the convex function 
f(z) = e and replacing @,@2,.. ,a, with 2Inz),2Inz2,  ,2Inzy, 
respectively. Finally, one uses the identity 


2 O aps (ei r+ + an)? — (sitet +a?) 
1<i<j<n 


For n > 3, equality holds if and only if 2; = t2 = + = £n o 


10. If a,b,c,d are positive numbers such that ab + be + cd + da = 4, then 


(142) (142) (1+5) (1+5) 2 (a+b+e+a}. 
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Proof. Applying Theorem 2 to the convex function f(z) = — Inz, we get 

(a+ b\(b+c)(c td)(d+ a)(a+c)(b+d) > dabcd(a+ b+ c+ d)? 
Since (a+ c)(b+d) = ab + be + cd + da = 4, the inequality becomes 


(a+ b)(b + c)(c + d)(d +a) > abcd(a +b + c+ d)’, 


(1+7) (1+2) (1+5) (1+5) >(a+b+c+ d)? 


Equality occurs if and only ifa=b=c=d=1 m 


or 


4 On Popovic ite’s inequality 


Chapter 5 


Inequalities involving 
EV-Theorem 


The Equal Variable Theorem (called also n — 1 Equal Variable Theorem on 
the Mathlinks Site - Inequalities Forum) is a powerful instrument to solving 
some difficult symmetric inequalities. First we will present the theoretical 
base of the method, then we will solve some inequalities, hardly attackable 
by other ways 


5.1 Statement of results 


In order to state and prove the Equal Variable Theorem (EV-Theorem) we 
will use the below Lemma and Proposition 


Lemma Let a,b,c be given non-negative real numbers, not all equal and at 
most one equal to zero, and let x < y < z be non-negative real numbers such 
that 


r+ytz=atbt+e, P +yP 42? = PHPH, 


where p € (—00, 0]U(1, 90). For p = 0, the second equation is xyz = abe > 0 
Then, there exist two non-negative real numbers x, and x2, x; < £2, such 
that x € [x 1, x9] 
Moreover, 

1) ofa =z; and p<0, thnO0<a2<y=z, 

2) f z = 2, and p> 1, then either O=2<y<2z0r0<r<y=z, 

3) if x € (x1,£2), Ihen t <y < z; 

4) f£ = £3, thenz=y<z 


209 
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A proof of Lemma is given in [8, 9] 


Proposition Let a,b,c be given non-negative real numbers, not all equal 
and at most one equal to zero, and let O< gx < y< z such that 


rt+tytz=atbte # +P HP = PHPH, 


where p € (—00, 0]U(1,00). For p = 0, the second equation is ryz = abc > 0. 
Let f(u) be a differentiable function on (0,00), such that g(x) = f’ (==) 


is strictly convex on (0,00), and let 


F3(x,y,2) = f(x) + Fly) + f(z) 


1) Ifp <0, then Fz is mazimal only for O < x = y < z, and is minimal 
only forO <r < y= 2; 

2) [f p > 1 and either f(u) is continuous at u = 0 or lim flu) = -o, 
then F3 is maximal only for0 < x = y < z, and is minimal only for either 
r=Oor0<2r<cy=z. 


Proof On the assumption x < y < z, from the relations y +z = a+b+c—2z 
and yP + zP = aP + bP + cP — xP we may express y and z in terms of x for 
x € [z),22|. We claim that the function 


F(x) = f(x) + f(y(z)) + fle) 


is minimal for x = x, and is maximal for z = x2. If this assertion is true, 
then by Lemma it follows that 

a) F(x) is minimal for 0 < z = y < = - when p < 0, or for either x = 0 
orO<r<y=2-whenp>l; 

b) F(a) is maximal for 0 <2 =y < z. 
In order to prove the claim above, assume that x € (21,22) By Lemma, we 
haveeO<2<y<2 From 


r+y(z)+2(2)=atb+e and g? + yP{x)+ 2?(z) = aP + b +P, 


we get 
y +2'=-1, yy! 4 xP 12! = rL, 
hence 


gP-1 — zP- ; grrl — yP? 


t e n z = ——— 
y zP-1 — yp-1? yP-1 — sp-l” 
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It is easy to check that this result is also valid for p = 0. We have 


F'(x) = f(z) +y'f'(y) + 2'f'(z) 


and 
F"(2) _ g(x") + 
(ype a GPT = pert) 
+ gly?!) + g(z?) 


p-1 _ yp-l p-l — »p-l zP—l — yp—l\(zp—-1] — yp] 
(y Cy y 


Since g is strictly convex, the right hand side is positive. On the other hand, 
(oP) — yPh)(mP} — P71) > 0 


Consequently, F(x) > 0 and F(x) is strictly increasing for x € (21,22) 
Excepting the trivial case when p > 1, z} = 0 and Tim f(u) = —oo, the 
function F(z) is continuous on (2, £2], and hence is minimal only for x = 2}, 
and is maximal only for £x = z9. m 


Equal Variable Theorem (EV-Theorem). Let aj,a2,..., an (n > 3) be 
given non-negative real numbers, and let O <2, < r2 < --- < £n such that 


Ti +T2+ -+2,=A,+4n+ - +an, T] +r + -Hre a Haa, 


where p is a real number, p # 1 For p = O, the second equation is 
TIT? Tn = 41A2. -An >Ü. Let f(u) be a differentiable function on (0,20), 
such that 


g(x) = f (===) 


1s strictly conver on (0,00), and let 


Fy(21,22,..-,2n) = f (21) + f(x9) +e + J (En) 


1) F p <0, then Fa is mazimal for 0 < y= L =e = En] Í ay, 
and is minimal for O < 1, £< £3 = f3 = = Tn, 

2) If p > 0 and either f(u) is continuous at u = 0 or lm 1 f(u u) = —00, 
then Fn is mazimal for 0 < x; = TI = < = En-] < £n, and 1 is minimal for 


zi =. (= £k = 0 and Eka = = En, where k e {0,1,...,n—1}. 
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Proof We will cousider two cases 

Case p € (—00,0]U (1,00). Excepting the trivial case when p > 1, xı = 0 
and lim J(u) = —o, the function Fh(£1,£2, . ,Z,) attains its minimum 
and maximum values, and the conclusion follows from Proposition above, 
using the contradiction way For example, let us consider the case p < 0. 
In order to prove that Fn is maximal for 0 < 2, = x2 = = Tn-] Í Tn, 
we assume, for the sake of contradiction, that Fh attains its maximum at 
(bibo, bn) with bi < b2 < < ba and by < bn- Let 21, 2n_1, 2p be 
positive numbers such that zi +£n-1+£n = bi +bn—-1 +n and atta? +aP = 
b? +P; + 62. According to Proposition, the expression 


F3(21,2n-1,2n) = f(z) + f(2n-1) + f(Zn) 


is maximal only for x; = £n-1 < £n, Which contradicts our assumption that 
Fa attains its maximum at (b;, 02, ., bn) with bi < bn-1- 
Case p € (0,1) This case reduces to the case p > 1, replacing each of a; 


1 l 


1 L 1 
by a], each of z; by z?, then p by Thus, we get the sufficient condition 
1 
that h(x) = zf (==) to be strictly convex on (0,00) We claim that this 


1 
coudition is equivalent to the condition that g(x) = J Ga to be strictly 
convex on (0,00) Actually, for our proof, it suffices to show that if g(s) is 
strictly convex on (0,00), then A(x) is strictly convex on (0,00). To show 
1 1 
this, we sce that o(-) = —h(x) Since g(x) is strictly convex on (0,00), by 
r x 


Jensen’s Inequality we have 


le 
+ 
ei 


ug (=) + ug (=) >(utuig 


g 
-+ 
e 


for any positive z,y,u,v with s # y This mequality is equivalent to 
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For u = tz and v = (1 —t)y, where ¢ € (0,1), this inequality reduces to 
th(x) + (1 — )a(y) > h(tx + (1 - t)y), 
which show us that h(x) is strictly convex on (0,00). m 


Remark Let 0 <a<ß The EV-Theorem holds true when 21,22, .,2n€ 
(a, ß), the function f is differentiable on (a@,8) and the function g(x) = 
r(27=) is strictly convex on (a?~!, 8P7}) - for p > 1, or (8P7!,aP7}) - for 


p<l 
By EV-Theorem, we easily obtam some particular results, which are 
useful in applications 


Corollary 1. Let a;,a2, ..,a, (n > 3) be given non-negative numbers, and 
lettO< 2, < a9 < - < Tn such that 


Bit tot +2, =a, +02+ + tan, eEtap+ te, =aftast+- Hak. 


Let f be a differentiable function on (0,00), such that g(x) = f'(x) is 
strictly convex on (0,00). Moreover, either f(x) is continuous at x = 0 
or lim f(z) = —oo. Then, 

rr 


Fa = f(z1) + f(ta)+ ++ fltn) 


is maximal for 0 < 2; = 42 = --: = £n- < Tn, and is minimal for 
Tı =+- = Tk = 0 and £k42 = -+=2y, where k € {0,1,. .,n-1} 
Corollary 2. Let a,,a2, an (n > 3) be given positive numbers, and let 


O< 24, Ir < < £n such that 


1 1 1 1 1l 1 
Tı +T2+: +2, = a,+02+ +an, —+—+ += H. 
T) T9 x 


1 
Let f be a differentiable function on (0,00) such that glz) = (=) is 


strictly conver on (0,00). Then, Fa= f(e Hf(2o} - +f (£n) is maximal for 
O< z1 =T=; =Ip-1<2Xp, and is minimal for O0<2)<29=73=- -=2p. 


Corollary 3. Let ai,@2, . „an (n > 3) be given positive numbers, and let 
O< x< r<.: -< £n such that 


Ti +22 + -+ Gn = 01 +a +e an, T1£2.. En = 4102 ..apy. 
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1 
Let f be a differentiable function on (0,00) such that g(x) = s'(=) is strectly 


conver on (0,00). Then, Fa = f(z,)+f(ra)+  +f(£n) is maximal for 
O<x,)=279=- =2yn-1<2pn, and is minimal for O<2;<29=273=°°° =X. 


Corollary 4. Let a;,a2, .,a, (n È 3) be given non-negative numbers, and 
let 0 < x; < a9 <: < Tn such that 


Tirat +En =a, +az+: +a, Titri - +2h = atatoa, 


where p is a real number, p #0, pÆ 1. 
a) For p <0, P=2,2%9. .£n 1s minimal when 


0 < a, = T2 = +--+ = 2n-1 S Tn, 
and is maximal when 
O < £} < T9 = T3 =- -= Tn 
b) For p > 0, P = T1£3... £n is maximal when 
0 < r; =r2= =2n-1 S fn, 
and is minimal when either 
x =0 or 0< 4 Sto =T3= -= Tp 


Proof. Apply EV-Theorem to the function f(u) = plnu. We see that 
lim f(u) = —oo for p > 0, and 
u— 


p pP rA 


Fasz gz) =f (275) = pat, g"(2) = dope 


Since g(x) > 0 for z > 0, the function g(x) is strictly convex on (0,00), and 
the conclusion follows by EV-Theorem. o 


Corollary 5. Leta;,a2,. an (n > 3) be given non-negative numbers, and 
let0 < z; <z- < gxn such that 


£i Htt: +£n = Qi tazt: +4n, xP +rB + te = af ahto al. 


1. Case p < 0 (p =Q yields xi£9 Tn = 4102 a, > 0) 
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a) For q E€ (p,0)U (1,00), E = zf +23 +--+ 2% ts maximal when 


O<2,)=49= =Lyn_1<2y, and is minimal when Q< x£] <29=273=. =fTn- 
b) For q € (—o0, p) U (0,1), E = x? + 23 + + 2% is minimal when 
O< =£T2= =n] Tn, and is maximal when 0<2,<29=273=.. =2p. 


2. Case0<p<l1: 
a) For q € (0,p) U (1,00), E = xf? + z4 +: + £3 is maximal when 


0 < £1 = T2 =+-- = n-] < Zn, and is minimal when either x; = 0 or 
0 < 2, < T3 = T3 = -` = En. 

b) For q € (—00,0) U (p,1), E = z] +z} +- +l is minimal when 
0 < 2) = %2 =- -= Tn-1 < Zn, and is maximal when x1 =- = x, = 0 
and £k42 =` = £n, where k € {0,1,. .,n— 1}. 

3 Casep>1 

a) For q € (0,1)U(p,oo), E = zf + z3 +- 424 is maximal when 
0 < 2) = T3 =: : = Tn] < £n, and is minimal when ri'=> = x, =0 
and 449 =`: = En, where k € {0,1,. . n— 1}. 

b) For q € (—20,0) U (1,p), E = rf +29 +- 42% is minimal when 
0 < T1 = £2 =- = Tn-1 < £n, and is mazimal when x, =. =r} = 0 
and k42 =: = Zp, where k € {0,1, -an= l}. 


Proof. We will apply EV-Theorem to the function 
f(u) = a(4 — 1)(q — pju’. 


For p > 0, it is easy to check that either f(u) is continuous at u = 0 (in the 
case q > 0) or lim f(u) = —oo (in the case q < 0). We have 
u— 


f'(u) = lq- 1)(q — pjut? 


and 


Since g"(z) > 0 for x > 0, the function g(x) is strictly convex on (0,00), and 
the conclusion follows by EV-Theorem. J 


216 5 Inequalities involving EV-Theorem 


Corollary 6. Let a;,a2,...,4, (n > 3) be given non-negative numbers, let 
pE {1,2} and letO<2,;<42<- < xn such that 


zi tzat +In =a tat: +4y, 


ot apt - +rep =a tat - +ah 


The expression E=% zı£ar£3 is maximal when 0< z]; =T= =2yn_) <n, 
and is minimal when x; = -- = xy = O and T42 = = Tn, where 


ke {0,1,  ,n—1}. 


Proof Taking into account the known relation 


Dann- (Za) 3(Om) (a) 2D 
the statement follows by Corollary 5 (case p = 2 and q = 3, or p = 3 and 
q=?) oO 


Corollary 7. Let a;,a2,...,@n (n > 3) by given non-negative numbers, and 
letO< 2; <r < «<2, such that 

i++ +t = ap tagt +n, 

apt apts tay ad att ay 
The expression E = S3r122%3 is maximal when Q< t1 =29=...=Ipn-1<2n, 


and is minimal when x; = = 2, = 0 and x49 = --: = £n, where 


ke{0,1,  ,n—1}. 


Proof. According to the relation 


Dams- (Da) 3 (Oz) (af) +25, 
thesum 5 £12923 is maximal (minimal) when 5 xı is maximal (minimal) 


3 1 
Consequently, the statement follows by Corollary 5 (case p = 5 and q = 3 ), 


replacing 21,22, £n with x?,2%,...,22, respectively o 


5.2 Applications 


1. If x,y,z are non-negative real numbers, then 


|= 


z(y +z)+y (2 bax) +z (z4 y) < (z+y +z). 


l 


to 


(Vasile Cirtoaje, MS, 2005) 
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2. If x,y, z are non-negative real numbers such that ry + yz + zx = 1, then 
T+ y+ z+ 3 (2V3 -— 3) ryz > 2. 


3. If x,y,z are non-negative real numbers such that ab + bc + ca = 1, then 
1 1 1 1 
—. +o + — -— >? 
ab bfc cha a+b+e7— 
(Vasile Cirtoaje, MS, 2005) 


4, Let z,y,z,t be non-negative real numbers such that r+y+24+t = 3. 


Prove that 


reye? + y zt? + zr? + r y? <1. 


II 
i 


5. Let z,y,2,¢ be non-negative real numbers such that r +y +z+t 
Prove that 


xyz + yzt + ztz + try + ry z? HY z + tr? + rye 
(Phan Thanh Nam, Diendantoanhoc Forum, Vietnam) 


6. Let x,y, z be non-negative real numbers such that ry+yz+zr =3 Then 


1+ 22 1 + 2y 1+ 22 
> 3. 
3 TV 3 ty 3 2 
( Vasile Cirtoaje, MS, 2006) 


7. Let x,y,z be non-negative real numbers, no two of which are zero Then 
1 1 1 9 
(x +y) t (y+ 2)? + (z+ 2)" 2 A(xy +yz + zT) 
(Iran, 1996) 


8. Let z,y,z be non-negative real numbers, no two of which are zero. If 


5 
0 <r <5, then 


1 3(l1 +r) 
Dap 2 Py 
yr +yz+z eet ye + ze t+ r(cy + yz + 22) 
8 
9. Let x,y,z be non-negative real numbers such that e+yt¢2=3. Ifr> —-, 
then 5 
l 1 1 3 


ey ey 
ratty? ry? 4 2? t FAFA ~r+2 
{ Vasile Cirtoaje, MS, 2006} 


218 5 Inequalities involving EV-Theorem 


10. Let x, y, z be non-negative numbers such that r? +y?4+2? = 3. Ifr > 10, 


then 
l 1 1 3 


a LL 
r= (z +y) + r—(y+z)* t r—(z+2)*~ r-4 
(Vasile Cirtoaje, MS, 2006) 
11. If x,y,z are non-negative real numbers, then 


yz 4 zT 4 TY < 3 
3r? -H y? +z? 3y 422447 322 4 72 4 y2 — 5 
(Vasile Cirtoaje and Pham Kim Hung, MS, 2005) 


12. Let x,y,z be non-negative real numbers such that x +y +2 = 2. Prove 
that 


(Pham Kim Hung, MS, 2005) 


13. Let x,y,z be non-negative real numbers such that z+ y+ 2 = 2. If 
In2 


ro Sr < 3, where ro = 3-4-5 


æ 1.71, then 


x (y +2z)+y(z+r)+z (£r +y)<2. 


14. Let x,y,z be non-negative rea] numbers such that zy +yz + zsx=3 If 
l <r <?, then 


z(y +2)+y (z +ax)+ z (x+y) 26 


(Walther Janous and Vasile Cirtoaje, CM, 5, 2003) 


15. If 21,22, .,Zn are positive numbers such that 
1 1 1 
BtTatert+M=—+—7 Ft: tT: 
4, 29 Ln 
then 
! l ++ l l 
1+(n—1)z; 1+(r—l1)r 1+(n—1)r, ~ 


( Vasile Cirtoaje, AMM, 1996) 
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16. If a,b,c are positive rea] numbers such that abc = 1, then 
1 1 1 
EDET ESETI CETTE 
a b c 
(Michael Rozenberg, MS, 2006) 


17. Let aj,a2, .,@, be positive real numbers such that aja. a, = 1. 
If m is a positive integer satisfying m > n — 1, then 


1 1 
af + af +--+ am +(m=1)n > m(— + — + +=), 


( Vasile Cirtoaje, MS, 2006) 


18. Let 21,29, . , 2, be non-negative numbers such that 2;+22+. En = 
-1 
n 
If k is a positive integer satisfying 2 < k < n + 2, and r = (- z) -1, 
then 


ci tak +. + 2% —n>nr(1—2,22...2n) 
( Vasile Cirtoaje, MS, 2005) 


1 1 1 
19. Let 2,22, . ‚£n be positive numbers such that —+—+ --+—=n 
Th T1 T2 Tn 
en 


£1 +T t: -+2y,—-—N<Sep-y(x1LQ .£n-— l), 


1 n—i 
where en-1 = (1 + ) <e 
n—1l 
{Gabriel Dospinescu and Călin Popa, MS, 2004) 
20. Let x1,22,.. , 2 be non-negative numbers such that z1 +£3+ +n =n. 
k-11 
n -1 


th 
„g then 


If k > 3 is a positive integer and r = 


zi +3 + takn Sr(a? +a -+23 - n). 
( Vasile Cirtoaje, MS, 2006) 
21. If 21,22,...,2, are positive numbers, then 


£I + rg te tah 4n(n—1)ryre...2, > 


1 1 1 
> 2122. tn(er tm t + on) (bo +>) 
1 n 


( Vasile Cirtoaje, MS, 2004 
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22. If 21,29,...,2, are non-negative numbers, then 


(n—1) (att ah+- +22) + ngaen > 


> (z1 +224 © tan) (sp +27 + +207"). 
(Janos Suranyi, MSC-Hungary) 
23. If £x1,£2, . ,2n are non-negative numbers, then 
(n — 1) (att! panty sf attt) > 
> (x1 +z +- -+2n) (2b +23 + © +r TT? Tn). 


(Vasile Cirtoaje, MS, 2006) 


24. If x,,72, ..,2n are positive numbers, then 
1 1 1 1 
(xy+ro+-- +2,—7) (—+—+ +— —n}taz, - -Tnt ———— 22. 
Ti 2X En LiT2... En 
{ Vasile Cirtoaje, MS, 2004) 
25. If 2;,22, „£n are positive numbers such that x12. 2, = 1, then 


(Vasile Cirtoaje, GM-A, 3, 2004) 


26. lf z1, £2,- .. , £n are non-negative numbers such that zı +r: +En = N, 
then , 
(L122... En) Y”) (x? + x3 + +2) <n 


(Vasile Cirtoaje, MS, 2006) 


27. Let x,y,z be non-negative numbers such that ry + yz + zx = 3, and let 


In9 —In4 
> ————— = 0.738 Then, 
Pe In3 en 


xP + yP + 2? > 3. 


(Vasile Cirtoaje, CM, No 1, 2004) 
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28. Let z,y,z be non-negative numbers such that z + y + z = 3, and let 
ln9-—in8 


> ————— = 029 Th 
P= n3- in? 029 en, 


LP + yP +2 > ryt yz+ 2x 
( Vasile Cirtoaje, MS, 2005) 
29. If 21,22,...,2n (n > 4) are non-negative numbers such that 
zi trat +2z=7N, 


then 
: + l +o l 
n+l—xor3 .£n n+l—zr3z4. 2 n+l— zizo . Xn-1 


(Vasile Cirtoaje, MS, 2004) 


<1 


30. Let a,b,c be positive numbers such that abe = 1. Prove that 
Po, l 4 l} 2 S1 
(lta)? (1+8) (1+6? (1+a(1+b(1+)7 
31. Let a,b,c be non-negative numbers such that a+ b+c > 2 and 
ab+be+ca>1 If O<r<1,then 
a” +b’ +c" > 2. 
(Vasile Cirtoaje, MS, 2006) 
32. Let a,b,c be positive numbers such that (a + b + c)? = 32abe. Find the 
minimum and the maximum of 
a+b +c! 
(a+ b+ c)4 
(Tran Nam Dung, Vietnam, 2004) 


33. Let 21,22, .,2n (n > 3) be non-negative real numbers such that 


Soa = 1. 
ifm € {3,4,. n}, then 


3m 
1 + —- Z5 2 Tit aK3 2 > 3 


E] l psn. 


( Vasile Cîrtoaje, MS, 2006) 
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34, Let x,y,z,t be non-negative real numbers such that 
ety tz +t = 1 
Prove that 
ety 4 234 0 4 ryz + yzt + zte + try < 1. 


(Vasile Cirtoaje and Pham Kim Hung, MS, 2006) 


5.3 Solutions 


1. if x,y,z are non-negative real numbers, then 
1 


~\ 
ig (tty t 2)’. 


i(yt+z)¢y*(z4+2)+24(24+y) < 


Proof. Rewrite the inequality as 


1 
Pty 2+ (ety taz) > (ztyt zie ty’ +z"), 


and apply Corollary 5 (case p = 4 and q = 5): 
e fO<x< yz such that 


r +y + z= constant and x1 + yf + 24 = constant, 


then the sum x? + y°+ 2° is minimal when either xz =0 orQ0<zr<y=z 
Case x = 0. The inequality becomes 


(y + z)(y? — 4yz + 22} > 0 
Case0 <x <y=z The inequality reduces to 
(x + 2y)? — 24r4y — 24y (x +y) > 0 
Since (x + 2y}? > (2y)’(z + 2y)?, it is enough to show that 
y? (£ + 2y)? — 34 — 3y? (£ + y) 2 0. 
Indeed, we have 
y?(z + 2y)? — 304 — 3y?(£ +y) = yt — 24 + z(y? — 23) + 2°(y? — 2”) >20 


For z < y < z, one has equality when (z, y, z) ~ (0,3 — 73,34 V3). O 
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* 
2. If x,y,z are non-negative real numbers such that xy + yz + zx = 1, then 
z+y +z +3 (2v3 -— 3) zyz > 2. 
Proof We write the hypothesis in the form 
(z +y +2} =2+r +y 427, 


the apply Corollary 4 (case p = 2) 
elfO<cxr<y<z such that 


x+y+z=constant and x? +y? + 27 = constant, 


then the product xyz is minimal when either x =0 or0<2<y=z. 

Case x = 0. We must show that yz = 1 implies y + z > 2: this immedi- 
ately follows from y + z > 2,/yz. 

Case 0 < x < y =z The hypothesis zy + yz + zx = 1 reduces to 
2zy = (1 — y)(1 +y), and the inequality becomes successively: 


xz + 2y + 3 (2V3 — 3) zy? > 2, 
Ary 
z+ 3 (2V3 -3) 2y? >, 
~3)y2> L 
1 +3 (2v3 -3}y 2745. 
1 — 3y + 3 (2V3 — 3) y? + 3 (2V3 — 3) 4° > 0, 


(1 = V3y} [1+ (2V3 — 3) y] > 0. 


The last inequality is clearly true. For z < y < z, we have equality when 
1 1 1 


either (xz, y, z) = (z F’ =) or (x,y,z) = (0,1,1). o 
* 


3. If x,y,z are non-negative real numbers such that ab + be + ca = 1, then 


44,1 ._1 5, 
a+b b+c cta atbte 
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224 
Proof. Let b+ c= 2z, c +a = 2y and a + b = 2z. We have to prove that 


1 1 1 2 
-+-+--——— 2 
r y z r+y+z 
for A(z? +y? +2?) +1 = (x+y +2)? To do it, we will apply Corollary 5 
(case p = 2 and q = —1). 
elfO0cxu<y<z such that 


r +y + z= constant and x? +y? + z? = constant, 


1 1 1 
then the expression —+ — + — is minimal whenO<a2=y<2z 
z 


2 


x 
The case 0 < x = y < z is equivalent to a = b > c The hypothesis 
l—a 
,O<a<1 We have 


condition ab + be + ca = 1 reduces to c= Da 
1 1 1 1 1 2 1 
a= — — — 2 = 
ta age 2a +c 


tpe cpa atbtec 
-(2-)-2(,-+)- othe 
2a ate a+c/ 2a(l + 3a?) 1+ a? 
(1 —a)(1 — 3a + 5a? — 11a? + 124 


= 2a(1 F 3a2)(1 +a?) 


a+b 


Since 1 — a > 0, we need to show that 


1 — 3a + 5a? — Lla? + 1204 > 0. 


Indeed, we get 
2 3 4 3a\? afi ae 
1 — 3a + 5a” — lla’ + 12a = (1-3) + lla (3-0) +a" >0 
For a > b > c, one has equality if and only if (a, b, c) = (1,1,0). 
* 


4, Let x,y,z,t be non-negative real numbers such thatzr+y+2+t = 3. 


Prove that 
ary? 2? 4 yr 2?t? p zte? 4 t?r?y? <1. 
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Proof Without loss of generality, we may assume that zr <y<2z<t For 
x = 0, the inequality becomes y*z*t? < 1, with y+z+t=3 From AM-GM 
Inequality 

ytet+ oj 


< 
va < ( 3 


we get yzt < 1, and hence y?z?t? < 1. 
For x > 0, rewrite the inequality in the form 


1 1 1 1 
2 
(xyzt) (a+atata) <1, 
and apply Corollary 5 (case p = 0 and q = —2): 
elf O<gzZy<z< t such that r +y +z+t= 3 and ryzt = constant, 
1 1 1 1 
then the expression -z + — y+ -z + z is maximal when 0 <zLy=z=t 
x y z t 
For 0 <z <y=z=t, frmgr+y+z+t=3, weget0<y=z=tłt<]1 
and z = 3(1 — y) 
The inequality reduce to 
3z?yt 4 48 < 1, 


By AM-GM Inequality, we get 


4 HY 
3y 3 Frat 
2 2 3 


4 4 
hence zy? < 5 Thus, it suffices to show that 72y +y® <1. Indeed, we 
have 


4 
1= 4f — gay? = 1 yf- 4(1 - y)y? = 


li 


(1—y)(1+ y— 3y? +y? +y + y5) > 
>(1=y)(1 +y- 3y? +y4) = 
-y [0-4 +y(1-y)] > 0 


Equality occurs when (z, y, z,t) = (0,1,1,1) O 


Remark This application solves the problem posted by Gabriel Dospinescu 
on Mathlinks Site-Inequalities Forum, in June 2005: 
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e If x,y,z,t are non-negative numbers such thatr+y+z+t=4, what 
is the maximum value of x?y*z? + ytz t? + 27t? 2? + tarty? 


_ f° 444 
The maximum value is (5) , and is attained for (2, y,z,t) = (0 ). 


3 3°3°3 
To obtain this result we have to replace x,y, 2,1 in the above inequality by 
32 3y 3z 3t tivel 
T’ 7 T’ T’ respectively 
* 


5, Let z,y,z,t be non-negative real numbers such thatr+yt+z+t=4 
Prove that 


ryz + yat + zitz + try + ryz? + y?2?t? + 27122? + tay? < 8 


Proof Assume that r < y<z<t For x = 0, the inequality reduces to 
yet +yz t? <8 with y+2z+t=4 From AM-GM Inequality 


27yzt < (y +z + t)’, 


64 
we get yzt < 7° then 


yet ytz? yzt 8 ( =) 728 
LT a <— —)=—e<1 
8 g (+ yet) So (L+ a7) = 7a S 


For x > 0, rewrite the inequality in the form 


1 1 1 1 AE 1 1 5) 
at({-+—-4-4- Ye(—4+54+ 545) <8, 
ayat (oto +a) tay ptptptpe)s 


and apply Corollary 5 (case p = 0 and q < 0): 
elfO<x2r<y<z<t such thate+y+2+t=4 and ryzt = constant, 


1 1 1 1 t 1 1 
then the sums — + -+ -+ — and — + — + — + = are mazimal when 
xc y z t r? yY 2 t 


O<r<y=z=t 
4 
ForO<x2<y=2=1, froma+y+z+t=4,wegelsy=2=t<9 
and x = 4— 3t. The inequality reduces to 


Brt? + t + 82%t4t + tê < 8, 
a(7t® — 185 + 1224 — W + 3t? — 2) <0, 
4t?(t — 1)" E(t) < 0, 
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43 42 . 4 -1 he] 
where E(t) = 7-77a BT Since E(t) < E(5) = Fog? the last 


inequality is clearly true Equality occurs when (z,y,z,t) = (1,1,1,1). O 
* 


6. Let x,y,z be non-negative real numbers such that ry+yz+zx2 = 3. Then 


1+ 22 1 + 2y 1+2z 
= >3 
V3. tV 3 tyz 2 


Proof. We write the condition zy + yz + zz = 3 in the form 


(+y +2) =6+r +y +2, 


1+ 2u 
3 


and then apply Corollary 1 to the function f(u) = „u >00 We 


1 
have g(x) = f(x) = ————- and from 
ve g(x) = f'(x) WEES 


g" (£) = V3(L +22) F > 0, 


it follows that g(x) is strictly convex for z > 0. According to Corollary 1, if 
O<2<y<z such thot x4 y+ z= constant and z? + y? + 22 = constant, 


then the sum 
1+22 1 + 2y 1+ 22 
V3 TV 3 tV 


is minimal when eitherz=0 orQ<a<y=z. 
Case x = 0. We have to show that 


fl+2y+ V1+2z>3V3-1 for yz=3 


By squaring, the inequality becomes 


yt2+ Y134 Ay+ 2) > 13 — 3V3. 


Indeed, we have y + z > 2,/yz = 2V3, and therefore 


yt2+ V13 4 2(y+ 2) > 2V3 + V13 + 4V3 > 13 — 3V3. 
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3 
Case0 < x <y=z From zy +yz + zz = 3, we get £ = z` 


0<y< V3 The inequality becomes 


3 y? 


1+ + 24/1 + 2y > 3V3 


y 
1+2 1 jl4+2V73 5 
Let us denote t = 3 y Vi <t< 1+2v3 < 1 The inequality 


transforms into 


3 + 4¢t? — 314 
2(3t? — 1) 
By squaring and dividing by 3, the inequality becomes 


23—2t. 


7 — Bt — 14t? + 242° — 944 > 0, 


or, equivalently, 
(1 — t)°(7 + 6t — 9) > 0 


This inequality is true, because 


15 2 7 
_ 972 = BR (84 1)? E -L 
7+6t— 91? =8—(3t—1)?>8 (= 1) “> 0, 
Equality occurs if and only if (x,y,z) = (1,1, 1). E 
* 


7. Let x,y,z be non-negative real numbers, no two of which are zero Then 
1 1 1 9 


o pa p a > ao~ 
(z +y) (y+)? (2+2)? ~ 4(zy + yz + 22) 

Proof. Due to homogeneity, we may consider that z +y+2= 1. On this 

assumption, the inequality becomes 


1 1 1 9 


a E S 
(=a) t yp e * aay) 
1 
To prove it, we will apply Corollary 1 to the function f(u) = (au 
2 
O<u<1 We have g(x) = f’(x) = TEESE and from 
24 
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it follows that the function g(x) is strictly convex for 0 < x < 1. According 
to Corollary 1 and Remark fiom section 5.1, if O< x< y < z such that 
z+y+z= 1 and z? +y? + 27 = constant, then the sum 

1 1 1 


(ia * y | Gap 


is minimal when either r =O or0<xr<y=2z 
Case x =0 The original inequality becomes 
1 1 1 9 
PUFA = aye’ 
or 
(y — 2)?(4y* + Tyz + 42?) 
m 
Case 0 < x < y= z. The original inequality becomes 
2 1 9 
EEI | ty? = ryty 
or 
a(z- 
2y? (x +y)’ (22 +y) ~ 
Equality occurs for (x,y,z) ~ (1,1,1), as well as for (x,y,z) ~ (0,1,1) or 
any cyclic permutation O 


* 
8. Let x,y,z be non-negative real numbers, no two of which are zero. If 


5 
O <r <y, then 


y 1 3(1+r) 


y? +yz +z? 2 x? +y? + 27 4 (xy + yz + 22) 
Proof. Due to homogeneity, we may consider x + y+2=3 Let 
9 + g? +y? + 2 
a 
Since 
1 1 


(y? + yz+ 27) (ety te) +r +y + oo — Wm(ety te) 
1 


6(p— x)’ 
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the inequality becomes 


l +l} 1 > 3+r) 
p-r p-y p-z~ Ip—3+4+r(3—p) 


To prove the inequality, we will apply Corollary 1 to the function 


1 
= —,0< . 
fu) = 5 0Su<p 


1 6 
We have g(x) = f’(x) = -———, and g” (x) = ——— > 0 
@)=/O= py = 
Therefore, g(x) is strictly convex for 0 < «<p According to Corollary 1 
and Remark from the section 51, if O< x<y< z such thatzr+y+2=3 
and z? + y* + 2* = constant, then the sum 
1 1 1 


+—— + 
p-x p-y p-ż 


is minimal when either x =0 orQ0<xr<y=z 
Case x=0 The original inequality becomes 


1 1 1 5 _ 3(L+r) 


yt A y pyri — tea rye’ 
or 1 _ 3(L +r) 
+r 
— > ett 
stoi str ’ 


z 
where s = 4 + z’ s > 2. Write this inequality as 
z 


s3 + s? — 2s — 3 + r(s* — 2s — 2) > 0. 


bol on 


Since s? — 2s — 2 = (s — 2)? + 2(s — 1) > 0, it suffices to consider r = 
In this case, the inequality becomes (s — 2)(2s? + 11s + 8) > 0. 
CaseQ<2<y=2z The original inequality becomes 


2 1 3(1 +r) 


z? +ry +y 3y? T 224 2Qy? -4 r(2ry +y?) 


Since the inequality is homogeneous, we may consider x < y = 1. On this 
assumption, the inequality is equivalent to 


rt — 72454 2r(x—1) >0, 
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i (x —1)? |z? + 3245 + 2r(z—1)] > 0. 
Since 
az? +32+4+5 +4 2r(a—1) = x? 4 8a + (5—2r)(1—x) > 0, 
the proof is completed. 
Equality occurs for (x,y,z) ~ (1,1, 1). In the particular case r = >. equality 
holds again for (x,y, z) ~ (0, 1,1) or any cyclic permutation. 
Remark. For r = 2, we get the known inequality 


1 9 
5 > aL 
L pyra Gtr 


* 
8 
9. Let x,y,z be non-negative real numbers such thatz+y+z= 3. Ifr > z? 


th 
en 1 1 1 3 


sy O 
raty riy tA rti rd 
Proof. Let p= r +z? +y? + z*. We have show that 
1 1 1 3 
— t oF 
pT p- y 
for 1+ y +z = 3 and r? +y? +z? =p-r To prove this, we will apply 


Corollary 1 to the function f(u) = 0<u< yp. We have 


p- u?’ 
22 


g(x) = f(z) = pop 


and 2 
24r(p + z*) 
i 
z) = ~ 
g" (2) (p 2) 
Since g(x) > 0 for z > 0, the function g(a) is strictly convex for0 < z < P. 
According to Corollary 1, if 0< £ <y < z such that x+y +z = 3 and 
z? +y? + z* = constant, then the sum 


1 1 1 


— + — 


— + 
p-r? p-y? — p— 24 
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is mazimal when 0 <2 =y <2 Therefore, it suffices to consider only the 
case r =y We have to show that for 22 + z = 3 the inequality holds 
2 < 3 
r+2r? toppa ~r4+2 
Write the mequality as follows 
ee ee 
r4+2r* r+4+9-127+45a? ~r+2 
bat — 122? + (2r + 6)? — 4(r —1)2 +2r—3>0, 
(a — 1)?(5a* — 22 + 2r —3) >0 


Since 
2 1\? 8 
52? — 22 +2r—-3=5(2-=) +2(r—=) 20 


= 7 


the last mequality is clearly true. Equality occurs for (x,y,z) = (1,1,1) 
1 1 13 

5? 5 ) =) or any 
cyclic permutation o 


8 
In the case r = 5? equality occurs again for (x,y,z) = ( 


* 


10. Let x,y, 2 be non-negative numbers such that x? +y? +2? =3. Ifr > 10, 


then i 1 i 3 


ee 5 ee IMS 
r-t robe r Fa) ~r—4 
Proof Lets=x+y+2 We have to show that 


1 1 4 1 < 3 
r—(s—zx)* r-(s-y} r—(s—2z)?~r-4 


for r +y +z = sand z? +y? +z? =3. Apply Corollary 1 to the function 
2(s — 2) 


flu) = a for0 <u <s. We have g(x) = f'(x) = ir —(s—2)?]* 


r—(s—u) 

24(s — x) [r +(s— x)?| 
Îr — (s —2)*]" 
Since g’(x) > O for 0 < & < s, the function g(x) is strictly convex for 

O<ax<s According to Corollary 1,ifO<2<y <z such that 


g’ (x) — 


z +y +z = constant and r y+ =S, 
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then the sum 
ee ee 
r—(s—z)* r—(s—y)? r—(s—2)? 
is minimal for either x = 0 or 0 < x < y = z. Therefore, it suffices to 
consider only the cases x = 0 andO<a2<y=z 
Case x = 0. We have to show that y? + z? = 3 implies 
1 1 1 3 
gg a o 
poy tl poe + r—(yt+z)? ~r—-4 


Since 1 1 or—3 or —3 


ry? r=? r?—3r+y?z? T r(r —3) 
and (y + 2)? < 2(y? + =?) = 6, it suffices to prove that 
r= a 1 < 3 
rir—3) r-6 7 r—-4 


This inequality reduces to 
2_ 9 
3(r* — 12r 4 24) > 0, 
r(r — 3)(r — 4)(r — 6) 
and it is true because r? — 12r + 24 = (r — 2)(r — 10) + 4 > 0. 
Case 0 < x < y = z. Write the inequality in the homogeneous form 
y 1 < 3 
r(x? +y? +2?) — 3(y + 2)? T (r — 4)(z? + y? + 2?) 
Since y = z > 0, we may consider y = z = 1 Setting t = r(x? + 2), 
t > 2r > 20, the inequality becomes 
3 
a g © 
1—12 t — 3r? — 6r — 3 T t — 422-8’ 


or 
6(x — 1)*(t — 2r? — 82 — 18) So 
(t — 12)(t — 3z? — 62 — 3)(t — 4r? — 8) 7 


The last inequality is true because 
t — 2x? — Br — 18 = r(x? + 2) — 2r? — 8z — 18 > 
> 10(x? -- 2) — 27° ~ 82 — 18 = 2(22 — 1)? > 0 


Equality occurs for (z,y,z) = (1,1, 1). In the case r = 10, equality occurs 


1 2 2 
again for (x,y,z) = (=. TR Fi or any cyclic permutation. o 


(2) 
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* 


11. If x,y,z are non-negative real numbers, then 
yz zT TY 3 
FF EB 
3x? + y? + 2? t 3y? + 22 4+ 2? t 32? 4+ r? +y? ~ 5 
Proof Replacing x,y,z by yz, „9, y2 respectively, the inequality trans- 


forms mto 

Ov ee 

Brt+yte 3y+z+r 3z+r+y 75 
Without loss of generality, we may assume that x < y < z. For z = 0, the 
- . 2 : . 
inequality reduces to 3 (vI -— vz) + /yz > 0, which is clearly true For 
x > 0, since the inequality is homogeneous, we may assume that r+y+2 = 2, 
and then rewrite the inequality in the form 


1 1 1 3 
-= + ———— + eer 8 
Valet)’ Vat) Valet 1) * yay 
— 1 
We will apply now Corollary 3 to the function f(u) = Jalu + 1)’ u >0 
We h Woy 3u+1 d 
e ave F(u) = au pipe 
1 z*,/x(ax +3) 
— i — = 
g{z) = f (z) A(z +1) ’ 
Mg) = Ja(3x? + 11x? + 52 + 45) 
g (z) = B(x + 1)4 


Since g’(z) > 0 for z > 0, g(a) is strictly convex on (0,00). According to 
Corollary 3, f0 < z < y < z such that x+y +z = 2 and zyz = constant, 


then the sum i 4 4 


Vale +1) > Vat) Veti) 
is mazimal whenO<a<y=2z 

Therefore, it suffices to prove the onginal mequality for y = z > 0. More- 
over, due to the homogeneity, we may consider y = 2 = 1 The inequality 


reduces to 9x7 — 30x? + 372? — 20x -+ 4 > 0, which is equivalent to 


(x — 1)?(3x —2)* > 0. 


2 
Equality occurs for (z,y,z) ~ (1,1,1), and also for (x,y, =) ~ (5 l 1) or 


any cyclic permutation 0 
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12. Let x,y,z be non-negative real numbers such that x +y + 2 = 2. Prove 


that z 
y zx zy 
han <1. 
tapt 


r? + z224+17 
Proof. We assume that x < y < z For z = 0, the inequality reduces to 
yz < 1, which is clearly true for y + z = 2 Otherwise, we rewrite the 
inequality in the form 
1 1 1 1 
ae +1) vW + 1) 2 +1) ~ aye 


—1 
and apply Corollary 3 to the function f(u) = zy, u > 0 We have 
u(u* + 1) 
3u? +1 
Haj ~ 
f'(u) = war pI and 
oy 1 _ &'(x? +3) 
g(x) =f (- — (x2 4+ 1)? 7 
27.6 4_ 72 
g” (x) = 2a*(x° + 5r — Trt + 12) 


(+1) 
Since g"(x) > 0 for x > 0, g(x) is strictly convex on (0,00). According to 


Corollary 3, ifO < x < y < z such that z +y + z = 2 and zyz = constant, 


then the sum 
—1 —1 —1 


—_. + —— —— 

x(2?+1) yy? +) * (+1) 
is minimal whenO<a<y=z. 

For 0 < £ < y = z, fromet+ty+z=2wegetO<y=2z< 1 and 
x=2(1—y) The inequality becomes 
(y — 1)*(19y? — 18y +5) > 0, 
which is clearly true. For x < y < z, equality occurs (x,y,z) = (0,1,1). O 
* 


13. Let x,y,z be non-negative real numbers such that x + y+t2z2=2. If 


In 2 
ro<7r<3, where ro = n3 na” 171, then 


lytz)ty(zt+2)427%(2+y) <2 
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Proof Rewrite the inequality in the homogeneous form 
zr+yt2 
2 


and apply Corollary 5 (case p =r and g=r+1) 
e For O<2<y<z such that 


r+ 
grt! fyrt! 4 gttl +2( ) > (x+y +z) +y" +2"), 


z+y +z = constant and x” +y” + 2” = constant, 


the sum ztl +yTtl 4 2™! is minimal when either zr =0 orO0<a<y=z. 
Case x = 0. The initial inequality becomes 


yz(y” } 4+ 2771) < 2, 


where y+ z = 2. Since 0 < r—1 < 2, by the Power Mean Inequality we have 


y™ 4 2771 < ytz? ot 
2 -= 2 


Thus, it suffices to show that 


2 2 2 2 
+z 2(y* +z 
Taking account of 4 = 2y" +2) > 1 and < 1, we have 
2 (y + 2)? 
r-1 
2 2 5 2 2 
yf +2 yo +z \ | 
om (8) arm) 
(y +z)  ye(y?+27) _ (y—2)4 


CaseQ<ax<y=2z In the homogeneous inequality we may leave aside 
the constraint z +y +z = 2, and consider y = z = 1,0< 2 < 1. The 
inequality reduces to 


r+1 
(1+5) -qrt —-2-1>0. 


r+l1 
Since | 1 + 5) is increasing and x” is decreasing when r is increasing, it 


suffices to consider the case r = ro Let 


f(x)= (1+ 2)?" 2-2-1 
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We have 
rot+ 1 xr\" rn ~ 
f(x) = (1 5) ~ roz™®™ 1 
l ay ro+ 1 5) n 
f=" (1+3) -w 
Since f” (z) is strictly increasing on (0, 1], f”(0,) = —oo and 
Looney, TO] sy" _ rot] | _ 3-79 0 
rf = q (= rot l= 5 rotl= ne 


there exists 21 € (0,1) such that f”(x1) = 0, f”(x) <0 for x € (0,24), and 
f"(2) > 0 for x € (#1,1] Therefore, the function f'(x) is strictly decreasing 
ro— 1 


for z € [0, z1}, and strictly increasing for x € [z1,1] Since f’(0) = >0 


5 3 
f'(z2) = 0, f'(z) > 0 for z € [0, z2), and f'(x) < 0 for z € (z2,1) Thus, the 
function f(z) is strictly increasing for x € [0, x2], and strictly decreasing for 
x € [{x2,1]. Since f(0) = f(1) = 0, it follows that f(z) > 0 forO <2 <1, 
establishing the desired result 


1737 
and f’(1) = ro + I(5) — 2] = 0, there exists z9 € (0,21) such that 


For z < y < z, equality occurs when (z,y,z) = (0,1,1) Moreover, for 
22 2 
r = ro, equality holds again when (x,y,z) = @ 3° 3) O 
Remark Using the above way, we can show that for r > 3 and 24 y+z = 2, 
the expression 


E(z,y,z) = 27 (y +2) +y"(z+2)4+2"(x+y) 


attams its maximal value when one of the numbers z, y, z is equal to zero. To 
prove this claim, it suffices to show that the inequality E(z,y,z) < 2 holds 
for 0 < x < y = z, while is doesn’t hold for z = O and any non-negative 
numbers y and = satisfying y +z =2 Indeed, fory=z=landO0<2< l, 
by Bernoulli’s Inequality, we get 
(142) ar 1>14 tbe — E a? rg gr 50, 


- ~ 


In the special case r = 4, E(x, y, z) is maximal when 


(ma) = (0, 55E 248) 


as we have shown in the above application 1 
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* 


14. Let x,y,z be non-negative real numbers such that ry + yz + zz = 3. If 
l<r< 2, then 


e(ytz)+y"(z+2)4+27(r+y) 26 


Proof. Rewrite the mequality in the homogeneous form 


r+1 


mute) 2 
3 . 


oy ta) +y (z +a) tzet) 2 6( 


For convenience, we may leave aside the condition zy +yz + zx = 3 Using 
now the condition z + y + z = 1, the inequality becomes 


1r? y2 
r-a- tzl- a) 26(— = SE) 


Towards proving it, we will apply Corollary 1 to the function f(u) = —u"(1—u) 
forO<u<1 We have f'(u)=-—ru"™! t (r+1)u" and 


f'(z)= —rr"! + (r +i)", 
g'(z) =r(r— 1) 3 f(r + 1)e +2—7] 


& 
— 
R 
— 
Il 


Since g(x) > 0 for x > 0, g(x) is strictly convex on [0,00). According to 
Corollary 1, ifO<2<y< z such that 


zrt+tytz=1 and z? +y? + 2” = constant, 


the sum f(x) + f(y) + f(z) is minimal for either x =0 orO0<a<cy=2 
Case x =0. The original inequality becomes 


yz (yr 4 zt) > 6, 
where yz = 3 By the AM-GM Inequality, we have 


r+1 r4l 


yz (y! +277") > 2(yz2) 7 =2 37 >ô. 


Case 0 < g < y= z. The original inequality becomes 


zy +y (x+y) 3, 
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where 0 < x < y and 2zy +y? = 3. From 0 < z < y and 2ry + y? = 3 we 
obtain O0<2<1 Let 


f(z)=a2"y+y'(z+y)—-3, with y=-r+ yr? +3. 
We have to prove that f(z) > 0 forO<2<1 For z=1, we get y=1 and 
f(1)=0. Differentiating the equation 2ry+y? = 3 yields y’ = T; Then, 
F(z) = rely + y” + |æ" + roy”! + (r + 1)y”] y' — 


— llr 1)z+ry] (27-1 — y"') 
= 


<0 


The function f(x) is strictly decreasing on [0,1], and hence f(x) > f(1)=0 
for0< £2 <1 Equality occurs if and only if (x,y,z) = (1,1,1). O 


Remark. Marian Tetiva found a nice solution for the partitular case r = 2. 
Write first the inequality in the form 


(zy +yz + zz)(z +y +z) > 3(ryz+ 2), 


that is 
z+y+z > zryz+2 
Assuming that z < y < z, the hypothesis zy + yz + zx = 3 implies zy < 1 
and yz > 1 Hence 
(i —- sy)(yz - 1) + (1 - y) 20, 
or 
y(z +y +z- zyz -— 2) >0, 


from which the conclusion follows 


* 
15. If x),22,...,£n are positive numbers such that 
1 1 1 
Ti trat: tatn = —+—4---4+—, 
Ti T2 Tn 
then 
1 1 1 
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Proof. We have to consider two cases. 
Case n = 2. The inequality is verified as equality. 
Case n > 3. Assume that 0 < z) < zo <--: < Tn, and then apply 


Corollary 2 to the function f(u) = Ti @ iju for u > 0 
We have f’(u) = mr) and 
(1+ (n— Du? 
_u#{1\__ (n-i) 
o= (F) = aa 


g(x) = __3(n= 1) 
2/2 (fz +n—-1) 
Since g(x) > 0, g(x) is strictly convex on (0,00). According to Corollary 
2,ifO0< 2) < 29 L- < £n such thatz,+22+ + zn = constant and 
1 1 1 
zt = fees + z5 constant, then the sum f(x1) + flz2) +-+ flan) is 
l 2 
minimal when 0 < Ti < Ta = T3 = -= En 
So, we have to prove the mequality 
1 + n—1 Si 
1+(n- lje  14+(n—ljy 7’ 
under the constraints 0 < x < 1 < y and 


1 —1 
z+(n—ljy==+- 


y 
The last relation is equivalent to 
y(1 — 2°) 
—1)\(y - 1) = ———= 
Since 
Po te 
l+(n-l1)e 1+(n-I)y 
1 1 n—l n-1 


“ifla iz n I} Iy n 
 (a-1(1-7)  (n-1P(y—-1) _ 
—nf[t+(n—1)z] n[i+ (m—1)y] 
(m=1)=2) (m= Ny(t=2*) 
n[t+(n—1)2] na(lty)[1+(n—1)yl’ 
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we must show that 


z(1+y)(1+(n—-1)y] > y(1 +2) [1+ (n-— i)z), 
which reduces to 
(y— z) [(n — 1)zy — 1] > 0. 


Since y — x > 0, we still have to prove that 


(n—1)ry > 1. 
1 n-i +(n—1)2 
Indeed, from z+ (n— 1)y = zt a we get ry = oa and hence 
n(n — 2) 
— l)zy — 1 = ———_——__ > 0. 
(n — 1)xy tty 
For n > 3, one has equality if and only if z1 = t3 =- =z, =1. T 
* 


16. If a,b,c are positive real numbers such that abc = 1, then 


l 
eee) 
a b c 


, respectively, we have to show that 


z +15 >6(x+y +z) 


y 
for xyz = 1. Assume that 0 < x < y < z and apply Corollary 5 (case p = 0 
and q = —3): 


elfO<2<y<z such that x-4 y-+ z= constant and ryz = 1, then the 
1 
sum — + — + — is minimal when 0 =y<z. 
z3 pts awhenUcr=y oz 


Thus, it suffices to prove the inequality for 0 < z = y < 1 < z and 
z*z = 1, when it reduces to. 


2 1 
z t z t 5 2 efe + 2), 
2 1 
5 tatt 15> 6 (27+ =) 
T T 
z? — 12244 1523 — 62 + 2 > 0, 


(1 — 2)? (2 — 2x — 6x? + 52° + dat + 325 + 22° + 27) > 0. 
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The last inequality is true if 2 — 2x — 6x? + 52° + 324 > 0 forO<2< 1 
Indeed, we have 


2 (2-22 — 62? + 52% + 3z) = 


3 
(2-32)? (14 22+ Ža?) +25(1-J2) > 0. 


Equality occurs if and only ifa=b=c=1 O 
* 
17. Let a;,a9, ..,an be positive real numbers such that a,02...an = 1. 


If m is a positive integer satisfying m > n — 1, then 


1 1 1 
ay +ag t+ o4 a + (m= 1)n>m(—+—+-- +>) 
ay ag an 


Proof For n = 2 (hence m > 1), the inequality reduces to 
aT + ay + 2m — 2 > m(a, + a) 


We can prove it by summing the inequalities a? > 1 + m(a; — 1) and 
af > 1+ m(a2 — 1), which are straightforward consequences of Bernoulli’s 


1 1 1 
Inequality For n > 3, replacing a1,@2,.. ûn by —,—, - ,—, respec- 
Ti £2 En 
tively, we have to show that 
lly +E 4(m-1in2 mlz +29+ -+2n) 
2m ae 2m = 1 2 n 


for 2122 zn = 1 Assume that 0 < a; < 22 < 


- < zn and apply 
Corollary 5 (case p = 0 and q = —m) 
e f O< 2, < a9 < + < £n such that t} + £2 + ++ 2n = constant 


1 1 1 
and 1122.. £n = 1, then the sum —+— + + -z is minimal when 
Ti T3 Tn 
O< zy =£2=;" =2n-1 Í En. 
Thus, it suffices to prove the inequality for t} = £2 = - = Zn; =2<l, 


@n = y and x"~!y = 1, when it reduces to 


n— iI 1 
= + at (m- Ia m{n~ 1)e + my 


By the AM-GM Inequality, we have 


n—i m 


+(m—-—n+1)> 


m = my 


R 
3 
! 
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Then, we still have to show that 


+ 1 > m(n-1)(e-1) 
y 


This inequality is equivalent to 
srm 1 — m(n — 1)(z-—1) > 0. 
Writing the inequality as 
(x — 1) [(2™"-™"1 — 1) + (e"m 1) $4 (2 -1)] 20, 


it is clearly true. For n = 2 and m = 1, the inequality becomes equality. 


Otherwise, equality occurs if and only if a] = ag =-:- =a, = 1. m 
* 
18. Letz, £2,.. „£n be non-negative numbers such thatz;+2o+ .2%, = 7. 


k-1 
n 
If k is a positive integer satisfying 2 < k <n+2, andr = ( :) — 1, 
Tt — 
then 
k k k 
ri trit e teg n > nr(l — zita. £n). 


Proof Ifn = 2, then the inequality reduces to r} +z§—2 > (2*—2)(1—2, 22) 
For k = 2 and k = 3, this inequality becomes equality, while for k = 4 it 
reduces to 6%129(1 — 2,22) > 0, which is clearly true. 

Consider now n > 3 and 0 < z} < r9 < - < zp. We will apply 
Corollary 4 (case p = k > 0). 

e IFO < a, <r} < + < ay such that x) + r2 + --+2, = n and 
rf +r +- -+2* = constant, then the product £142. £n is minimal when 
either x} = 0 or0< 2, < £3 = £3 = -+ = Tp. 

Case xı = 0. The inequality reduces to 


n* 


k k 
Ta +- + Tn > (n— 1)F-1 } 
withao+- +2, =n. This inequality follows by applying Jensen's Inequality 
k 


to the convex function f(u) = u": 
wa +-+ zn" 


a+ tah > (a—1)( — 
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Case O < £1 < £2 = 23 =-:: = n Denoting 
zy =g and rg =23=-:'=2n= Y, 


we have to prove that forO < x < 1 < yandx+(n—1)y = n, the inequality 
holds: 
a* 4+ (n= ijy? + nrey™! -n(r+1) >20 


We write the inequality as f(x) > 0, where 


n-2 
n-1- 


f(z) =x" +(n—1)y* + nrey”™! —n(r +1), with y= 


-1 
We see that f(0) = f(1) =0. Since y’ = —> we have 
Pe) =k (at <9) tary ya) = 
y — 2) [nry — k (y7? 4 yt S24. -+ at) = 
y — x)y"~? [nr — ko(z)], 


( 
( 


where 
1 £ gh? 
ola) = Tang + oes tt Gn 


Tt — 
Since the function y(x) = m 
2 


k <n For k = n + 1, we have 


i is strictly decreasing, the function g(x) is 


strictly increasing for 


2 n—-l 2 n—-1 
x x (n-2)zr+n zr ki 
g(t) = ytet + tas n-1 + y + + ed? 


and for k = n + 2, we have 


3 y" 


T 
glz) =y? tysta? + be tg 
2_ 3 3) x? -3 n? r’ x” 
isnt) tnae E, g E, 
(n —- 1) y y 


Therefore, the function g(x) is strictly increasing for 2 < k < n+ 2, and the 


function 
h(x) = nr — kg(zx) 


is strictly decreasing. Note that 


f'(x) = (y — 2)y” *h(z) 
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We assert that A(0) > O and A(1) <0 If our claim is true, then there 
exists x; € (0,1) such that (xı) =0, h(x) > O for x e [0,2,), and h(x) < 0 
for x € (x1,1] Consequently, f(x) is strictly increasing for 2 € [0,2;], and 
strictly decreasing for x € [z1,1] Since f(0) = f(1) = 0, it follows that 
f(x) > 0 for 0 < x < 1, and the proof is completed. 

In order to prove that h(0) > 0, we assume that h(0) <0 Then, h(x) < 0 
for x € (0,1), f'(x) < 0 for x € (0,1), and f(x) is strictly decreasing for 
x € [0,1], which contradicts f(0) = f(1). Also, if h(1) > 0, then h(x) > 0 
for x € (0,1), f’(x) > O for x e (0,1), and f(z) is strictly increasing for 
r € [0,1], which also contradicts f(0) = f(1) 

For n > 3 and 2, < z2 < < zn, equality occurs when 


T= TS + =2,=1, 


0 


and also when zı = 0 and 22 =- - = In = 


Remark 1. For k = 2, k = 3 and k = 4, we get the following nice inequali- 
ties 
n-i) lr? +034 -+r +H NEITI .. En > n?, 
( 1 2 n 
(n — 1)? (x? +234 -+ x3) tn(2n—- l)t1£2... £n > n> 
(n — 1)3 (xf +2g+--- +24) + n(3n? — 3n + i)ryr2q ..£n > ni 
for 21,22, . ,2p non-negative numbers such that 2; +2. +---+2, =27 


Remark 2, For k = n, the inequality was posted in 2004 on Mathlinks 
Inequalities Forum by Gabriel Dospinescu and Călin Popa. 


* 


1 I 
19. Let £1,£2,...,£n be positive numbers such that — + — + ---+ —=n 
ti 29 


Then vn 


2y+2o+ ‘+ 2p — Nn L €n_1(2 129 .. In —1), 


1 n-1 
where ny = (1 + ) <e. 
n-1 
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1 
Proof Replacing each of x; by > —, the statement becomes as follows 


è [f aj,a9, .,Q, are positive numbers such that ai +a9+ +a, =7, 
then 
l 1 1 
a1Q9 a(t +— + eton Heni) S €n-} 
aq ûn 
It is easy to check that the inequality holds for n = 2. 
Consider now n > 3, assume that 0 < a; < ag < < a, and apply 
Corollary 4 (case p = —1) If O< ay Sag < + <an such that 
I 1 1 
aj +a: +- +a, =n and —+—+ -+— =constant, 
Qj ag an 
then the product aaz ..ân is maximal when Ò < a; < a = a3 = +: = ap 
Denoting a; = z and ag = a3 = -: = ay = y, we have to prove that for 


n 
O<r<l<y< i and z + (n — l)y = n, the inequality holds 
Tt — 


yr} + (n — Lry”? - (n — en—i)ry”! < @n-1 
Setting 
f(z) =y! + (n- lay”? — (n — en-i)ey"} — en-1, 


n-z 
with y = Tay? we must show that f(z) <0 forO0 <a <1. We see that 


-1 
f (0) = FO) =0 Since y = nl’ we have 


aay = (y — £) [n — 2 — (n — en-1)y] = (y — z)A(z), 


where k(x) =n —2—(n—-— én-1)— ~ 7 is a linear increasing function 
Let us show that h(0) < O and A(1) >0 If h(O) > 0, then A(x) > 0 for 
e (0,1), hence f'(x) > 0 for z € (0,1), and f(x) 1s strictly increasing for 
x € [0,1], which contradicts f(0) = f(1) Also, h(1) =en-1 -—2> 0. 

From h(0) < 0 and A(1) > 0, it follows that there exists x; € (0,1) such 
that h(z;)=0, h(x) <0 for xe [0, x1), and h(x) > 0 for x € (21,1] Conse- 
quently, f(x) is strictly decreasing for x € [0,2], and strictly increasing for 
x € [x1,1] Since f(0) = f(1) =9, it follows that f(x) <0 forO<2r<1 

For n > 3, equality occurs when rz} = £2 =` -= In = 1l O 
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* 
20. Let xr;,29,...,2n be non-negative numbers such thatz,;+29+. +2,=7N. 
A-i _ 
If k > 3 is a positive integer and r = 7 then 
vi + 2h +. -fap—nsr(2} +23 keete- n) 


Proof. There are two cases to consider 
Case n = 2. The inequality reduces to 


ak + 28 + (24 — 2)rira < 2* 


For k = 3, the inequality becomes equality Consider now k > 4 We must 
show that f(t) < 0 for ¢ € [0,1], where 


f(t) = (140) + (1 = ak + (24 — aya — 2) 2. 
We have 


f(t) =k [a + t)k-! _ (1 _ t)*—)| _ (Qk+1 _ A)t, 
kfk = 1) [1 + AE + (1 t) — 2th 4 a, 
F” (t) = k(k — 1)(k — 2) [(1 + t)* 9-1 - ¢)*-°]. 


Since f” > 0 for t e (0,1), the second derivative f” is strictly increasing. 
Since f”(0) = 2k(k—1)—24*! 44 <O and f"(1) = (k? —k-8)24-2 4.4 >0, 
there exists t; € (0,1) such that f”(t1) = 0, f(t) < 0 for t € (0,t:), and 
f(t) > O forte (t;,1] Thus, the first derivative f’ is strictly decreasing on 
[0, t:] and strictly increasing on [t;,1] Since 


f'(0) =0 and f’(1) =(k—4)2*-! 4450, 


there exists tg € (0,1) such that f’(t2) = 0, f(t) < 0 forte (0,t2), and 
f(t) > O for t € (t2,1]. Therefore, the function f is strictly decreas- 
ing on [0,t2] and strictly increasing on [¢2,1] Taking into account that 
f(0) = f(1) =0, it follows that f(t) <0 for t e [0,1] 

Case n> 3 Assume thatO< 2; <2. < + <2, and apply Corollary 5 
(case p= 2 and q = k > p). 

e IJO <a, < 4g S: < £n such that x, +z t-e +r = n and 
a? + z2 +- +z? = constant, then ak 4 ekto zË is maximal when 
OS a; =279= = Eni Ê En 


2418 5 Inequalities involving EV-Theoreim 


So, we have to prove the inequality 
(n—1)2*+y4—n<r[(n-1)2?+y’ —n], 
whereO<2<i<yand(n—-l)rt+ye=n. Let 
f(x) = (n-1)2* + y*—n—r [(n-1)z? +y?—n] , (n-l)htety=n 


We have to show that f(x) <0 for z € [0,1] Since y’ = —(n — 1), we have 


maple - Lee y), 
l ” k- k- 2nr 
papi ee t4 (n~=1)y -T 


Since f” < 0 for x € [0,1], the second derivative f” is strictly decreasing. 
Taking into account that (n — 1)r < n*-! and 

rank-?4nk34 0 ntl > 2k? ok 34. 2404 152k-1-1, 
we have 


f(O) = k(k—-1)(n—1)?n**— an(n—1)r > k(k—-1)(n—-1)?n*? — 2n* > 
> 6(n—-1)?n**— In" = In? (2n?-6n + 3) > 0 


and 


i 
FO) k(k—-1)— 2r < k(k—-1)— (21 —1) = k?—k 4.2-2' < 0. 
n(n—1) 
Then, there exists xı € (0,1) such that f”(zı) = 0, f’(x) > 0 for 
x e (0,21), and f’(rz) < 0 for x € (x;,1] Thus, the first derivative f’ is 
strictly increasing on [0, x1] and strictly decreasing on [21,1]. Since 


i 
fo) = 2(n — 1)r ~ k(n —- l)n? < 2n! — k(n — 1)nk-? = 
i 


= —n-{k(n—1)—2n] < —n'-?[8(n—1)—2n] =—n'-?(n—-3) <0 


and f’(1) = 0, there exists r2 € (0,1) such that f’(rq) = 0, f'(x) < 0 for 
x € (0,29), and f'(x) > 0 for x € (x2, 1]. Therefore, the function f is strictly 
decreasing on [0,29] and strictly increasing on (x2, 1]. Since f(0) = f(1) = 90, 
it follows that f(a) < 0 for z e [0,1] The proof is complete Equality occurs 
when 2} = r3 = ‘= Zn, as well as when n— 1 of the numbers z; are0 O 


53 Solutions 249 


* 
21. If £1,£2,.. ‚£n are positive numbers, then 


£I +r3 +: -+2ptn(n—-1)tizg rn > 
1 1 


1 
2 £¥1T2.. Taler ta2 +--+ an) (— + +) 


Proof For n = 2, one has equality. For n > 3, assume that 
O< zy Lra L L 2, 


and apply Corollary 5 (case p = 0): 
e [fO < z1 S z2 L--- <Er such that ti + r2 +--+ £n = constant and 
Lita . n = constant, then the sum r? + r3 + +r? is minimal and the 


1 1 
sum — + —+ 4 — is maximal when 0 < 21 < 29 = £3 = -= Tp- 
Ti T2 Tn 
Thus, it suffices to prove the homogeneous inequality for 0 < zı < 1 and 
£a = £3 =- = £p = 1. The inequality becomes 


at + (n — 2)r1 > (n — 1)2?, 


and is equivalent to xı(zx; — 1) (277? —1) + (x? 9—1)+ _ +(21-1)] >0, 
which is clearly true. 
Equality occurs if and only if 2] = 22 =--- = £n o 


Remark. For n = 3, we get the third degree Schur’s Inequality, 
2 + r3 + z3 H 6xizar3 > (x1 + £2 + £3)(£1£2 + £23 + £321). 
* 


22. If £1,£2, ,2n are non-negative numbers, then 


(n—-A)(tp+apt+-:-4+2%)4nzj29 2p, > 


> (£1 +22 +: + En) (ep +a +--+ an), 
Proof. For n = 2, one has equality For n > 3, assume that 
0 <S z1 SrL- L ay 


and apply Corollary 5 (case p=n and q=n-1) and Corollary 4 (case =n > 
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elfO< zzi < 49 S- < ey such thal £1 + z2 +- + £n = constant 
and x? +234 ++-4+2 = constant, then the sum r?! + 2371 +--+ a37! 
is maximal and the product x12. .£n is minimal when either x; = 0 or 
O< £; <S T = £3 = = En 
Thus, it suffices to consider the cases x; =O and 0 < £1 S T2 =23= . = Tr 
Case x; =0 The inequality reduces to 


(n—1) (ap +- +r?) > (ao +-- + £n) (2371 + +277"), 


which immediately follows by Chebyshev’s Inequality 
Case 0 < 4, S49 = 23 = = zp. Setting 72 = 273 =--: = n = 1, the 
homogeneous inequality reduces to 


(n—2)2? +21 >(n-1)27 7 
Rewriting this inequality as 


x1(x, — 1) [xt F(a —1) +254 (x? — 1) +- + (27? — 1)] > 0, 


we see that it is clearly true For n > 3 and zı < 22 S - < £n, equality 


occurs when £] = £3 =+: = Zn, and also when 22 = -+- = £n o 
* 
23. If 21,29, ..,2n are non-negative numbers, then 


(n—1) (aft! 4 aft? +- +221) > 


> (xy ra + +a) (2p 4 apt: +R TIt. Fn) 
Proof. For n = 2, one has equality For n > 3, assume that 
O< Ti STL: Sfp 


and apply Corollary 5 (case p = n +1 and q = n) and Corollary 4 (case 
p=nt+l) 

elf O< z1 S £2 °°: S zn such that r1 + 42 +: + En = constant 
and xttl4 antl + ..42%+l = constant, then the sum x] +23 + --+ 27 
is maximal un the product zit} .£n is minimal when either xı = 0 or 
O< z1 S22 = £3 = 5 TEn 
Thus. it suffices to consider the cases x} =O and O < z1 S£? = £3 =`: = Trn 
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Case xı =0 The inequality reduces to 
(n—1) (pth +- -+aRt!) > (ao+ +a) (z3 +o +27), 


which immediately follows by Chebyshev’s Inequality. 
Case Ù < 2, Sap = T3 = = 2, Setting zo = 273 =- = n = 1, the 


homogeneous inequality reduces to 
(n—2)att! 4+ 2? > (n —1)a7. 
Rewriting this inequality as 
x(a; — 1) [zp (21 —1)+ ant (a? — 1) + + (20? — 1)] >0, 


we see that it is clearly true. For n > 3 and 2; < 22 <--- < £n, equality 
occurs when z1 =%2=''- =2,y, and also when z; =0 and zr =---=2,. O 


Remark 1 We may reformulate the inequality above as follows 
e If £1,£2,..., £n are non-negative numbers such that 


2y+22+ --+2,=n-1, 


then 
ri(l-ai)+a3(L—a2)+ 42R(l—an) < 2122... En 
Remark 2. Gjergji Zaimi and Keler Marku generalized the above inequal- 
ities for any real k in the following form (problem 69 from chapter 8) 
(n—1) (spt + antk 4  faMt*) 4 airg.. tp (xf +25 +4---4+ 2%) > 


> (ay +ra+.- ++ Zn) (aptko! + ohtk-l fue + antk-1) 


* 
24, If x1,29,...,2n are positive numbers, then 
1 1 1 1 
(2) 4+294+---+2,—n) (—+—+ oe) f— ne) 4am ... Tnt — >? 
Tı 29 Tn Tit? Ën 


Proof. For n = 2, the inequality reduces to 


(1 — zı} (1— r2)? 
T1T2 


>0. 
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For n > 3, assume that 0 < xı < 29 < --: < £n. Since the inequality 
1 
preserves its form by replacing each number z; with —, we may consider 
Ti 
2129 ..En > 1 By the AM-GM Inequality we get 


Zp_+TQ+++++2Xy-—N[>NY2}72.. Tnn ZO, 


and thus we may apply Corollary 5 (case p = 0 and q = —1)- 
elf 0 <2, <29<---<2_ such that 2; +22+---+2n = constant and 


1 1 

2129.. Xn = constant, then the sum — + — + +-+— is minimal when 
T1 T2 Tr 

0 < £t = £t2= -= fr- ŠÍ Tr. 


According to this statement. it suffices to consider 
£1 = T3 =- = n -1 =% and Tr =Y, 


when the inequality reduces to 


—1 1 
(n-z +y- n] (2 tien) taniy r > 2, 
or 
t _ n(n—1)(2—1)? 
-1 
(eat ada Ht a eR 
Since 
n—1 n—1 r—l n—1 n—-2 
—n = — —1 —1 —1)| = 
+ n = —— [(2") = 1) + (2*7? — 1) +++ (2-1) 
y2 
_ {z 1) [10 + 2r" + - + (n—1)] 
x 
and 
1 (2-1)? p 1 2 
ag tesna SE | yen), 


it is enough to show that 


|z"? + Jg”—3 ++ (n — 1)] y+ 


+ [pert ges tet ed] E ann- 


anne 
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This inequality is equivalent to 


1 

n-2 

—2 
(= Y+ )+ 


-2) + “4 (n=l) (v+ -2) 20, 


-3 
+2 (= yt a3; 


or 
an? _ 2 n—3,, 2 _ _ 
(@™y= 1) 2 Yy-I) | (= y-1)? 


WE > 0, 


which is clearly true. Equality occurs in the given inequality if and only if 


n — 1 of the numbers 2; are equal to 1 o 
* 
25. If 11,29,...,2, are positive numbers such that z1£3... £n = 1, then 


1 1 1 
Proof. Let A= £1 +23 +--+ zn — n and B= —+4+—4.--.-4—-n 


£) 29 z 
From the AM-GM Inequality, it follows that A and B are positive. According 
to the preceding problem, the following inequality holds for any positive 
numbers 21,22,-  ,2n41! 


1 1 1 
(tat tanan (E+E ~n—1}]+ 
Ti T2 Tn+1 
1 
+2129. .X2n41 + ————— > 2 
TIT2...Tn+1 


This inequality is equivalent to 


1 
(A-1+ ene) (B-14 ) beng + >2 


Tn+l Tn+1 


or 


+ Ban, +AB-A-—B>O0. 
Tn+l 
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A 
Replacing £n41 by /4. yields 


2/AB + AB~A~B>0, 


AB > (VĀ- VB)’, 
I> (+ 1 1 4s) 
VA VB 
1>|—-— 
T Aa zal 
The last inequality is just the desired inequality. o 
* 
26, Ifx;,29,.. „Zn are non-negative numbers such thatz,;+7o+ -tin = 7, 


then , 
(2129 £n) (x? +a34 42 as <n 
Proof. For n = 2, the inequality reduces to 2(2129 — 1)? > 0 Forn > 3, 
assume that 0 < xı < £2 <---< £n and apply Corollary 4 (case p = 2): 
e For OS 21S 495-- < Tn, 


ajptaqt::-+an—n and a? 4+a%4---4+2a7 = constant, 


the product 2129. .2n is mazimal when 0 <a; = £2 = -= Zn- < Tn- 

Consequently, it suffices to show the inequality for xı =r2= =2%,4=2 
and 2, = y, where 0 < x < 1 < y and (n—1i)a+y = n. Under the 
circumstances, the inequality reduces to 


Yiya n- 1)? +47] <n 


For x = 0, the inequality is trivial For x > 0, it is equivalent to f(x) < 0, 
where 
1 
n—1Inx + ——— lny + In[(n—1)2? ¢ y?] — Inn, 
Ja) = Va Tima + ES ny infra? ta?) 
with y =n — (n — 1)z 
We have y' = —(n — 1) and 


f(a) 11, aaa Mey EDELEN 


n—-il z zt eee xy [(n— 1)? +y?) 7 
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Therefore, the function f(z) is strictly increasing on (0,1] and hence 


f(z) < fl) =0. 


Equality occurs if and only if z1 =29 = > = Tp =1. o 
Remark. For n = 5, we get the following nice statement: 
e If a,b,c,d are positive numbers such that a* + b? +E 4+ d? + e? =5, 
then 
abcde (a4 +b tét e) <5. 
* 


27. Let x,y,z be non-negative numbers such that ry + yz + zx = 3, and let 
In9—In4 


> —— 2 0.738. 
p2 n3 0.738. Then, 


xP 4 yP4 2P > 3 


In9—1n4 


Proof. Let r = in3 


By the Power-Mean Inequality, we have 


xP HYPER (ceva)! 
3 T 3 l 
Thus, it suffices to show that 


r +y +2" > 3. 


Let x < y < z. We consider two cases 
Case x = 0. We have to show that y” + z" > 3 for yz = 3 Indeed, by 
the AM-GM Inequality, we get 


y” +2" > Ayz)2 =2 33 =3. 


Case x > 0. The inequality £" + y” + z” > 3 is equivalent to the homo- 
geneous inequality 


wey as (ZEP GLD. 
3 rt y z 


. L 1 1 . . 
Setting x =a", y=br,z=cr (0<a<b< c), the inequality becomes 


r 
1 ~=1\5 


1 
abe\ 2/7 -1 -= 
b > _— = = =) 3 
a+ +e3(S) (a +br +c ) . 
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To prove this inequality, we apply Corollary 5 (case p = 0 and q = Zh 
elf O<a<b<e such that a+ b+ c = constant and abc = constant, 
then the sum aF + bF + c7 is mazimal when 0 < a <b=e 
So, it suffices to prove the inequality for O < a < b = c, that is, to 
prove the homogeneous inequality in z,y,z forO <2 <y=2=1 So the 
inequality reduces to 


or 42>3(2tt)) 
“= 3 
Denoting 
a4+2 r 2x +1 
f(z)=In ~3 In 37 


we have to show that f(z) >0 for0 <a2<1 The derivative 


ra?! r r(x —22'-" 4 1) 


/ _ _ — 
f(z) 2742 2+1  exl-(274 2)(22 4 1) 


2(1 —r) 

we see that g'(x) < 0 for x € (0,21), and g'(x) > O for x € (21,1], where 
Ly = (2- 2r)? œ 0.416 The function g(x) is strictly decreasing on [0, x1], 
and strictly increasing on [2,,1] Since g(0) = 1 and g(1) = 0, there exists 
x € (0,1) such that g(x2) = 0, g(x) > O for x € (0,22) and g(x) < 0 for 
x € (x2,1) Consequently, the function f(a) is strictly increasing on [0, x2] 
and strictly decreasing on [22,1] Since f(0) = f(1) = 0, we have f(r) > 0 
for 0 < x < 1, establishing the desired result. 


has the same sign as g(x) = x —22'-" 41 Since g/(z) = 1— 


wo In9 ~In4 
Equality occurs for x = y= z= 1 Additionally, for p = —ha an 


x < y < z, equality holds again for x =O and y = z = v3 O 
* 


28. Let x,y,z be non-negative numbers such that x + y + z = 3, and let 
In9 — In8& 


> ———— = 029. Th 
P2 n3- m2 9. Then, 


£P +y? + 2? > rytyz+zr 


Proof. For p > 1, by Jensen’s Inequality we have 


p 
TEETE) =3= 


3 (z +y +2)? > ry+yz+zr 


xP +y’ + > 3( 
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Ind — Ings 
Assume now p <1 Let r= PEIE andxz <y<z The inequality is 
n3— In2 


equivalent to the homogeneous inequality 


zrt+y42 
3 


By Corollary 5 (case 0 < p < 1 and q = 2), for x < y < z such that 
z +y +z = constant and x? +y? + zP = constant, the sum xr? +y? | 2? is 


D(a? P pP oP 2 2 2 x)? 
2(zP + yP + 2P) +r’ +y +z" >(£ +y+z). 


minimal when either x = 0 or <r <y=z. 
Case x = 0. Returning to our original inequality, we have to show that 
y? + 2? > yz for y+ z=3 Indeed, by the AM-GM Inequality, we get 


= (vs)? |2- 3)" > (a) f2- Əm =0 


Case 0 < x < y = z. In the homogeneous inequality, we may leave aside 
the constraint x + y + z = 3, and consider y = z = 1 and0 < xz <1 Thus, 
the inequality reduces to 


r+2 
3 


To prove this inequality, we consider the function 


2-p 
(2P + 2) ( ) > Qa +1. 


f(x) = In(2? +1) + (2 — p) n 242 


— |n(2a + 1) 


We must to show that f(z) >0 forO<2<1 We have 
2 


re- PP Pele) 
xP + 2 z 2xr+1  xl-P{gP 4+ 1)(22+4 1)’ 
where 
g(x) = x° + (2p—~1)2+ p+ 2(1—p)a?-? — (p+ 2)a!-?, 
and 


g'(2) = 22 + 2p— 1 + 21 — p)(2 — pad? — (p + 2)(1— ple”, 
g" (x) = 2+ (1 — p)? (2 — plz? + p(p + 2)(1 — pje”, 
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Since g(x) > 0, the first derivative g'(x) is strictly increasing on (0,1). 
Taking into account that g'(04) = —oo and g’(1) = 3(1—p) + 3p* > 0, there 
is xı € (0,1) such that g'(z,) = 0, g'(x) < 0 for x € (0,2,) and g'(x) > 0 
for x € (2;,1) Therefore, the function g(2) is strictly decreasing on [0,2;| 
and strictly increasing on [21,1]. Since g(0) = p > 0 and g(1) = 0, there 
is 2 € (0,21) such that g(x2) = 0, g(x) > 0 for x e [0,22) and g(x) < 0 
for x € (2,1]. We have also f'(x) = 0, f'(x) > O for x e (0,29) and 
f'(x) < 0 for x € (22,1) According to this result, the function f(z) 1s 
strictly increasing on f0, x9] and strictly decreasing on [xo, 1]. Since 


f(0) = m24 (2—p)in2 >In24(2—r)In==0 


3 3 
and f(1) = 0, we get f(z) > min{f(0), f(1)} > 0 
. dditi lyf In9 —In8 
Equality occurs for x = y = z = 1. Additionally, for p = m3 m? an 
3 
x < y < z, equality holds again when x = 0 and y = z= 5° o 
* 
29. Ifx1,22, . Zn (n > 4) are non-negative numbers such that 
zı +r: +: +2, = 7, 
then 
t 1 t 
a H tf 
ntl—-xvor3 ..%, n+t+l—axgry Tı n+l— zizta... n1 


1 n—I 
Proof Let rı <z} < --< £n and en- = (1 +=) By the AM-GM 


Inequality, we have 
tote: HERA TI O (tittat: +E] 
Lg. En < | —— < | = €n—1 
n— ił n— 1 
Hence 
n + 1— z223. £n > Nn+1—en-1ı >0, 


and all denominators of the inequality are positive 
Case x; = 0 It is easy to show that the inequality holds 
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Case xı > 0 Suppose that ayrzq .2, = (n + 1)r = constant, r > 0 
The inequality becomes 


Ti T? Tr 


++ <nt+l, 
2) —-Pr T} — Tr En |r 
or 
1 
l l se. l <- 
T1 —r TI — Tr Zn >r r 


By AM-GM Inequality, we have 


mirto tt)" 


(n+1)r = tiz}... tn < ( m 


1 
whence r < nal’ From tp < £1 +2 +: +n =n<n+l <=, we get 
n 


1 1 
£n < —. Therefore, we have r < z; < — for all numbers 2. 
r r 


-1 
We will apply now Corollary 3 to the function f(u) = Tor >r. 
1 
We have f'(u) = lur)? and 


fl x? 4r 2 
ae) = P (3) = qa o'la) = E 


1 
Since g"(x) > 0, g(x) is strictly convex on fo, -). According to Corollary 
rT 


3 and Remark from section 51, if 0 < 21 < zt} < - < £n such that 
Tı + z2 +--+ 2, = constant and xiz ..£n = constant, then the sum 
Flai) + f(z) +- +f (£n) is minimal when xı < £3 = z3 = = zp Thus, 
to prove the original inequality, it suffices to consider the case x1 = x and 


T} = T3 =: =2, = Y, whereO<2<1<yand2+(n—ljyy=n. 
We leave to the interested reader to end the proof. O 
* 


30. Let a,b,c be positive numbers such that abc = 1. Prove that 


1 1 1 2 


(+a? +8) > Ate? * Urolog =! 
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t 1 1 
P D t = ———— = — z = —,S§ = 
roof. Denote z Tea’ ¥ Tz? te’ ze+y+2 and 
Q = 2x74 y?4 27, where 0 < x,y,z < 1 The hypothesis abc = 1 becomes 


xyz = (1—2)(1—y)(1 — 2), that is 
4ryz tatty? +z = 14 (2+ y42—-1)?, 


while the required inequality transforms into 2? + y? + 2? 4 2ayz > 1, that 
is 
(etyt2—lftarty?4 2? 1, 


For the sake of contradiction, assume that (£ +y +2—1)?+r?+y? +2? <1 

It suffices to show that 4ryz +z? +y? +z? < 14(a+y+z—1)? According to 
Corollary 4 (case p= 2), if 0 < x < y < z such that x+y +z = constant and 
xz?+y?+2? = constant, then the product xyz is maximal when0 < x =y <z 

Therefore, it suffices to consider the case x = y So, we have to show that 
(Qa4+2—1)?42x742? < 1 implies 4222422742? < 14(22+z~-1)*. Assuming 
the contrary, that 4r2z + 2a? 4 22 > 14 (Qa + z— 1)?, which is equivalent 


toz> _ (et it suffices to show that (2a + z — 1)? + 2r? +2? > 1 
T= 924 (x = 1)?? ~ ~ 
Since 
(x —1)? a(4a? — 5a + 2) 
2 -1> = — l = — > > 0 
E+ z 12 det i ip Qe? aed l >0, 
, , (x—1)? 
it is enough to prove the inequality for z = ——_-——5_We have 
x? + (x — 1) 
2 =z? (3x? — 4r + 2) 


& = — De ~T 


(2x? — 24 +1)? 
and hence 


2 gad 2)? z? (3z?—4r + 2) 
Det z1)? Ip? 22 _ 2*(4a"—52+2)" dg? Hee 
(Qa4+2—1)°+2e°+ l (Qa? — 2x + 1)? tar (22? — 2x + 1)? 
22° (1221 — 280° + 27a" — 122 +2) _ 
(2a? — 2x + 1)? 
27? (2x — 1)? (3x? — 4x + 2) 


7 (22? — 2r + 1)? 20 


Il 


Equality in the given inequality occurs if and only if@=-b=c=1 o 
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* 


31. Let a,b,c be non-negative numbers such thata+b+c > 2 and 
ab+be+ca>1. If O<r<1, then 


a+b’ +c" > 2. 
Proof. We may write the second condition as 
(atb+c)*—(a? +b? +c?) >2 


This suggests us to apply Corollary 1 to the convex function f(u) = —u" If 

O<a<b<e such thata+b+e= constant and a? +b? +c? = constant, 

then the sum f(a)+ f(b)+ f(c) is maximal for eithera =0 orO<a<b=e. 
Case a = 0. From ab+ be + ca > 1 we get be > 1. Consequently, 


a +o" +e" = 407 > aVbrcr > 2 
CaseO<ca<b=c Ife>1, then 
a’ + b° +c" =a" + 2c" > 2c" > 2 
Ife <1, then0<a<b=c< 1 and hence 
a+b +e >patbte>2. 


For a < b < c, equality in the original inequality occurs if and only if a = 0 
andb=c=1. O 


* 


32. Let a,b,c be positive numbers such that (a+b+ c)? = 32abc. Find the 
minimum and the maximum of 


at + b44 of 


~ (at btej4’ 
Proof. We will apply Corollary 5 (case p = 0, q = 4) 
elf O0<a<b<e such thata+ b+ c= constant and abe = constant, 


then the summ a4 + bt 4 c4 is minimal when 0 < a < b = c and is mazimal 
whenOca=b<e. 
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Due to homogeneity, E is minimal for 0<a<b=c=1 and (a+ 2)? =32a, 
and is maximal for a = b = 1 < ¢ and (e + 2} = 32e. Since the equation 
(z +2)? = 322 has the roots 2 and —4+ 2¥5, it follows that E is minimal 
for (a,b,c) ~ (2/5 — 4,1, 1) or any cyclic permutation, and is maximal for 
(a,b,c) ~ (1,1,2) or any cyclic permutation. The extremal values of the 


expression E are 


33. Let 21,29,. 


If me {3,4,..., 


383 — 165.75 d 9 kivel m 
956. an 198" respectively 
* 


-£n (n > 3) be non-negative real numbers such that 


Yin =1 


n}, then 


1+ mun 5 P1822 >3 


T aime. 


Proof (after an idea of Yuan Shyong Ooi). Since 


2D ate = (Dm) -Eat 


we may apply Corollary 6 (case p = 2): 
e ForO< 2) < za L- S £n such that 


> 4} —1 and So aj = constant, 


the sum > 1129x3 is minimal when 


where k € {0,1, 


zy = =r, =0 and Tk} = - = fn, 


in — 1}. 


Thus, it suffices to consider the case 


ZY = 


=2,=0 and T= Tk41 S Tk} = = Mn =y 


On the other hand, taking into account that 


and 


(Sn) =a EED DE? 


(Som) = 35294+3(So2) (Z rr) -3 r23, 
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we get 


25° rir =l- Yr? 
D DEZEZEZ =1 -3% ri +2} > 23 


Therefore, the inequality becomes 


l+m(m-1)$ 2} > (2m-1)§ ai, 


and 


or 
5 f(z) > 0, 
i=l 
where 
f(t) = t(1 — mt) [1 — (m — 1)t]. 


We have to prove that 


f(z) + (n—k-1)fty) 20 
1 
for s+ (n—k—ljy=1,0S2sy,0<c2<——. From 


f(t) = 6m(m = 1)t — 2(2m — 1), 


m—1 
it follows that f is convex for t > —————_ 
3m(m — 1) 
m-—1 


2 
> =. 
a) Case x > 3mm — 1) 


By Jensen’s Inequality we have 


f(a) + (n—k—1)f(y) > (nh) (ZHE tne, 


1 (kK-—n+m)(k -—n+m-1) 
=(n—- = Gant mh—ntml) 59 
(n Mt (og) (n — ky =< 
because (k — n + m) is an integer number. 
b) C. 2m— 1 Sj 
ase t< 3m(m— 1) mee 


3(m-1) 3(m-1) 
we have 
f(z) = x(1 — mz) [1 — (m — 1)z] > 0. 
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Consider now three cases in terms of k. 
Case k <n—m-—1 Since 


m(1-— x) 


we have f(y) = y(1 — my) [1 — (m — 1)y] > 0, and hence 
f(z) + (n-k—I1)fly) 20 


Case k > n—m +1. Since 


l1-—-my=1- 


(m—1)y—1= (mot) 2) j> m -90 2) j= 
__1 _ (m-i) 1 m-1l 2m-1 | 
~m—-2 m—-2 ~ m-2 m-2 3m(m-1) — 
— m+) S0 
— 38m(m—2) 7 
we have f(y) = y(my — 1)[(m— 1)y — 1] > 0, and hence 
f(z) + (n—k—1)f(y) 2 0. 
Casek=n—m We have z+ (m-1)y=1, 
(z — 1)(1 — mz) 


f(y) = ym = Diim- y= 


and 
f(z)+(n-k—1)f(y) = f(z) + (m— 1)f(y) = 

= z(1 — mz) [1 — (m — 1a) + EUU _ 

_ (m= 2)a(1 - mz)? 


>0 
m—i 


This completes the proof Equality occurs if m or m — 1 of the numbers 
21,22, .,Zn are equal and the others are zero 0 


* 


34. Let z,y,z,t be non-negative real numbers such that 
ety te? +=] 
Prove that 


L? +y? + 23484 2yz + yet + ztt + try <1. 
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Proof. Assume that x < y < z < t and apply Corollary 7: 
eforO<z2<y<2z<t such that 


r? +y +27 +t =l and £? +y? + 23 + £3 = constant, 


the expression ryz + y2t + ztz + try is maximal when 0 <2 =y=2<t. 
Consequently, we have to show that 


Az? + 3 4 357 <1 


— 


for 3z? +t? =1,0<2<5<t Let 


f(z) = 4z? + È 4 327t. 
. — 3z 
Taking into account that t/ = — we have 


f'(x) = 122? + 3(t? + x?)e! + 62t = 
_ 32(t—2)(32—t)  3x(t— 2)(12z? — 1) 
a t(3a +t) 


Since f'(x) < 0 for z € (o, mal (=) = 0 and f'(z) > 0 for 
1 1 1 
re E z) the function f(z) is strictly decreasing on lo, Al and 
1 1 1 
strictly increasing on eral Therefore, f(z) < max {/(0),4(5) } 
l 


Since f(0) = s(3) 


I 


1, we get f(x) < 1, as desired. Equality occurs 


1 1 1 1 
for (xz,y,z,t) = (PPPI) and also for x,y, z,t) = (1,0,0,0) or any 
permutation thereof O 


Remark. Similarly, we can prove the below more general statement: 
If %1,22,. . £n are non-negative real numbers such that 5 x? = |, then 


. 6 
3 
J z] + l OE D2 TiTat3 < 1. 


(Vasile Cirtoaje, MS, 2006) 
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Chapter 6 


Arithmetic /Geometric 
Compensation Method 


The Arithmetic Compensation Method and the Geometric Compensation 
Method can be used to prove some difficult symmetric inequalities [10] 
6.1 Arithmetic Compensation Method 


Arithmetic Compensation Theorem (AC-Theorem). Let s > 0 and 
let F(z),29,...,2n) be a symmetrical continuous function on the compact 
set in R” 


S = {(x1,29,.. Zn) zti + 29+ --+ In =S, zi> 0, „Zn > 0}. 


If 
F(z, 22,23, .,2n)< 
Tı tt? tı +T? 
< max r (1 A n, stn) F(t) + 22,28). .,t_)} (1) 


for all (21,29,.. ,2n) € S with x) > z2 > 0, then 


s S 
F(x1, £2, T3, x) < max F (5... = ,0,...,0) (2) 


for all (21,22,...,2n)€S. 


Proof. Since the function f is contmuous on the compact set S, F attains 
a maximun value at one or more points of the set Let (z1, £2, .. »Zn) be 
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such a maximum point For the sake of contradiction, assume that there 
exist two nuinbers x; and g; such that x; > x, > 0; for convenience, let us 
consider i = | and 7 = 2 (hence z; > z3 > 0) 

Accordmg to the hypothesis, there are two cases to consider 


a) Case F (21,2, 23,. Ln) < 
zi tTa £,4+2 
< max F Le B to oot) FO + zaza Zn) 
But is false because F is maximal at (x1, z2, £n), and the theorem is 
proved 
b) Case F(£1, £2, 23, Zn} = 
tı +2 xı +T? 
= max | F (FE Hn stn) Pm tanas in) 
The function F attains again its maximum value at (y1,y2,- Yn) with 
. . 2+ 2x9 
yi = zi for i > 3 and either yı = yo = an or y) = 0 and y2 = 2, + 29. 


If there are not two numbers y; and y; such that y; > y; > 0, then the 
proof is finished. Otherwise, we iterate the preceding process, eventually 


s 
`) , where 


finding a maximum point (2,22, .,2n) such that all z; € fo, 7: 


I<k<n 


Remark 1. In order to prove the condition (1), it suffices to show that 
zı > zt > 0 and 


Tı +T2 T, +T? 
—3z y oT, Tn 


= _ 


F (2), 22, £3,- Tn) > F( 


involve 


F(2,,22,23,.. ,t4) < F(0,£1 + 20,23,. £n) 


Remark 2 The AC-Theorem holds by replacing (1) and (2) with 


F (21,29, 23, Tn) > 
ritz £i +29 , 
> max { F (=? BOB as, tm) ,F(0,21 +22, 23, £n) (1°) 
and 
s s 
"(2,22,23, - tn) > min F(, $0, 0), 2° 
F(x1, 22,23, tn) > min FF, gO (2) 
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respectively In order to prove the condition (1’), it suffices to show that 
zı > t >O and 


Tı +z? +22 
F(21,22,23,. .,2n) < F (75 TLT 


9 2 ,23,- ‘2n 


involve 
F(x1, £2,£3;,. -,2n) > F(0, z1 + T2, 23,...,2n) 
6.2 Geometric Compensation Method 


Geometric Compensation Theorem (GC-Theorem) Let f(t) be a 
continuous function defined on (0,00) such that for any couple (x,y) with 
x>y>O, the inequality holds 


f(z) + f(y) < max {2f (/zy),a+}, 


where a = f(0) and b = jim f(t) 
Let p > 0, let 2,,29,...,2n be positive numbers such that 


Tita... Zn = P”, 
let kı, ko € {1,2,. .,n— 1} and let 


ò= max [kia+ kab+ (n — kı — ka)f(c)}. 


kitsas 


Then, 
f(x1) + f(z2) +--+ (tn) < max{d,nf(p)}. 


Proof. Here we will prove this theorem only for the case in which the 
inequality in the hypothesis is strict, that is 


F(z) + f(y) < max {2f (yzy), a + b} 


When the inequality is nonstrict, the proof is similar to one from the 
AC-Theorem 
Denote by D the supremum of the function 


F(x1,22, ..,2n) = f(a.) + f(ze) +++ + fan) 
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on the set S={(z,,%2, Zn) %1%2 £n =p", 2, >0, 2, >0}inR” 
Suppose first that the supremum is attained at (11,29,.. Zn) € S. We 
infer that z} = ta = -- = £p = p. For the sake of contradiction, we 


assume that there exist two indices 7 and j such that x; > x; > 0 From 
the hypothesis it follows that the function F mcreases when the numbers z; 
and zr, are replaced either by 2; = ,/Zizj and x; = \/%i%j, or by z; + 0 
and z} — oo (such that zjx} = 2jrj;) Consequently, F is not maximal at 
(21,22, -- £n), which is a contradiction 

Suppose now that the supremum D is not attained at a point of S. Thus, 
we may write D in the form 


D = kja + kab + f(tiy+ + f(2n~i—ke)s 


where ky, ko € {1,2,.-. n—1} such that ky+kg < n, and £1,. ,Zn-ki—kz > O 
We have to show that z1 =-- = 2n_4,-k)- Indeed, if there exist two indices 
i,j € {1,. ,n—k,—kg} such that 2; > z; > 0, then the sum f(2z;) + f(z;) 
increases when the numbers z; and z; are replaced by either z; = ,/r;zj and 

f 


— - t i tat 
T; = \/tizj, or £; > 0 and x; — 00 (such that xiz, 


D js not the supremum of F, contradiction. Q 


= £;2;). Consequently, 


6.3 Applications 


1. If a,b,c,d > O such thata+b+c+d= 4, then 


1 1 1 1 


_ <1] 
a) g2 ukt Sree 5 


Zeda t 5—dab © , 
1 1 t 1 5 


n a < 
Jabe t4 bcd 4 cda | 4—dab = Tl 


— 


b) 
(Vasile Cirtoaje, MS, 2005) 


2. Let m and n be integer numbers such that n > 3 and 1 < m < n, and let 
1,22, . ,Zn be non-negative numbers such that zı + £2 +---+2n=7 If 


n m 
p> (=) , then the function 


l 
pPp— Zii ..Ti 


T} 


F(21,22,---,2n) = > 
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n 
is maximal for z) = +: = £k = k and £k41 = > = £n = 0, where 
ke{m,m+l,.. n}. 

(Vasile Cirtoaje, MS, 2005) 


3. Let a,b,c,d be non-negative real numbers such that a+b+e+d=1 
Prove that 


a) 4(a? +b + c3 + d) + 15(abe + bed + cda + dab) > 1 
b) 11(a? +b? + è + d) + 21 (abe + bed + eda + dab) > 2 


(Vasile Cirtoaje, MS, 2006) 


4. If 1,22, ..,%n (n > 3) are non-negative real numbers, then 
a) Yazi + 85° ay 2923 > S > 21 29(x) + £2); 
b) ). 


( Vasile Cirtoaje, MS, 2006) 


5. Let a,b,c,d be non-negative real numbers. 
a) If a? +b? +c +d? = 2, then 


a’ +b + 3 + dÈ + abe + bed + cda + dab > 2: 
b) If a? +b? + c? + d? = 8, then 
3(a8 +b? + è + d’) + 2(abe + bed + cda + dab) > 11 
(Vasile Cirtoaje, MS, 2006) 


6. If a,b,c,d > 0 such that a+6+¢+d = 2, then 


a ol I i 
1+3a? 14386? 1+3 1+3 ^ 77` 


7. If 21,29,...,2, are non-negative real numbers such that 

zi +2a+-+:'+ In =S8, 
then i j A 2 
Tat tip" Bee 


( Vasile Cirtoaje, MS, 2006) 
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8. Let s > 0, and let 21,29, . „£n be non-negative real numbers such that 
zı +z +- -+2, = 8. Then, 


a k 
(1+ 27) (1+23)...(1 +27) < mex (14 z) . 


(Vasile Cirtoaje, CM, 8, 2005) 
9. If a,b,c,d > 0 such that a+b+ c+ d= 1, then 


(1+ 2a)(1 + 26)(1 + 2e)(1+ 2d) | 125 
(I—a)(i—b)(1—c\(1-d) ~ 8 


10. Let £1, £2,...,Zn be non-negative real numbers such that 
gi ttot °° +2, = 1. 
If m > —1, then 
TA p (ny 
1-2; geken k-1/) ` 


(Vasile Cirtoaje, CM, 7, 2004) 


11. Let 21,22,...,27 be non-negative real numbers such that 
2 
z1 Hra + e tEn = 3° 
Then 
TiTi < 1 
1<i<j<n (1 — 2i)(1 — 25) ~ 4 
(Vasile Cirtoaje, MS, 2005) 
12. Let £1, £2,..., £n be non-negative real numbers such that 


j+2g9+-:+:+2n= 1 


and no n — 1 of which are zero. Then 
2,2; n 


1<i<j<n (1 —2i)(1—2;) ~ 2(n—1) | 


(Gabriel Dospinescu, MS, 2005) 
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13. If a,b,c,d > O such that a+ b+ c+ d= 4, then 
(1 + 3a)(1 + 3b)(1 + 3¢)(1 + 3d) < 125 + 131abed. 
(Pham Kim Hung, MS, 2006) 
14. If a,b,c,d > 0 such that a +b + c+ d = 4, then 
(1 + 3a?)(1 + 3b?)(1 + 3) (1 + 3d?) < 255 + abee. 


( Vasile Cîrtoaje, MS, 2006) 


15. Let 21,22,. .,2n be positive numbers satisfying 
1 
VU12Q.. ti =PST4 
Prove that 
1 + 1 4 + 1 < n 
l+2, 1+? l+2,7~ l+p 
16. If a1, a2,...,an are positive numbers such that 
n 
yarara =p S |1, 
then 
1 1 1 n 
2 2 + 7 Š 2 
(1 + a,) (1+ a2) (1+ ay) (1 + p) 
6.4 Solutions 
1. [fa,b,c,d >0 such thata+b+c+d=A, then 
a) —+_, 1, 1 1 <]: 
- 5-abe 5-bed 5—cda 5-—-dab7 | 
1 1 t 1 5 
b) —— a 


4—eabe 4—bed 4-—cda 4—dab- 11° 


Proof. If at least two of the numbers a,b,c,d are equal to zero, then the 
inequalities are clearly true. Assume now that at most one of a,b,c,d is 
equal to zero. 
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a) Denote the left hand side of the inequality by F(a,b,c,d) We will 
show that F(a,b,c,d) > F(t,t,c,d) involves F(a,b,c,d) < F(0,2t,c,d) for 


+b 
a >b>Oand t= ———. Then, by AC-Theorem it follows that 


9 
444 
9 —- = = 
F(a,b,c,d) < max { F(4,0,0,0), F(2, 2,0,0), F € 355 0) FOLLI} 
Since F(4,0,0,0)= F(2,2,0,0)= 4, P (4,5,4,0\—2 and F(1,1,1,1)=1, 
mece ( 9Y; )= (2, Vy Jez 3 3? 3’ = ypg aN ( 


we get F(a,b,c,d) < 1 
Let us show now that F(a,b,c,d) > F(t,t,¢c,d) involves F(a,b,e,d) < 


a+ 
F(0,2t,c,d} for a > b > 0 and t = 5 Write the given inequality 
F(a,b,¢,d) > F(t,t,c,d) as 7 
2(5 — tcd) __ 2 > 
(5 —acd)(5 — bcd) 5-— tcd 
(e)a) 

> (52e 5—abe 5— td 5~—abd/- 
Dividing by the positive factor t? — ab, the inequality becomes 

207d? c 4 d 

(5— acd)(5—bed)(5—tcd) > (5—abe)(5—t2c) (5—abd)(5-t?d) © 


Since 
c d > c + d 
(5 — abe) (5 —t2c) + Gmabay(5—t2d) ~ 5(5—fc) 56-4)’ 
we get 
Ied? c d 
— S t 
(5 — acd)(5 — bed)(5 — ted) 7 5(5 — t?c) t 5(5 — t?d) () 


Similarly, write the required inequality F(a,b,c,d) < F(0,2t,c,d) as 
follows 


i 1 1 ] ( 1 1 \<! 1 1 
— —— —— p) H M, 
(r =) + (= 5) + (52a | Babe) $5 t 52 3tcd 


abc abd 2(5 — ted} 2(5 — tcd) 
at n tt ooo oon 8 ee 
5(5— abc) 5(5—abd) (5 —acd)(5 — bed) ~ 5(5 — 2tcd) 
c d 2c?d?(5 — ted) 


5(5 — abe) + 5(5 — abd) S 5(5 — acd)(5 — bed) (5 — 2ted) 
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Since 


it suffices to show that 
c F d < 2? d 
5(5 — abe) 5(5 — abd) ~ (5 — acd)(5 — bed}(5 — ted) 


This inequality immediately follows from (1). Equality occurs if and only if 
a=b=c=d=], 


b) Let 
1 1 1 | 
F(a,b,c, d) = 1- abc 4- bcd * 4— cda ` 4- dab 
a+b a+b 
As in the preceding case, we can show that F (a,b,c, d) > F soe d 


involves F(a, b,c,d) < F(0,a+6,c,d) for a >b > 0. Then, by AC-Theorem, 
we have 


F(a,b,c,d) < max { F(4,0,0,0), F(2, 2,0,0), F ( 15950) F(1,1,1,1)}. 


| 


444 15 
Since F'(4,0,0,0) = F(2,2,0,0) = 1, P( 3.5059) = 7 ond F(i,1,1,1) = 


4 
z’ the desired inequality follows Equality occurs when one of a, b, c, d equals 


4 
0 and the others equal 3° o 


* 


2. Let m and n be integer numbers such that n > 3 and1 < m < n, and let 
£1,%2,. . Zn be non-negative numbers such thatz,;+29+- +2, =n. If 


n m 
p> (=) , then the function 


1 


F(21,22, ..,2n) = P = 
— tt ia ten 


1<ip< <im<n? 


e . n 
is mazimal fort ti = = 2, = E and kyi = -: = £n = 0, where 
ke{m,m+1,. n}. 
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n m 

Proof. For p > @ , we have 
m 


Zi Tis -Lim S (FA T + Fie L -t Tin)" < (=)" <p 

If at least n—-m-+1 of the numbers z; are equal to zero, then the function F is 
minimal Therefore, we will assume now that at most n — m of the numbers 
x; are equal to zero; that is, at least. m of the numbers zx; are strict positive 
According to AC-Theorem, it suffices to show that for x > y > O and 


T+ . 
t= — S the inequality F(x,y, £3, En) > F(t,t,£3,. .,2,) involves 


F(£,Y, £3, - 2n) < F(0,2t,23, - ,2n) 
For convenience, let us denote 


A; = ti Limo Bi = Th Zim- Ci = Zi -fi 


™ 


and 


>> FAs) = >» f (£i, Zino) 


ISi <im—2Sn 


X f(Bi) = D f (Tia -tin_s), 


3<i,< <im—1<n 


YC) = 5 f (zi - Lim) 


3<i < Lim EN 


where f is an arbitrary function. 
We have 


1 i 1 l 

F(x, Y, £3, .. „£n)= >> nA p—-zB; +5 z5 t p—C; = 
E 1 2(p—tBi) 1 

~ 2 p-rydi t> (p—xB:)(p—yB:) + 2 p—Ci 


1 2 l 
F(t, t, £3, tn) = pA + oe, + sre 


and 


n~-2\1 2(p — tB;) 1 
F(0,2t,£3,. oan) = ( JHL oway tara 


m—2/p 


Thus, we may write the inequality F(z,y,73, Zn) > F(t, £3,  -,2n) in 
the form 


2(p — tB;) 2 ( 1 1 ) 
Ee —_—_— > ne ones 
2 p — 2Bi)(p — y Bi) 2 DB, 2 p-t?A; p—ryÁi 
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After combining and dividing by the positive factor t? — xy, we obtain 


2B? Ai 


—1——_ > S ese 
2 (p—zB:)(p — yB:)(p—tB:) 2 (p—zyA;)(p—tA:) 
Since at least m — 2 of the numbers z£3,...,£n are non-zero, we have 


Ái A; 
2 (p — zyAj)(p — t A:) >) p(p — xyA;) 


Consequently, 


9B? A; 
3 (p — zB:)(p — yB:)(p — tB;) 2 p- ayA) (2) 
Similarly, we may write the required inequality 
F(z,y,%3, . £n) < F(0,2t,£3, £n) 
as follows: 
1 1 2(p — t Bi) 2(p — tB;) 
— -j+ oe ee L ——__—. 
2 CT 3 2 (p — xB;)(p — yB:) 2 p -aB 


y ry A; 5 2ryB?(p — tB;) 
p(p— ryd:i) — — p(p —2B;)(p — yB;)(p — 2tB;) ’ 
2B? (p — tB; 
p~ ryA; (p — xB:)(p — yBi)(p — 2tB;) 
Since 
p-tBi | Pp 
p — 2tB; 7 p — tB; , 


it suffices to show that 


2 
y A; < y 2pB; 
p— xyA; (p — 2B;)(p — yB:)(p — tB;) 
But this inequality immediately follows from (2) o 


From the above statement, we can deduce the following results. 
Proposition. Let m and n be arbitrary integers such that 


n>3 andl<me<n, 
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and let 
(mn) = 
m 
q= m 
n m 
9195 
mj \n 
Let £1,22,...,2n be non-negative numbers such that ti tot --+2n =n, 
and let i 
F(z1,£2,..., n) = 5 


1< <imen P T Vir Pig +++ Pim 
a) For p > q, we have 


F(z1, £2,- Zn) < F(1,1,...,1); 


n m 
b) For (=) <p<q, we have 
m 


n 
F(21,22,---;2n) <F(=,. 20, 10). 
m m 
Corollary 8. Let aj,a2,. .,a, be non-negative real numbers such that 
ai +a +: + an = n, and let 
1 1 1 
Flai, az.. ,@,)=———- + H : aO 
(a1 a2 an) p—agag ..-ân pP—agag... aj p—aia? ...aân-—i 
If , 
n= n — ljen- 
ent = (1+ ) and q=. Jen—t 
n—-1 n — En] 
then 
n 
a) F(a1,a2,.--, ân} < p-1’ for p > q; 
n—1 I 
b) F(a,,a@2,-.-,@n) S + ———_., forén-1 < Pq. 
P P—€n-1 
Corollary 9. Let a1,a9,...,@n be non-negative real numbers such that 


aj +a +’: + an = n, and let 
1 
F(a1,a2,. ,@n)= 5y -u 


Then 
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n(n 5 Unt) 
a) F(a, a2, an) S 2(p 1) , for p22 9 } 

(n —2)(n + 1) 4 n? n(n+1) 
b) Par, a2, an) S 9 —— pone OT SPS 


For p =n + 1, from Corollary 1 we get the following nice statement: 
e Let a,,a2,...,@n > 0 (n > 4) such that aj +a2+-+-+a, =n. Then 


ee — t o + -+ — b o < 1 
n+l—aza3 . an n+l-aza4 . a, n+-l—ajaz . an_i 
* 


3. Let a,b,c,d be non-negative real numbers such thata+b+cec+d= 1. 
Prove that 


a) 4(a* +b? + ê+ d3) 4- 15(abe + bed + cda + dab) 


21; 
b)  11(a9 + 6° +c? +d?) t 21(abe + bed + cda + dab) > 2 
Proof. Let p and q be real numbers, and Jet 

F(a,b,¢,d) = p(a? 4 b? + ê + d) + q(abe + bed + cda + dab) 


We claim that 


F(a,b,c,d) > 
11 111 1111 
> mi = a -,-,-,-}}= 
> min{F(1,0,0,0),  (5,5,0,0,),F(5,4,5.0).F (2, 5)} (3) 
or p 3p+q Pta) 
= min {p,Ẹ, 27 ° 16 


On this assumption, in the case a) with p = 4 and q = 15, we get 


F(a, b,c, d) > min fai, La} =1, 


which is in fact the desired inequality. Equality holds if one of a,b,c,d is 


and also if two of a,b,c,d are zero and the 


1 
zero and the others equal 37 


1 
others equal - 
Similarly, in the case b) with p = 11 and q = 21, we get 


F(a, b, c,d) > min {11, = ,2,2} =2 
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l 
Equality holds if all numbers a,b,c,d equal 7 and also if one of a,b, c,d is 


1 
zero and the others equal — 


In order to prove (3), we will use AC-Theorem, showing that the 
inequality F(a, b,c,d) < F(t,t,c,d) involves F(a,b,c,d) > F(0,a + b,c, d} 


+6 
fora > b > 0 and t = Lan The inequality F (a,b,c,d) < F(t, t, c,d) is 


equivalent to 
p(a? + b? — 2t?) < g(e + d)(t? ~ ab), 
or 
3p(a4 b) < qle + d). (4) 


On the other hand, the required inequality F (a,b,c,d) > F(0,a -+ b,c,d) is 
equivalent to 
p [a3 +63 — (a + b)*] + gab(e +d) > 0, 


or 


qlc + d) > 3p(a+ b) 
Clearly, (4) yields the last inequality. o 


Remark The inequality a) has the homogeneous form 
4(a? +b? + ê + È) + 15(abe + bed + cda + dab) > (a+ b+ c+ d}. 


Since 
(a+b+c+d} = Soa’ +3% ab(a +b) +6) abe, 


we get the inequality 
$a? +3} abe > >> ab(a + b). 
For d = 0, this inequality transforms into the third degree Schur’s Inequality 
a? + b? + & + 3abe > ab(a + b) + be(b + c) + calc + a) 
Similarly, we may write the inequality b) in the homogeneous form 
Soa? + X abe > = ab(a +b). 


* 
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4. If £1,223, .,£n (n > 3) are non-negative real numbers, then 
a) bri ae > S 5 x 22(21 + 2x2); 
n~-l 
b) x} i+ 5 2 212223 > $ zizo(z + z2). 


2 
Proof. For convenience, let us denote the sum 


Tifin. Ti 
t4+1<tr<ie< Lian 


j 


by XO visi 2i42 ...244;. Let p and q be real numbers, and let 


F(21, 22, tn) = p> 2] +q Y 22073 — S$ ziz(zı + 29) 


Since 
Do irazi +22) = ($21) (Sat) — oat, 
we get 
F(21,22,-.-,2n)=(pt PDDE +4% 212223 —() 2) ($ z?) . 
If 21,22,  ,2, are zero, the inequality is trivial Otherwise, due to homo- 


geneity, we may consider that $` z; = 1. We claim that 


F (21, 22,23, Tn) < F(t,t,23,. Zn) 


involves 
F(21,2%2,23,...,%n) > F(O,21 + 2%2,23,...,2n) 
2, +29 . 
for xı > 22 >Q and t = z Then, by the AC-Theorem it follows that 
F . > 
(z1,22,23, - ,2n)> mn f(k}, 
where 6(p + 1) + qlk — 1)(k — 2) — 6k 
_ Opt t+ ak — —2)—6 
f(k) = rs. 
. l 
is the value of F for z} =- = £p = Z and Tki =- -=2,=0. 


In the case a), with p = 1 and q = 3, we get 


(k= 2)(kK-3) g 


i(k) = <= > 
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for k € {1,2,...,n}, and hence F(2,,22,23, .,2%,) > 0. Equality holds if 
two or three of the numbers 21,22,.. ,2, are equal and the others are zero 


n 3 
In the case b), with p = 5 and g = Tt we also have 
2 n— 
F(21,22,23,.. ,2n) > 0, because 


(k—n)(kK-—n+1) > 0. 


Mk) = "yam aay 


Equality holds if either all numbers 2;,72,...,2, are equal or n — 1 of them 
are equal and the other is zero. 
Taking into account that 


S zizerg = xixa X 23 + (21 +22) > 2324 + So ravages, 
the inequality F(2;,22,23,.. £n} < F(t,t,23, ..,2n) is equivalent to 


(p+ 1) (x} + z3 — 2t°) + q(2122 — t°) $ z3- 
— (21 4+ 294+ 5-23) (xi +23 — 2t?) <0. 


Dividing by (z; — z2}*, it becomes 

(3p + 1)(2, + 22) < (4+2) J 23 (5) 
On the other hand, the required inequality 

F(x1,29,%3,. 2n) > F(0,2t,23,. ., £n) 

is equivalent to 
(p+ 1) (x3 + x3 — 81°) + qx,xr9 Y z3- (zit22+>) x3) (zi + a5 —4t*) >0 
Dividing by z;xz2, we get the inequality 

(q+ 2) 5°23 > (3p + 1)(21 + 22), 


which immediately follows from (5) 


Th — 
Remark For m € {3,4,. .,7}, p= 


3 
5 and q = ——,, we find 


k—m)(k —m+1) 
s=! a 
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Since f(k) > 0 fork e {1,2, n}, it follows that the following inequality 
holds for any m € {3,4, n} 


m— i1 3 
> Yozi + ma oe 212223 > S521 22(21 + 29). (6) 


Equality occurs if m or m — 1 of the numbers 27;,29,.. ‚£n are equal and 
the others are zero. 


> tize(er + 22) = (S021) (S21) — Oat, 


the inequality is equivalent to 
TE aft Š Eann > (Sa) (E24). (7) 
Since Yr? = (F21) —2 7 xy and 
Vat 3D zee + (Da) -3 (Za) (Haz), 
we may write the inequality in the form 
(Ea) +S Dae (Ta) (Dam). (8) 


Notice that the equivalent inequalities (6), (7) and (8) are valid for 
m € {3,4, .,n}, but are not valid if m € (3,n) is not integer o 


Since 


* 


5. Let a,b,c,d be non-negative real numbers. 
a) Ifa? +b? + +d? = 2, then 


a? + b? + è + d + abe + bed + cda + dab > 2, 
b) If a? +b? +c? +d =3, then 
3(a? +b? + c3 + d?) + 2(abe + bed + cda + dab) > 11 
Proof. a) Let 


F(a,b,c,d) = a? +b? + + d + abe + bed + cda + dab. 
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, a? + b? 
We claim that for a > b > 0 and t = , the inequality 


2 
F(a,b,c,d) < F(t,t,c,d) involves F(a,b,c,d) > F (0, võt, c, d). We see 
that 


PLLA HE+ 
and 
a? +b? +d =O? + (V) +0 4 a. 
Then, by AC-Theorem we have 


F(a,b,c,d) > 


mnd F(/3,0,0,0) Pao) F (y3, E Ao) 2 v2 ra 


= mm [avaa SE ava} =2, 


from which the conclusion follows. 
The inequality F (a,b,c,d) < F(t,t,c,d) is equivalent to 


a? +b? — 26 < cd(2t — a — b) + (c + d)(t? — ab), 


or 
44.644 4abt? cd c+d 
wen Soo t (9) 
2(a? + 63 4+ 2t7) ~ a+b+2t 2 
Similarly, the required inequality F(a,b,c,d) > F (0, V/2t,¢, d) is equivalent 
to 


cd (a +b- V2t) + ab(c + d) > 2/203 — a3 — 6, 


or 


cd cre, 3abt? 
a+b+ vt 2 ~ a b Hy 


To prove this inequality, it suffices to show that 


cd ote, Zabt? 
a+b+2t 2 = g8 +53 4248 © 


Taking account of (9), we have to show that 


at + bt + 4abt? > 6abt? 
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This inequality 1s equivalent to 
(a — b}? (a? + ab +b?) > O, 


which is clearly true Equality occurs when two of a,b,c,d are zero and the 
others equal 1 


b) Let 
F(a,b,c,d) = 3(a* + 6° 4 cè + d?) + 2(abe + bed | eda + dab). 
As in the preceding case, we can show that F(a, b,c,d) < F(t, t,c,d) involves 


F(a,b,c,d) > F (0, V2t,c, d) fora > b > 0 and t = 


AC-Theorem we have 


Then, by 


bo 


F(a,b,¢,d) > 
>min{r (/3, 0,0, 0) , (3-50. o) FC, 11,0), P(E Yh 


= min [ova o5, i1, a = 1l, 


from which the conclusion follows. 
The given inequality F(a, b,c,d) < F(t, t, c,d) is equivalent to 
3(a4 + b4 + 4abt?) 2cd 


were y a a SS d 
a34) Capot th (10) 


while the required inequality F (a,b,c,d) > F (0, Vt, c, d) is equivalent to 


2ed Qabt? 
—— = +e+d > ~~ 
at+b+ Vat a3 + b3 -+ 2/313 
In order to prove this inequality, it suffices to show that 
2ed betd> 9abt* 
a+tb+4+ 2t a3 + 58 4.223 


This inequality follows from (10) and 
at + b’ + dabt? > Gabt?, 
which is equivalent to 
(a — b)*(a* + ab + b?) >0 


Equality occurs when one of a,b,c,d is zero and the others equal 1. O 
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6. If a,b,c,d > 0 such thata+b+c+d= 2, then 


i + 1 + 1 + 1 ,, 16 
1+3a2 £4362 14 3c 14+ 3d2 7 7 


Proof. Let 


1 i 1 l 


F(a,b,c, d) = — 73 + a 
(aed = Tea tipo tira tye 


b 
We claim that fora > b > c and t = EL, the inequality F(a, b,c, d} < 
F(t,t,c,d) involves F(a,b,c,d) > F(0,2t,¢,d). Then, by AC-Theorem we 
have 


F(a,b, c,d) > 
22 2 i i £ 1 
< ? — — — a = — = 
< min { F(2,0,0,0), F(1, 1,0,0), F ( EORI EER, 
Oo {= 5 16 mL 
= mm ig TTS 7) 
The inequality F(a,b,c,d) < F(t, t, c,d) is equivalent to 
E S SSA 
1 + 3a? 1+ 3b 1 + 3t?’ 


or 
(6t? — 1 + 3ab)(t? — ab) <0 
(1 + 3a7)(1 + 3b?)(1 + 32?) ` 
Since t? — ab > 0, we get 
6t? — 1 +3ab < 0 (11) 


Similarly, the required inequality F'(a,6,c,d) > F(0, 2t, c,d) is equivalent to 
each of the following 
ee ee S 
1+3a2 1436? ~ 1+3(a+b)?’ 
ab(1 — 3ab — 18abt) 
(1 + 3a2)(1 + 36?)(1 + 1222) ~ ? 
i 


— _1 —6t? >0 
3ab 7 
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Using (11), we have 


— 3ab)* 
l 62 > L 4 30h 2 — LL 3) 


4 Uza) >0 
3ab = 3ab 3a 7 


The last inequality is strict because (11) yields 1 — 3ab > 6t? > 0 Equality 


l . 
occurs when a=b=c=d= 5 and also when one of a,b,c,d is zero and the 


2 
others equal F 0O 
* 
7. Ifx1,22, . „Zn are non-negative real numbers such that 


£i tza t-t Ens, 


then 
i 1 1 > m ks? 
ee Tyas Tear" eye 
Proof. Let 
i 1 l 
Plenan.. ota) = oat gt + Tye 


We have to show that F is minimal for 


1 
Bl So = Bes and kyi = = Tn =0, 


where ke {1,2,...,n}. By AC-Theorem, it suffices to show that for z>y>0 


z+ 
andt= aa the inequality 


2 
F(x, y,23,...,2n) < F(t,t,23,...,2n) 
involves 
F(z,y,23,.. ,2n) > F(0,2t,23,..., £n). 
To this effect we can be use the same way as above. o 


Remark. From this application, we can deduce the following result. 
e Let x1,%2, . ,2n be non-negative real numbers such that 


zı T2 + tEn =S, 
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and let 
1 + 1 4 + t 
1+2?  1+23 14220 


a) Ifk € {1,2,...,n— 1} and /k(kK-1) <s < /(k(K+ 1), then 


k?n + (n—k)s? | 


F(21,29,-- Tn} = 


F(£1,£9,..-,£n) > 


k2 + s? ? 
b) If s > yn(n-— 1), then 
3 
n 
F(a, 22,...,2n) > ne 4 s? . 
* 
8. Let s > 0, and let 21,29,.. ,2n be non-negative real numbers such that 


zı +z +- +2, =8. Then, 


a, k 
(1 +2?) (1+2)... (1 +27) < max (1+ 5) . 


Proof. Let 
F(23,£2,..., En) = (1 +z?) (1 +23) Lee (1 +z?) . 


x+ 
By AC-Theorem, it suffices to show that for x > y > 0 and t = Y ; 


F(x,y,23,-.-,2n) > F(t,t,23,...,2n) 


involves 
F(2,y,23,..-,2n) < F(0,2t, 23,...,2n) 
Since 
F(2,y,23,.--,tn) — F(t,t,23,...,2n) = 
= (t? — ry)(2— zy — t?) (1 + z3) . (1 +23) 
and 


F(2,y,23,---)2n)—F (0, 2t, 73,...,%n)=xry(xy—2) (1+23) o (1+r3) , 


we have to show that 2 — ry — t? > 0 implies zy — 2 < 0. Indeed, we have 
2— zy >t >0. O 
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9. Ifa,b,c,d>0 such thata+b+c+d=1, then 


(1 + 2a)(1 + 26)(1 + 2c)(1 + 2d) | 125 
(L—a)(l1—b)(l-e)(i1-d) ~ 8 
Proof. Let us denote the left hand side of the inequality by F(a, b,c, d) 
+b 
We claim that for a > b > 0 and t = a the inequality F(a,b,c,d) < 


F(t,t,c,d) involves F(a,b,c,d) > F(0,2t,c,d). Then, by AC-Theorem we 
have 


F(a,b,¢,d) > 
i ilil i 1i1ll 
< mi a -,-,-,7)7= 
< min {F (5,5,0,0),P (3.3.5.0), F(4.g+4:q)} 
12 5 
= min {16,5 16} = 


The inequality F(a, b,c, d) < F(t,t,c,d) is equivalent to 


(1+2a)(1 + 26) 1 +4 2t\? 
(1 — a)(1 —b) (=r) 


or 


3(4t — 1)(t? — ab) 
(i — «)(1 = a)(1 — 5) 


<0. 


1 
Since t? — ab > 0, it follows that t < — On the other hand, the desired 
inequality F(a, b,c, d} > F(0,2t,c, d) is equivalent to 


(1+ 2a)(1+ 2b) 14+4¢ 
(1—a)(1—b) SITH’ 


or 
3(—4t + ijab 
> 
(1 — 2t)(1 —a)(t — 6) ~ 0 
i 
Since i < 7 the inequality is clearly true. Equality occurs when one of the 


1 
numbers a,b,c,d equals 0, and the others equal z: go 


* 
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10. Let 21,22,...,2n be non-negative real numbers such that 
aj) +29+--:+2,=1 


Ifm>-—l, then 


1+ mri . E + my 
II > min |——]. 
wy l- zi ~ 2ken\k-1 


Proof. Let 


1+ m2; 
F(21,22, .,2n) = [| ~ 
We have to show that F is minimal for 


z= = Tha 7 and 24, =` =2n =0, 
where k € {2,3,. .,n}. By AC-Theorem, it suffices to show that for 
r+y . . 
x>y>Oandt= 7 the inequality 
F(£,Y, £3,- Zn} < F(t, t,23,...,2n) 


involves 
F(z,y,23,.--,2n) > F(0, 2t,23,...,2n). 
We may write the inequality F(z,y,73,...,22) < F(t,t,23,...,2%n) as 


follows 


(1 + mx)(1+ my) 1+ mt\? 

(f—2)(1—y) < ( ir) i 

(m + 1)(2mt— m + 1)(£? — zy) 
(1 = t)(1 -—x)(1 — y) 


Since 12 — zy > 0, we get 2mt—m+1 <0 Similarly, the desired inequality 


< 0. 


F(2z,y,23, Zn) > F(0,2t, x3, . Zn) 


is equivalent to 
(1 + max)(1+ my) > 1 +2mt 
(Q-xz(1-y) ~ 1-2 


or (m +1)(—2mt +m — i)zy 


G-A-  ~ 
The last inequality is true because 2mt — m + 1 <0. Oo 
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Remark. From this application, we can deduce the following result 


e Let my be the positive root of the equation in m, 
1+ mft 1+m\* 
(+F) =(1+ 55) - 
Then, 
a) V5 = m > m3 >> >> Mni > 1]; 


1 
b) 11 ( = ) > (m+ 2), for m > mg; 


n fltmsa k+m 
IL ( “Je (2 Fem for my < m < mys and ke (3, 
n f1+mz; m+n\" 
d > | —— — < . 
) IT ( a ) > (=) for —1 < M < Mni 
* 
11. Let 2),22, „Zp be non-negative real numbers such that 
2 
T1 + T2 + C +In= g 
Then 
Titi < i 
1<i<j<n (1- x;)(1 — Tj) 4 
Proof. Let 
F(21,22,-..,2n) = aie 


1<i<j<n (1 7 x:)(1 ~ zj) l 
, r+y , , 
We claim that for z > y > 0 and t= "> the inequality 


F(2,y,%3,...,2n) > F(t,t,23,..-,2n) 


involves 
F(x,y,23,...,2n) < F(O,2t,23,. . £n). 
Then, by AC-Theorem, we have 


l<k<n 


.,n—1}; 


2 — 
F(21,%2,...,2n) < max F(= 22 o0 0) = max 2—1) 


rrr gp? 1 


i<ken 3k—2 2° 
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Since 

2k(k—1) 1 

(3k — 2)? 4 = 4(3k — 2)? 
the desired inequality follows 


The inequality F(2,y,23,...,2n) > F(t,t, £3, . £n) is equivalent to 


zy o Ë (= y w N\A 2; 
(l-—z)(1-y) (iit l-2'1-y a) Sree 


or 


t? — ry 8-1 4201 RE oe 0 
(l-a)(1—y)(1—- 1)? |" G- È Tz > 


Since t? — zy > 0, we get 


m- 1421-1) 0 “i_ 50, (12) 


The required inequality F(2z,y,23,---,2n) < F(O,2t,23,...,2n) is equiva- 
lent to 


ry x yY 2t ) T Tj 
— I gp < 
(1-2z)(1-y) + = tT 1—2t 2, l-z; T 0, 


or 


ry D Tj 
Ti 0A rn a <? 


j=3 


Taking account of (12), this inequality is clearly true 


1 
Equality occurs if and only if two of z; are equal to 3) and the others 


are zero O 
Remark 1. From the above proof, we can formulate a more general state- 
ment. 

e LetO<s <1, letx,,22,.. ,2n be non-negative real numbers such that 
Tyi +r t -+2, =8 and let 
TiTi 


F(21,22,.- T )= 1 mil mr.) 
n 1<jcj<n (1 — x;)(1 — z4) 
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Remark 2 For z; + 22 +: + £n = 1, the inequality holds 
LiL; 
——_—_—- < 1 
2 (1 — x:)(1 — z5) 


1<i<j<n 


Indeed, assuming that z; > 49 >-- > zp, we have 


Tifi 1 _ 
sigen (17 @i)(1 zj) ~ (1 ~ 2))(1 — 29) Pia 7 
1— (x? +r} +- - +23) 
~ "8 = 21 )(1 — 22) 
1- (si +s) | _(eitm-1? 2, 

T 2(1 — 21)(1 — z2) 2(1 —21)(1— 22) ~ 
Under the assumption z; > £2 > - > Zn, equality occurs if and only if 
t3 = -=2,=0. 

* 

12. Let x1,x2,.. , 2p be non-negative real numbers such that 


Zj+2%e+-: +2,=1 


and non — 1 of which are zero. Then 


Lit; > n 
1<i<j<n (1 = z;)(1 — 23) 7 2(n 7 1) 


Proof. For n = 2, the inequality becomes equality Consider now that n > 3. 


3 
We will show that the inequality holds if one of z; is larger than T Indeed, 


3 
if zı > —, than 


4’ 
n n 
TiTj £42; £) 
i<tagsn (1 2:)(1 — z3) ees )(1 — 25) pom g” 
3 n 
= “> 
"1? 4 = n] 


3 
Consider now that 0 < z; < 7 fori =1,2, .,n. Let 


TiTi 


F(z1,22, .,2n)= mono. 
1<igjsn (17 Ti)(l — 25) 
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z+ 
We claim that for r>y>0 and t = —, the inequality 
F(x, y,23,...,2n) < F(t, t,23,-.-,2n) 


involves 
F(2,y,23, Zn) > F(O,2t,23,...,2). 


3 


Since the symmetric function F'(2;,29,...,2,) is continuous forO < z; < T 
by AC-Theorem we have 


F(x1,22,. ,%n) > min F(z 510), 0) = 


which is just the required inequality. 
From the preceding proof, we may assert that the given condition 


F(x,y,23,.--,2n) < F(t,t,23, - En) 


yields 


no 
2t—1+2(1 ep eee <0, 

whereas the inequality F(z,y,23,. .,2n) > F(0,2t,23,...,2n) is true if we 

show that 

7i >0 


1-2 420-) F 


jag lT 


The conclusion follows. For n > 3 equality occurs if and only if 
1 


T,=% = =E. O 


* 
13. Ifa,b,c,d > 0 such thata+b+c+d=4, then 
(1 + 3a)(1 + 38)(1 + 3c)(1 + 3d) < 125 + 13labed. 
Proof. Let 


F a,b,c,d) = (1 + 3a)(1 + 36)(1 + 3¢)(1 + 3d) — 13labed. 
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a+b a+b 
We claim that for a > b > 0, the inequality F(a, b,c, d) > (> ae a) 


involves F(a, b,c,d) < F(0,a + 6,c,d). Then, by AC- Theoren, we have 


4 
F(a,b,c,d) < max { F(4,0,0,0), F(2, 2,0,0), F ($, £, ,$,0),F(1,1,1,1)} 


From 
F(4,0,0,0) = 13, F(2,2,0,0) = 49, 


= 9 = 
riss — 0) 125, F(1,1,1,1) = 125, 
< 


we get F'(a,6,c,d) < 125, which is the desired inequality 
a+b a+b 
Since the inequality F(a, b,c, d) > F(S , 


se a) is equivalent to 


(a — b)* [131cd — 9(1 + 3c)(1 + 3d)] > 0, 
whereas the inequality F(a, b,c,d) < F(0,a+5,c,d) is equivalent to 
ab {9(1 + 3c)(1 + 3d) — 131cd] < 0, 
the conclusion follows. Equality occurs when a = b = c = d = 1, and again 
when one of the numbers a, 6, c,d is 0 and the others are equal to i o 
* 
14. If a,b,c,d > 0 such thata +b+c+d= 4, then 
(1 + 3a?)(1 + 3b?)(1 + 3c?)(1 + 3d?) < 255 + abea. 

Proof. Let 

F(a,b,c,d) = (1 + 3a”)(1 + 3b7)(1 + 3c)(1 + 3d?) — ab? <2? 
We claim that for a > b > 0 and t = sth the inequality F(a,b,c,d) > 


F(t,t,c,d) involves F(a,b,c,d) < F(0, 2t, c, d) Then, by AC-Theorem we 


have 


F(a, b,¢,d) < max { F(4,0,0,0), F(2, 2,0,0), F ($ , ER) FLAY). 
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4 4 4 


Since F(4,0,0,0) = 49, F(2,2,0,0) = 169, P(g. 


(t? — ab) [c*d?(t? + ab) — 3(3t? + 3ab — 2)(1 + 3c?)(1 + 3d?)] > 0 


This inequality implies 


cd? > 3t? + 3ab— 2 
3(1 + 3c?) (1 + 3a?) t+ab ` 


—— < 255 


and F(1,1,1,1) = 255, we get the desired result F(a, b,c, d) < 255 
The inequality F(a, b, c,d) > F(t, t, c,d) is equivalent to 


On the other hand, the required inequality F(a,b,c,d) < F(0,2t,c,d) is 


equivalent to 


ab [3(3ab — 2)(1 + 3c”)(1 + 3d”) — abe7d"] < 0, 


and it is true if 
2d? > 3ab— 2 
3(1 +3c2)(1 +34) ~ ab ` 
To prove this, it suffices to show that 
3t? + 3ab—2 3ab-—2 
————— > —. 
t?+ab © ab 


Indeed, we have 


3? + 3ab-2 2g 2 _ Bab 2 
t? 4 ab 7 t? 4 ab ab ab 


Equality occurs when a = b = c = d = 1, and again when one of the numbers 


4 
a,b,c,d is O and the others are equal to 7 


* 
15. Let 2),22, . ,2n be positive numbers satisfying 
1 
{/T1T2.. In =ps nol 
Prove that 
1 1 l n 
+--+ < 


i+a,? 1429 l+2, ` 31+p 


O 
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l 
Proof. We apply GC-Theorem to the continuous function f(t) = -—— 


1+t’ 
t > 0. Let us show that for z > y > 0 the inequality holds 


f(z) + fly) < max {2f (/zy),a+ b}, 


where a = f(0) = 1 and b = Jim f(t) = 0. Rewrite the inequality as 


l 1 
l re 
max | }> lta? l+y 
For zy < 1, we have 


1 l 2 l 1 


2 
n O _ — 
max {1} l+z l+y i+ zy l+r Il1+y 
2 
_ (ve- va) -v= o 
(1+ 2)(1+y) (1+ zy) 
For zy > 1, we have 
max —2— 1l- -l -l -lL 
1+,/Ty l+z 14+y l+z I1+y 
zy — 1 
= — 2 > 0. 
(l4+2)(1+y) 7 


On the other hand, we have 


ô= max [kja +kb+ (n — ky — ke) f(c)] = 


ky tkosn 
e>0 
n— kı — kọ 
= ky + ———— ] = -k — = 
ams, (B+ SPS) Tapa tm hh 
= pax (n— ko) =n -1 
and 
n n 
max{d,n = max į; n — l, — } = ——. 
(inf) = mar fn- 17) = 2 


By GC-Theorem it follows that 
n 


f(21) + f(22) +: + fen) < max {6,nf(p)} = + Fy 


3 


which is the desired result. 
For n > 3, equality occurs if and only if r} = tg =--- = En = p. O 
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* 


16. If a;,02,...,@n are positive numbers such that 


n 
t/ajaq...dn =p ar ae 


then 
1l 1 1 n 


(+a) * 4a tFn) = tee 


1 
(1 +t)?! 


Proof. We apply GC-Theorem to the continuous function f(t) = 
t > 0. Let us show that for x > y > 0, the inequality holds 


f(z) + fly) < max {2f (,/zy),a+ b}, 


where a = f(0) = 1 and b= lim f(t) =0 
Setting t= ./zy and s = 1 + x +y (s > 1+ 2t), we have 


1 1 241-20? 
f=) +0) = Gap t Gayl GEE 


and the above inequality may be written as 


l 2 TE 
ax <4 ———— —_—_— 
me" ty? +p 


For t > v2 — 1, we get 


2 s?+1— 20? s?+1— 207 © 
mo apie} pee wea 

9st? +444 207-1 2114 2t)e? +244 207-1 | 
“(eee 7 (s+?) ~ 
t7(4742)?-1 (t+ 1)?(t? + 2t—- 1) 


el es > 0. 
(s + t?)? (s+ t?)? = 
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For t < V2 — 1, we get 
s? 41-20? 2 s°4+1—2¢? 


2 — 
max papel} —* (+e)? OFP G+ PF 
(s— 1- 2) [(1— 2t- t?)s +1- t? -— 2] 
7 (1+ t)?{s +t)? 
(s—1—2t) [(1— 2t- 2?)(1 + 2t) + 1 — t? — 2°] 
(1+ 0)?(s + 0)? ~ 
_ 2(s—1—2t)[1—3t? — 2] 2(s—1—-2t)[(14-¢)(1-t—-2¢7)} 
(14 t)2(s 402)? 7 (1 + t)2(s + #2)? 


On the other hand, 


> 0. 


_ n—k,—ke _ 
= “hos th +n- k —ko)= pe —kg)=n-1 
and 
n n 
6 = — —— = =, 
max {6, nf (p)} max fn Lo} (+p? 
By GC-Theorem it follows that 
n 
f(21) + f(a2) +--+ + f (an) < max {6,nf(p)} = +p? 


Equality occurs if and only if x} = 22 =--- = £n = p. 
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Chapter 7 


Symmetric inequalities with 
three variables involving 
fractions 


In this chapter we are mainly concerned with some inequalities involving 
symmetric expressions as ones below, where a,b,c are non-negative real 
numbers, and r > —2, p and q are given real numbers 
BE = a(b+c)t+pbe b(c+a)+ pea + c(a + b) + pab 
1! Brodce ` @4+reata?  a?4rab4 b?’ 
a? + qbe b? + qca c? + gab 


k = b + rbot e +A, rapa +24 rab} b? 


7.1 Inequalities involving F) 


1. Let a,b,c be non-negative real numbers, no two of which are zero Then, 
alb+ c) b(c+a) c(a +b) 
b+ bet+c? © c2 4+ cata?’ a2+ab+b- 
2. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 
ab-—be+ca bc—ca+ab ca—ab+be 
“Rae ' ya > ate 


3. Let a,b,c be non-negative real numbers, no two of which are zero Then 


3 
>A. 
72 


? 


ab ~ 2be 4- ca 4 bc — 2ca + ab F ca ~ 2ab + be >0 
b — be 4 c? c? — ca + a? a? —ab+b = 
(Vasile Cirtoaje, MS, 2005) 
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4, Let a, b,c be non-negative real numbers, no two of which are zero. Then, 


1 1 1 9 
ep 5 > 
(b+)? + (c+ a)? + (a+)? ~ 4(ab+ be + ca) 


(Iran, 1996) 


5, Let a,b,c be non-negative real numbers, no two of which are zero. 
If r > —2, then 
y ab + (r ~ 1)be + ca > 3(r +1) 
P+rbete? ~ r4+2 ` 
( Vasile Cirtoaje, MS, 2005) 


6. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


D ab + 4bc + ca 

b2 + c2 
7. Let a,b,c be non-negative real numbers, no two of which are zero. If 
r > —2, then 


>r44. 


> ab + (r + 2)*be + ca 
b? + rbe + c? 

8. Let a,b,c be non-negative real numbers, no two of which are zero, let p,r 

be real numbers (r > —2) and let 


ab + pbc + ca 
E(a,b,c) = =) Parke 
Then, 
3(p+2 
a) E(a,b,e) > ser). forp<r-1; 


b) E(a, b,c) > te forr—-1l<p<(r+42)?, 
c) E(a,b,c) > 2,/p—r, for p > (r +2}. 
( Vasile Cirtoaje, MS, 2006) 


7.2 Solutions 
1. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


a({b +c) 4 b(c + a) _c(at+b) oy 
b2 -bete | ctcata? aFtab+b ~~ 
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First Solution By the Cauchy-Schwarz Inequality we have 


y ebte) a(b+c) (a+b+c)? 
erated = PO 
be 


Thus it is enough to show that 


9 a(b? + be +c?) 
(a+b+c)?>25° = 
Since (o? 2) 5 5 
a(b*+bc+ec c abe 
et afo+e- p) ab + ca bo’ 


the inequality becomes 


2abe ( =~ — -+ cota + a 7 2(ab+ c+ ca) a c 


Taking into account that the AM-HM Inequality yields 


1 1 1 9 
> ——— 
bre! ca at b~ (b+c)+(c+a)+(a+b)’ 


it suffices to show that 


Qabe 


— — 2 
aabdte > 2(ab+ be + ca) - a? — b’ — c? 


This inequality is equivalent to the well-know Schur’s Inequality of third 
degree 


a? +b? +c? + 3abe > ab(a + b) + be(b + c) + cafe + a) 


Equality occurs for the following four cases: a = b = c, a = 0 and b = c, 
b= 0 and c = a, c = O and a = b. 


Second Solution By direct calculation, we may reduce the inequality to 
D beft + cf) > VOe + e’), 
which is equivalent to the evident inequality 


X be(b —c)(b? — è) > 0. 
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Third solution (by Dariy Grinberg) The hint is to multiply the both sides 
of the inequality by a+6+c¢ We have 


a(b +c) a(b+c)(a+64c) E 
(a +b+c) Des - 2| = >|" b2 4 bet e? — 2a) = 
= 57 alabt ac BP d) y abla— b) ~ eafe~ a) _ 
7 aye — B + be 4 c? E 
-y ab{a—-b) abia~b) 
Oe etcatat 


1 1 
=E da~ b) (gaa -ara ) 7 


ab(a — b)? 
= SS 
(a+b+c)>" (b? + be + c?)(c? + ca + a?) 20 


From this solution, the following interesting identity follows. 


yaa a(b+c) =2+>> be(b y? 
bbe ` (a? + ab + b?)(a? + aet e?) 
* 


2. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


ab—be+eca be-—cat+ab ca—ab+be. 3 
b2 +e? c2 4 a? a? + b2 2 


Solution. We have 
D a =D eee 
> (b+ c)(a J D (b+c)(a—c) 
-5 EA ) ylba _ 


-F (a—b Fa pega 
iP ae a?) 


Thus, the inequality is equivalent to 
(b — e)? Sa + (c — a)? Sp + (a — b)? Se > O, 


where 
S= b+ c*)(ab + be + ca — a’). 
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Without loss of generality, assume that a > b > c. It is easy to check that 
S, > 0 and S, > 0. For nontrivial case S, < 0, it suffices to show that 


(b = €)? Sa + (c — a)? S, > 0, 
that is 
(a? +c*)(ab+be+ca—b*)(a—c)? > (6? +c)(a?—ab—be—ca)(b—c)’. 
This inequality follows by multiplying up the inequalities 
Ptb, 
a-~c>b-e, 
(ab + be + ca — b°) (a — c) > (a? — ab — be — ca)(b —c) 
The last inequality reduces to 


2a(a — c) + 2b(b — c) > 0, 


which is clearly true. Equality occurs for a = b = c, a = 0 and b= c, b= 0 
and c = a, c = 0 and a = b 


* 


3. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


ab—2bc+ca be—2ca+ab ca —2ab+ be Lg 
b? — be 4 e c? — ca +a? a? ~ab+bh2 T 


Solution. For a = 0, the inequality reduces to 


which 1s equivalent to 
(b ~ c} (è? + be +c?) > 0. 


For a,b,c > 0, the inequality follows immediately applying Lemma below to 


—1 
the function f(z) = ——. Equality occurs fora =b=c,a=Qandb=c, 
b= 0 and c =a, c =0 and a = b. 
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Lemma. Let f(x) be an increasing function on (0,00). If a,b,c are positive 
real numbers, then 


2f(a)~F(b)~ f(e) , 2f(b)- fle) Fla) , 2f(e)— fla) ~ f0) S g 


b2 — be+ c? c?—cata? a? —ab+b? = 


In order to prove Lemma, assume that a > b > c, denote 


X = f(a)— f(b), Y = f(b) -— fle), 
A= bete, B=2-ca+a, C=a*~ab+d’, 


and write the inequality as 


2 1 1 1 1 2 
2- -> ——+)> 
X(4-g-a)*¥ (3+5 70)" 
i it suffi h h — l o d 
Since X > 0 and Y > Q, it su ces to show that 7- 57 G2 an 
l 1 2 
G+ p g 20 Taking into account that B— A = (a — b)(a +b— c) 20 
and C — A = (a — c)(a + c — b) 2 0, we get 
2_1_1_B-A C-A y 


On the other hand 


1 1 2 B(C-A)-A(B-C)_ 
AtB c~ ABC = 
B(a — c)(a + c — b) — A(b — c)(a =b =c) 


ABC 


2 
The inequality at Ba > 0 is true since B > A, a—c > b—c and 
at+c—b>a-—b-c 


* 


4. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


1 1 i 9 


— > —— 
bic?’ cpa (a+b)? abt be + ca) 
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First Solution. Assume that a < b < c and denote z = b + c, y = c +a, 
z=a+b Then, we have to show that 


eDr-Er) (La) 29 
forz>y>z>Oandzr<y+z We have 
Xv -D)(Lz)-9= 
= (£A) (La) -9-2(L""- Lew) (La) = 
-¥ (4-2) - 0-27] (LA) - Dw-a* (2-3) 
Therefore, we may write the inequality as 


Sy — z)? Sz >0, 


where 2 l 

7 yz r2 

2 l 2 1 (y — z)(2y + z) 

nce S S=- >- L EE) So and 
Since 2 > 0, rz y? T (y + z)z y? (y + z)y?z 7 

3 3 

is, +28, =2(# n -1) 22( = -1) 20, 

TYZ T 

we get 


—z\ 2? ~ay\2 —*\2 —y? 
= (FF) rs (58) 2s > (E) - (58 es- 
y z y z 


- balta a) ele etue Wg $0 


Equality occurs for a = b=c,a=Oandb=c,b=0andc=a,c=0 and 
a=b 

Second Solution Since the inequality is homogeneous, we may assume 
that ab + be+ca=1 In this case, the inequality becomes 


1 + 1 1 > 2, 
F) "(cpa (a+b)? 
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We will show that the following sharper inequality holds for ab+ bc+ca = 1: 


1 9 1 be(b — c)? 
c > +l y M., 
Dar =4T 72- (b + c)? 
Since 
m? 2 Apr n2 22 
1 y> bel? c)* _ lbe(b+c) we =le- F bte -= 
4 (b +c)? 4 (b+c) 4 (b+ c) 
1. be? 
4 (b+ £)?’ 
we may write the inequality in the form 
146%? 14c?a* 1+4a7b? _ 5 
Eo c 5 + 5 >n. (1) 
(b+c) (c+ a) (a+b) 2 


This inequality was given at Mathlınks Contest in 2005. Taking into account 
that 


1 + bc? _ (“= ay be? 


(b+)? b+e (b+c)? — 
7 be \? Pe gt 2abe 2b? c? 
(c+ =) + bye b+e (b+c)?’ 


we may write (1) in the homogeneous form 


2be b+e 2b? e? _ be > 
) (b+c)? 2|? 


Le-Deta Dhs- F 


which is equivalent to 


or 
(b — c)? Sa + (c— a)? Sy + (a — b)? Se > 0, 


where > 2 
_ bt + bc + c* —ab—ac 


o (b +)? 
Without loss of generality, assume that a > b > c We see that 


c? + ca +a? — be — ba (a—b)(ate) +t . 
S = —__—___—_—_ = a lM 


(c+ a)? (c+ a)? 0 
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and 
g a? + ab + b? — ac — be | a? + ab + b? — b(a +b) S0 
o (a +b)? ~ (a +b)? l 


For nontrivial case S, < 0, it suffices to show that 
(b = c)?’ Sa + (c — a}? S, > O, 
that is 


(c?+ca+a?—be—ba)(a—c)? 
(a +c)? 


(ab+ac—b? —be—c*)(b—c)? 
(b +c)? 


This inequality follows by multiplying the inequalities 


> 


c? + ca +a? — be — ba > ab pac — b? — bese? 


and A b 5 
(a-«)? , (b=) 


(a+c)? © (b+c) 
The first inequality is equivalent to (a — b)? + 2c? > 0, while the second 


c_ b-c 
> ——, that is c(a — b) > 0. 


a 
inequality is equivalent to z 
Equality in the original inequality and also in (1) occurs for a = b = c, 

as well as fora = 0 and b = c, b = 0 and c = a, c = 0 and a = b. 


Remark. Michael Rozenberg noticed that 


b — è — a(b? — e?) 


20 _ -e _ 
S-(o- eo) Sg = 5 (b ) (b+ c)? 
-F-a + la~ e) 


(b -+ c)? 
p c 
= $ (b-c)(b — Erp + J b- c)(a — Vey ce. 
a? a? 
— $ (a-— b)(a ~ Vay + 5 (e — a)(b— a) (c + a)? = 


where 


2 
a 
Sa = (5) + 


Assume that a > b> c Since (c — a)(c ~b) > 0, it suffices to show that 


(a — b)(a ~ c)Sa + (b — c)(b ~a)S > 0 
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But since a~b > 0 and a—c > b—c > 0, it suffices to prove that Sa — S, > 0. 


We have 
a? — b? a y? b \? 
aa S(t (ph) 
aed (a+b ate b+c 

-2b c(a — b) ( a b ) 20 

a+b (atec\(b+e)\ate btef 7 ` 
Third Solution (after an idea of Marian Tetiva) Let 
ee cee ae 
(b+c)? (c+a)? (a+b)? 
Because of the symmetry, we may assume without loss of generality that 
a = minfa, b,c} Under this assumption, we will prove the desired inequality 


E(a, b,c) = 


by using the following chain of inequalities 


9 


> > ————— 
E(a,b,c) > E(a,t,t) > Watt’ 


where t = y (a + b)(a + ¢)—a. It is easy to check that t(2a +t) = abt+bc+ca 
This relation emphasizes the trick of the solution, to intercalate between 
the two sides of the inequality a new expression for E(a,b,c) obtained 
by equating two of the three variables (b and c) such that the expression 
ab + be + ca holds unchanged 

In order to prove the inequality F(a,b,c) > E(a,t,t), we write it in the 


form 
(a+b)? + (a+c) 2 l 1 


os OOT E > a l. 
(a + b)?(a +c)? (a+t)? ~ 422 (b+c)? 
Taking into account that a + t = y (a + b)(a + c) and 


b+e—2t=2a4+b6+4+c—2/(a4 bate) = 


(yar-yar = eo O 


the inequality is equivalent to 
(=e) (b—c)?(b+¢4 2t) 
(a + b)*(a +c)? 4t? (b+ c)? (va +b +Vate) 


Since (b—c)* > 0, it is enough to show that 


412(b +c)? (Vatb+ Vate >(at+d)*(a+c)*(b+e+22) 
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This inequality follows by multiplying the inequalities 
2 
(Va+b+ Vat c) >b+c42t 


and 
4t?(b +c)? > (a+b)? (a +c}. 


The first inequality is true because 


(Va+b+ a+c * = 204 b+c+2/(a+b)(a+c) = 


=2at+tb+c4+2a+ 2t>b4+c42t 


With regard to the second inequality, since t > vbe (easy to check) and 
a < vbe (from a = min{a,b,c}), we have 


2t(b + c) — (a +b)(a + c) > 2vbe(b + c) — (vbe + b) (vte + c) = 
= Vic (Vb - Ve)’ > 0. 


9 
Finally, the inequality E(a, t,t) > —-—-— is equivalent to 


T 4t(2a +t) 
1 2 9 
— 4+ —— > MoS 
at (a +t)? T 4t(2a +t) 
We have 
2 — 7\2 
t 4+ ——__ — _ 9 = _ ea- > 0. 
4t?  (a+t)? 4t(2a4+t) 2t?(2a + t)(a +t)? 
* 


5. Let a,b,c be non-negative real numbers, no two of which are zero. 
Ifr > —2, then 
> ab+(r—1)be+ca _ 3(r+1) 
b rbet © r42 


Solution. In order to prove this inequality we will apply the expanding way 
and will use then the following strong inequalities: 


Ya + 3abc > X be(b +c), 
(a — b)*(b — c)*(c ~ a)? >0, 
X be(b —c)*>0. 
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By expanding, we may write the inequality as E > 0, where 


E = {r + 2) [A + (r — 1)B] — 3(r +1)C 


and 


A= X a(b + c)(a? + rab -+ b”)(c? + rca + a”) = 
= (r? +r +2)abc $ be(b +c) +r b t(D + c?) 
+ 2rabe $ a? + ratb? c + 5 be(b4 + cî) +2 y BÈ, 
B= Y be(a? +rab+ b*) (c? + reat a?) = 
= 3r7a7b?c* + (2r + ijabe $` be(b +c) + 5° b3 + abc a’, 
C = (a? + rab + b?)(b? + rbe + c?)(c? + rea + a*) = 
= (r? + 2)a7b?e? 4+ r(r + 1jabc $ be(b + c)+ 
+r 5y b’? + rabe $ a? + Ss; b?c?(b? + eè). 
After some manipulations, we get 
E = (r+ 2)X + (r? — 1)Y¥ + 2(r — ljabeZ, 
where 
X = Y be(b4 + ct) — $7 bc (b? + c?) = Y belh? + be + c7)(b— c)? 2 O, 
¥ = 57 PePe) ~ 257 b8c? = S$ (b cc)? 2 0, 
Z= Xa- Y be(b + c) + 3abc > 0 


The inequality Z > 0 is well-known Schur’s Inequality. We have two cases 
to consider. 


Case r > 1 Since X,Y,Z > 0, it is clear that 
E = (r +2)X + (r? — 1)Y + Ar — 1)abcZ > 0 
Case —2 <r <1 Settmgr=-—2 in 
E = (r +2)X + (r? —1)Y + 2(r — 1)abcZ = 
= (r + J [A + (r — 1)B] — 3(r + 1)C, 


we get 


Y — 2abcZ = C = (a — b)? (b — c)’ (c — a)? > 0. 
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Thus, it follows that 2(r — l)abcZ > (r — 1)Y, and hence 
B> (r+2)X +(r?-1)Y + (r —1)Y = (7 +.2)1X + (r - YY] > 
> (r + 2)(X - 3Y) = (r +2) $ be(b— c)* > 0 
Equality in the given inequality occurs in the following four cases a = b = c, 
a = 0 and b =c, b= 0 and c = a, c = 0 and a =b. 
Remark 1. Actually, we found for E the following non-negative forms 
E = (r +2) J be(b? + be + e)(b- e)? + (r? — 1) $ be (b-— e)? + 
+2(r— l)abe $ a(a— b)(a — c) 
for r > 1, and 
E = (1—r)][(b—c)? + (r + 2) Y} beb- c)4 + (r +2) Y be (b-— c)? 
for —2 <r<1 


Remark 2. In the particular cases r = 1, r = 0, r = —1 andr = 2 we obtain 
the inequalities from the previous applications 1, 2, 3 and 4, respectively. 


* 


6. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 
y ab + 4be + ca > 
bte 5 
Solution. First notice us that equality occurs when one of a,b,c is zero and 
the others are equal. Let a < b < c and 


ab + 4bc + ca 
Blade ee 
We will show that 
E(a,b,c) > E(0,b,c) > 4. 
For a = 0 we have E(a,b,c) — E(0, b,c) = 0, and for a > 0 we get 


E(a,b,c)—E(0,b,c) _ b+c 4c? 4+b(c—a) 4b? +.e(b—a) 


a EATA e(c? +a?) b(a? +b?) >0 
. b c 
Letting now z= —+ 7, we find 
4 _~9 
E£(0,b,c} --4 = be a a eC 2) +0 


bpe e b T T = 
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7. Let a,b,c be non-negative real numbers, no two of which are zero. 


r > —?, then 
ab + (r + 2)*be4+ ca 

> . 

2, b? + rbe + c? arta 


Solution. Let a < b < c and 
ab + (r + 2)*be + ca 


E(a,,¢) = 2 b? + rbc + e 


In order to prove the desired inequality we consider two cases 


I. Case (r + 2)*b* > (r — 1)be + ca. 
We will show that 
E(a, b,c) > E(0,b,c) > r+ 4. 


For a = 0 we have F(a, b,c) — (0, b,c) = 0, and for a > 0 we get 


b+c (r + 2)?c? — (r ~ 1)be~ ab, 


B(a,b,c)-E(0,b,c)_ +e, 
~ b2 4 rbe + 0? c(c? + rca + a?) 


(r + 2)?b? — (r — 1)be — ca > 
b(a? + rab + b?) 
> (r +2)?c? — (r — 1)be— ab N 
e(c? + rca + a?) = 
(r +2)?be— (r—1)bc—be  (r?+3r+4)be 
= < >0 
c(c?+rca+a?) 


a 


> 
- c(c? + rca + a?) 


b c 
Letting now z = z+ p we find 


(r + 2)%be b c 
-r4 = = yp ir‘ 
E(0,0,c)—r—4 b? + rbc + c? et 7 
CE2 gorago ET 
rir 


II Case (r — 1)bc + ca > (r + 2)0? 
This condition yields (r — 1)b + a > 0, (r — 1)b + b > 0, and hence r > 0. 


‘Towards proving the desired inequality, it suffices to show that 


ca+(r+ 2)*ab + be 
> 4. 
a? + rab + b? art 
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Indeed, using the condition 


(r + 2)*b? 
(r-1)b+a 
yields 
b(a +b) 
c(a +b) +(r+2)ab _ _ o,(r-1l)b+ a Dna 
a? + rab +b? r—4> (r 42)" a? +rab +b? r=4= 
b (r +2)? 
—— yp gp LE _ 
= (r+ D oa ae r—4> 7 4 > 0, 


and the inequality is proved 
Equality occurs in the original inequality when one of a,b,c is O and the 
others are equal 
Remark For r = —1, we get the inequality from the application 6 More- 
over, the inequality is also valid for r = —2; that is 
a(b+c) b(c+a) c(a-+b) 
(b—c)? (c—a)}? (a-b)? 
* 


8. Let a,b,c be non-negative real numbers, no two of which are zero, let p,r 
be real numbers (r > —2) and let 


>2 


_ ab + pbe + ca 
Ma) = rere 
Then, 
3(p + 2) 
> — 1. 
a) E(a,b,c) > -t2 ,forp<r-—-l,; 
b) E(a, b,c) > < (r+ 2)’; 


c) E(a,b,c) > 2,/p—r, forp> (r42)?. 


Solution. a) For fixed a,b,c and r, consider the linear function 


p) = Set pet ca 3(p + 2) 
b? 4 rbe +e? r+2 


Since 


be 3 _ —(b — c}? 
Dimer r+2 = prat rer So 
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the function fı(p) is decreasing Therefore, it suffices to prove that 
fi(r — 1) > 0. Taking into account application 5 from this section, the 
conclusion follows Equality occurs fora = b = c. In the case p= r — 1, 
equality again fora = 0 and b = c, b = 0 and c = a, c= O and a = b 


b) For fixed a,b,c and r, consider the linear function 


— 2. 


b rbec+e r+2 


p) = Y t poe + oa p 


Since r— 1 < p < (r + 2)?, it suffices to prove that f(r — 1) > 0 and 
fo((r + 2)*) > 0 Taking into account applications 5 and 7, the conclusion 
follows Forr—1l<p< (r+ 2)?, equality occurs if and only if a = 0 and 
b=c,b=Oandc=a,c=Oanda=b 

c) The condition p > (r + 2)? involves p>O Let a < b < c and 


ab + pbc + ca 
E(a, b,c) l= area b? +rbe+ e? 
We have two cases to consider. 
I Case pb? > (r — 1)be + ca 
We will show that 


E(a,b,c) > E(0,b,c) > 2,/p—r 
For a = 0 we have E(a,b,c) — E(0,b,c) = 0, and for a > 0 we get 


E(a,b,c)—E(0,b,c) _ b+c pe? — (r — 1)be — ab 
a ~ b2 + rbe + c? e(c? + rca + a?) 
pb? — (r — 1)be — ca pe? — (r — 1)be — ab 
+ 2 n o”? 2 a = 
b(a? + rab + b?) c(c? + rca +a?) 
(r +2)2bco—(r—1)be—be  (r?+3r+4)bc 


e(c? + rca +a?) ~ e(e? +rca+a?) 
b c 
Letting now z = ot 5° we get 
pbe b c 
24292 = 
E(0, b,c) - 2yp +r = Pire} ctt vp +r 
2 
zr+r- 
= P peop- EHP so 


PEE rtr 
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Il Case (r — 1)be + ca > pb?. 
Since p > 0, this condition yields (r — 1)b+ a > 0, (r — 1)b + b > 0, hence 
r>0 In order to prove the desired inequality, it suffices to show that 


ca + pab + be 
a? + rab + b? 2 2yp— 


Indeed, 
b(a + b) 
c(a + b) + pab miba’ 
NET TPA o (r-lpota _ _} = 
a? + rab + b? 2VP +r > pb a? + rab + b? 2vP +r 
__ phy >P_»o -lm zs 
poppa Ptr, 2yp+r =- (r - yp) 20, 


and the inequality is proved. 
b c 
For a < b < c, equality occurs if and only if a = 0 and zt 37 Jp-T 


Remark 1. This application generalizes the preceding applications 1 - 7 
Moreover, the inequality c) is also valid for r = —2 and p > 0, that is, 


ab + pbe + ca 
bo 2 2(vp +1). 


On the assumption a = min{a, b,c} and p > 0, equality occurs if and only if 
b 
a = Q and - -+ z= Vpt2 


Remark 2 Por p = 1, we get the following inequalities 


1 9 
Yao d eS >2 
B+ rbete? ~ (+ o)(ab+bepeay’ O 72% 


] 2r +5 

x aay aU oy aooo —~l<or<?: 

D prera 2 FED ab Fhe ea) for l1<r<2; 

y 1 > 2—T 
b+ rbe +e? ~ ab+be+ca’ 


Remark 3. For p+r = 2, we get the inequalities 


Pareto FIUTA” Te 3! 
b+e 2 6 17 — 2 
5 p] ee a ) } for MT -5 opc? 
bt +rbe+ce (r+ 2)(a+b+4c) 2 3 
b+e 3—r+4+2/2—r V17—5 
> n —9% 
Pare e 2 atbte » for 2srs 2 
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7.3 Inequalities involving Ev 


1. Let a,b,c be non-negative real numbers, no two of which are zero Then, 


2a? + be 2b%? + ca 2c? +. ab > 9 
b? + ¢? c* + a? a2 +b2 — 2 
2, Let a,b,c be non-negative real numbers, no two of which are zero. Then 


2 2 2 

af + be b + ca c+ ab 
moo a ta re, oe i re rT] z 22. 
b¢+be+c* c*+ca+a a? +ab+ b 


(Vasile Cirtoaje, MS, 2005) 


3. Let a,b,c be non-negative real numbers, no two of which are zero. Fhen, 


a? +2bc b+2ca @+2ab_ 3 
a p a H S I’ 
a) bte c+ta a+b 2g (atbte); 
2 2 2 
b) a tebe b + Aca c +20) 9. 
(b+c) (c+ a) (a+b) 4 


c) 2a? + 5bc 4 2b? +5ca 2c? + 5ab > 21 
(b + c)? (c+ a)? (a+b)? 7 


T` 
(Vasile Cirtoaje, MS, 2005) 
4. Let a,b,c be non-negative rea] numbers, no two of which are zero. Then, 


a — be + b? — ca c? — ab >0 
9b? — 3be + 2c? 2c? — 3ca + 2a? 2a? — Bab + 2b? — 


(Vasile Cirtoaje, MS, 2005) 
5. Let a,b,c be non-negative real numbers, no two of which are zero Then, 


a? b? c? 
+ tal 
2b? — be 4 2c? © 2c? — ca + 2a? 2a? — ab+ 2b? ~ 


(Vasile Cirtoaje, MS, 2005) 
6. Let a,b,c be non-negative real numbers, no two of which are zero Then, 


2a? — be 2b? — ca 2c? — ab 
b? — bete © c2—cat+a* a2-—ab+b? T 


( Vasile Cirtoaje, MS, 2005) 
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7. Let a,b,c be non-negative real numbers, no two of which are zero. If 
r > —2, then 
2a? + (2r+1)be _ 3(2r +3) 
yy at ert ite 5 rta 
b? + rbe + e r42 
(Vasile Cirtoaje, MS, 2005) 


8. Let a,b,c be non-negative real numbers, no two of which are zero. Then 


a? + 16be 4 b? + 16ca c? + 16ab > 10. 
b2 +c? c+a a? +b? 
(Vasile Cirtoaje, MS, 2005) 


9. Let a,b,c be non-negative real numbers, no two of which are zero. If 
r > —2, then 


a? + 4(r + 2)%be 
a + A(r + 2)" ben . 
3 b? + rbe+ e? z4r +10 


(Vasile Cirtoaje, MS, 2005) 


10. Let a,b,c be non-negative real numbers, no two of which are zero, let 
q,r be real numbers (r > —2) and let 


B(a,b,¢) = ret + qbc 


+rbe+ e 
Then, 
3(¢ +1) or +1 
E b > < . 
a) E(a,b,c) > I2” for gS —5—; 
q 2r+1 
b) Efla,b,c) > —~~ 2 
) Ea, ce) 2 +2, for 5 <Sq<A(r + 2)’, 


c) E(a,b,c) > 4kr+12k*-2, for q=4k(r+2k)*?,k>1 


(Vasile Cirtoaje, MS, 2005) 


7.4 Solutions 


1. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


2a? +be 2b? + ca 2X? + ab 


9 
b? + ¢? Ora t ie Zg 
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First Solution. Since 


2(2a? + be) 2(2a? — b? — c?) (b-c)? 


bpe “7 Be T b2 4 @2? 


we may write the inequality as 


2a? — b? — ¢* 
25) a b? 4 c2 > eo 


But 


2a? — b? — e? a? — b? a? — c* a? — b? b — a? 
pre TL prat Bae 2ra t Lara 


=} (0-0) (ara arii 


a? — b?)? 
-EPLET 


Consequently, the inequality is equivalent to 
(b? — c?)? (b — c)* 
ee pee ne 
25, (c? + a?)(a? + b2) = » b2 + e 
Since (b? — c?)? > (b — c)?(b? + c°), it is enough to show that 
(b — c)? Sa + (c — a}? Se + (a — b)? Se > O, 


where 
Sa = 2(b? + c)? — (c? + a?) (a? + b°). 
Without loss of generality, we may assume that a > b > c. We have 
Sy = 2(c? + a?) — (a? + b?)(b? + °?) > 
> 2(c? + a”)(c? + b?) — (a? + b?)(b? +c?) = 
= (b? + c?)(a? — b? + 2c”) > 0, 
Se = 2(a? + 67)? — (b? +.¢7)(c? +a”) > 0 
and 
Sa + Sp = (a? — b?)? + 2c?(a? + b? + 2c?) > O 
Therefore, 
(b—c)?Sq + (c — a)? Sp + (a = b}? S: > 
> (b—c)*S_ + (a —c)?S > (b—c)?(Sa +S) > 0 
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Equality occurs when a = b = ¢, and also when one of a,b,c is 0 and the 
others are equal. 

2b*c? 
Bre 
2a? + be _ 2(a%b? + b?e? + ca?) 
a Co 


Second Solution (by Dari) Grinberg). Since be > and 


we have 
2a? + be 2,2 , 22.2) 22 1 
>22 ——. 
are = (ab tbe +a’) > ep 
Therefore, is it enough to show that 


l 9 
> (b? + c7)2 = 4(a?b? + b2¢2 + c?a?) 


This inequality is just Iran Inequality (see application 7 1.4) 
* 
2. Let a,b,c be non-negative real numbers, no two of which are zero. Then 


a? + be b? + ca c? + ab 
gbe dt arad aLa? 
btbe+te e+eceata a*+ab+b 


Solution. By Cauchy-Schwarz Inequality, we have 


Te (Sv a?)’ 14 Yat- abe Sa 


bere = S24 be A) 7 25 be? + abcd a 
and 
> be (So be)’ p Lite? +) — 2abe Y a 
b+ be+ 7 T S be(b? + be + e?) Doety be(b? + c’) 


Thus, it suffices to show that 


where 


X=} a- abe Ya, Y = SU be(b? + ê) — 2abe Sa, 
A= 25% be + abe Sa, B= SoBe? +S beb + e). 
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Since i 
X> Yee? -abc a= z2 a(b- e) >0, 
it is enough to show that B > A and X > Y We have 
B-A=9 beb +?) — Y be? — abc) a= 
=J beb- 0) +9 b? — abc} a= 
-Eidb- 0) +5 arb e0 
and 
X-Y =f aá +ab$ a- Y beb +e) > 0. 


The last inequality X > Y is just Schur’s Inequality of fourth degree. This 
completes the proof. Equality holds if and only ìf a = b = c. 


Remark. Actually, the following sharper inequality holds: 


2a? + 3be 2b? + 3ca + 2c? + 3ab 
Pobre peapa atab+e~ 


We will prove it at application 7 2.7. 
* 
3. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


a? +2bce bè+2ca c7 +2ab _ 3 


> 

a) b+e c+a a+b 2 g(at e+e); 
b) a? +2be b?+2ca Ê + 2ab 59 
(b+c)? (c+a)? (a+b)? ~ 4’ 


2a? +5bc 2b? +5ca + 2c? +5ab _ 21 
) ere t rae | (a+b) 


Solution. a) Since 


a? +2Qbe 3(b+c) _ (2a? — b? — ê) — (b — c)? 
bie 4 4(b+ ce) 


the inequality is equivalent to 


2a? — b? — c? (b—c)? 
22, b >) b+e ` 


c 
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Taking into account that 

9a? —b2-—¢? a?—b? ae? B D be? +y c2—b? B 
2 bte => bee tÈ bte | c+a a+b 


l 1 \ (b-c (b+ce) 
DO-A (a> ari) E erer 


the inequality transforms into one of type 
(b— e} Sa +(e- a)’ S + (a — b)?’ S, 2 O, 


where 


Sa = 2(b + £)? — (c + a)(a + b). 
Without loss of generality, we may assume that a > b > c. We have 
Sp = 2(c -+ a)?— (a-Hb)(b+c) > 2(c+a)(c+b)—(a+b)(b+e) = 
( 


( 
b+e)(a—b+2c) >0, 
Se = 2(a +b)? —(b+ e)(e+a)>0 


and 
Sa + Sy = (a—b)* + 2c(a+ b+ 2c) > 0. 
Therefore, 
(b — e)’ Sa + (c — a)? Sp + (a —b)*S, > 
> (b= c)’ Sa + (a — c)’ S, > (b — c)? (Sa + Sp) 2 0. 
Equality occurs when a = b = c, and also when one of a,b,c is O and the 


others are equal. 


b) Applying Cauchy-Schwarz Inequality and then the inequality a), we 
have 


2 2 
x + 2be 9 ; 

sn ot he b+e qiatbte) 
(+c)? © (a 42be) 7 (a+b+0e)? 


Equality occurs if and only if a = b = c. 


9 
1 
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c) Write the inequality as follows 
2a? +5be 7 
a Hl > 
2 | (b + c)? i =" 
5 4(a? = b?) + 4(a? — e) — 3(b — c)? 


(b + ¢)? 


ae =o pape g =)" 59 
roe tL epape A apo” 


(a— b)*(a + b)(a +b + 2c) ( 
4 s n aH 
Di (b +c)? (e -+ a)? -39 
Setting b +c = £, c+a = y and a +b = z, we may write the inequality in 
the form 
(y — z)?S, + (z — £} Sy + (£ — y)’ S; > 0, 


where 
S_=423(y + z)—3y?z?, Sy =4y3(z + 2)—32°x", S =42(x + y)—32"y’ 


Without loss of generality, assume that 0 < z < y < z. Taking into account 
that 
x+y—-z=2c>0, 


we have 


Sz > 3y(23 — 2’y) >0 
and 
Sy > 4x°y(z + 2) — 3272(2 +y) = 2" [4zy + z(y — 32). 
If y — 32 >0 then Sy > 0, and if y — 32 < 0 then 
Sy > 2" [4cy + (z + y)(y — 3z)] = 2°(32 + y)(y — 2) 2 0. 
Since Sy > 0 and S, > 0, it suffices to show that Ss + Sy > 0 We have 
Sp + Sy = 4zy(z? + y’) + Al? + y*)2 3l? + y*)2? > 
> dxy(x? +y’) + a(x? +y?) — 8(2? + y?)(z+y)z = 
= 4ry(x? +y’) + (x? — zy + y? (z +y)z 
If z? — 4zy + y? > 0 then S; + Sy > 0, and if x? — 4ay + y? < 0 then 
Sz + Sy = 4ay(x? +y’) + (2? — day + y?)(a +y)? 2 
> Qay(a + y)? + (29-day ty*)(z ty)’ = 
= (x-y) (z+) 20 
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Equality occurs fora = b = c, a = 0 and b = c, b = 0 and c = a, c = 0 and 
a=b 


* 
4. Let a,b,c be non-negative real numbers, no two of which are zero Then, 


a? — be b — ca ee 
> +5 sa On 2 0. 
2b? — 3be+ 2c? 2e — 3ca + 2a? — 3ab + 2b2 


First Solution The main idea is to apply the Cauchy-Schawarz Inequality 
after we made the numerators of the fractions to be non-negative and as 
small as possible To do this, we write the inequality as 


a®+2(b—c)? =? 4.2%c-a)? =? +. Aa — by 3 
2b? — 3be + 2c? 22 — Bea + 2a2 2a? — 3ab + 2b? 7 


According to Cauchy-Schwarz Inequality, we have 


(5 Sta? — 43 bc)" 


y a +b- SOD a -4 be) 
2b? — 3be + 2c? © S*(2b? — 3be + 2c”) [a? + 2(b — ¢)°] ’ 
and it remains to show that 
(65a -4E be) > 37(20? — 3be + 2) [a? + Xb — c)?] 
This inequality is equivalent to 
5 at + abc) a + 25 be(b? + c°) >6 Yre. 
We can get it by summing up the inequality 
Xattab) a> S be(b? + c*) 
to 


3S beb? + 7) > 6S b?c?. 


The first inequality is well-known Schur’s Inequality of fourth degree, while 
the second inequality is equivalent to 


3 be(b—c)? > 0 


Equality occurs fora=b=c¢c,a=Oandb=candc=a,c=Oanda—}5 
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Second Solution (by Ho Chung Siu). Since 


(a? _ 2(a*—be) _ ~ (a—d)(ate) +(a—c)(atd) 
2 OR tbe 4 WA a — 3be + 2c? 2 m — 3be + 2c? 


-5 (a— b)(a+c) +5 a)(b +c) _ 
a ey a Fear oa E 


eee ee 
2b? — 3be +2? 2c? — 3cat+2a2/ 


- F(a- (a? +ab+b’)—ela+b+ce) 
OR 3be + 2c?)(2c? — 3ca + 2a?) ’ 


the inequality is equivalent to 
(b — c)? Sa + (e — a)?’ Sp + (a — b)?’ Se > O, 


where 


Sa = (2b? — 3be + 2c?) [2(0° +be+c?)—alatot c)| . 


Without loss of generality, we assume that a > b > ce. Since $ > 0 and 
S. > 0, it suffices to show that Sa + Sẹ > 0; that is 


(2c? — 3ca + 2a”) [2(<? +ca+a’)—biatb+ c)| > 
> (2b? — 3be + 2c”) [ala + b + c) — 2(b? + be + c*)| 


We may get it by multiplying the inequalities 
2 — 3ca + 2a? > 2b” — 3be + 2e? 
and 
Ac? +ca+a*)—blat+b+c)>alatbt+e)— Ab? + be +c”) 


The first inequality is equivalent to (a—b)(2a+2b—3c) > 0, while the second 
inequality is equivalent to (a — b)? + c(a+b+c) >0 


* 
5. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


2 b2 2 
a c 
E taaa d1 
b2 — be 22 © 2c2—ca+2a2 2a? — ab + 2b? 


T4 Solutions 327 


Solution. By Cauchy-Schwarz Inequality, we have 


2 


a 2 
S > a?( 20° — be +- 20°) ate ae > ‘o> a’) . 


Thus, it suffices to show that 


(So a?)” > So a?(2b? — be + 2). 


The inequality is equivalent to 


Si at +abeS a> 25° be 


We may obtain it by adding the fourth degree Schur’s Inequality 


S) a4 + abe a> Y beb? +c?) 
to 
Y be(b? +7) > 25 ~ de? 
The last inequality reduces to X be(b — ce)? > 0 Equality occurs when 
a = b= c, and also when one of a,b,c is O and the others are equal 


* 
6. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


Qa? — be 2b? — ca 2c? — ab 
2 a+ 2 2 723 
b*—be+e c*—ca+a a*—ab+b 


First Solution Write the inequality such that the numerators of the frac- 
tions to be non-negative and as smaller possible, that 1s 


2a? + ( 2a* + (b — c)? 
>6. 
D iei a8 26 


Applying now the Cauchy-Schwarz Inequality, we get 
2 
sr 2a (b= 6)? + ( -9 S 4 (250 a? — $ be) 
b? — i te — YO (b — be +c”) (2a? + (b - c)”) 


We still have to show that 


2(2 Soa? — $7 be)’ > 35° (P — be + e?) ) (2a? + (b — e)?) 
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This inequality reduces to 


29 at + Qabe Sa +S be(b? + 6°) > 6S Be? 
We can get it by summing up the inequalities 
Yat tabe) a> Y be(b? +c’) 


and 


> be(b? +c?) > 2 Yee’, 


multiplying by 2 and 3, respectively The first inequality is well-known 
Schur’s Inequality of fourth degree, while the second inequality is equivalent 


to 


Y be(b— c}? > 0. 


Equality occurs for a = b=c,a=Oandb=c,b=0 and c=a,c=0 and 


a+b 


Second Solution. The inequality follows by applying Lemma from 


application 7.1.3 to the increasing function f(x) = 2? We get 


9a? —b2? — 2 2b? — ce? — a? = Ae2?# — a? — 
5p Ss 85 O, 
b? — be + e e—cata? a*—ab+b?) T 


which is equivalent to the desired inequality. 


* 


7. Let a,b,c be non-negative real numbers, no two of which are zero. 


r > —2, then 
5 2a? + (2r + 1)be > 3(2r + 3) 
bB +rbe+e © r42 ` 
Solution. There two cases to consider. 
I. Case r > —1. Since 


2a7+(2r+1)be _ 2r+3 2a? —b? ce? =? +-c7 +. (2r +1 )be B 2r+3 _ 


b24+rbe+e? r42 bearbe+e? + b24-rbe+c* r+2 
2a? -b -e — (r +1)(b—¢)? 


T Ba rbete  (r+2)(b? + rbe+c?)’ 


we may write the equality in the form 


2a? — b? — c? > tts (b—c)? 
D rrera? b2 4 rhe + e 


if 
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Since 
Qa? — b? e? -5 te | a? — b? +5 a-e n 
DEE t rbe +e b? + rbe + c? b 4 rhe + e 
a? — b? b — a? 


= ariera t 2 Fyre te E 


1 1 
— S A ee 
= Lil P (iTA Fyraa) 
-7 (a? — b?)(a — b)(a +b + re) 
— L (b2 + rbe + c2)(c2? + rea + a2) ’ 


the inequality is equivalent to 
(b — c)? Sa + (c — a)? Sp + (a — b)? Se > 0, 
where 
Sa = (r + 2)(b + c)(ra +b ++ e)(b? + rbe + e)-— 
— (r + 1)(c? + rca +a?) (a? + rab + b?). 


Due to symmetry, we may assume that a > b > ce To prove the inequality, 
it suffices to show that S, > 0, S, > O and Sa + 5S; > 0. 
We can prove that S} > 0 by multiplying the inequalities 


(7+ 2)(e+a)(atrb+c) > (r+1)(a? + rab +b?) 


and 
E treat? >b prde e. 


The first inequality is equivalent to 

(2 +r) +(2+r)(2a+rb)c+ (a —b)[a + (1 +r)d} > 0, 
and is true because 

2a+rb=2a—b)+(2+r)b>0 
and 
a+(l+r)b=a—b+(2+r)b>0. 

The second inequality is also true because 

Ê + rea +a? — (b? +rbe+c*) =(a—b)(atb+re) = 

= (a — b)[(a — c) + (b= 0) + (2+) > 0. 


330 Symmetric inequalities with three variables involving fractions 


We can prove that S, > 0 by multiplying the inequalities 


r+2>r+1, 
(a+b)(a+b+re)>c?+rea+a’, 
a? +rab+ b? >b?+rbc+c’. 


Indeed, 

(a+b\(at+b+re)—c?—rea—a® = b?— e + b[2(a—c) + (2+r)c] > 0 
and 

a? + rab +b? — (b? + rbe +c”) = (a—c)[a—b+(1+r)b+c¢] 20. 
In order to prove the inequality Sa + Sẹ > 0, we write it in the form 
caet + ge? + ene? + cre + co >, 

where 
= 2(2+ 71) 
=2(1 +r) 
=2(1+r) 
= (4+ 3r)(a? +b?) +r(1+r)ab(a + b) > (2+r)’ab(a +b), 
co = (a — b)? [a? +8? + (2+ r)ab] . 


(2+r)(a+ b), 
(a? +b? + rab), 


Since c4 > 0, c3 > 0, cp > 0, cı > O and co > O, the conclusion follows. 


1 
Il. Case —2 < r < —~. The hint is to apply Cauchy-Schwarz Inequality 
after we made the numerators of the fractions to be non-negative and as 
small as possible. To do this, we write the inequality in the form 


> 2a? + (1 +2r)be 1+ 2r > 6 
b2? + rbe+ e Qtr] —~24+r’ 


or 


oa 
b 4+ rbep oc? ~ 


where 
E, = 442r)a?—(14+2r)(b—c)? > 0. 
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We will show that 


Ea (So Fa)" 


pe > SS 
2 b? 4- rbe +e? 7 Y (b? +roc+e)Ea ~ 


The left inequality follows by Cauchy-Schwarz Inequality. In order to 
prove the right inequality, we see that 


SE = 21 —r) $ a? + 2(1 + 2r) Y` be, 
($ Ea) = A(1—r)? Y at 4 12(1 + 2?) Y e 


+ 8(1 +r — 2r?) $ be(b? + c) + 8(2 + r)(1 + 2r)abe Sa, 
and 


D (b° + rbe + c?) Ea = —2(1 + 2r) X at + 2(3 +r + 2r?) Y be? 
+ (2—r)(1+2r) Y be(b? +07) +27r(24 r)abc$ a 


Thus, the inequality becomes as follows 


2(2 +r)? (Yat +abc$ a) — (24+ r)(1+ 2r) Y be(b? + °) 
—6(2 +r) b? > 0, 
A2+r)| Z at + abe a- F beft? + c?)]+ 
+3 [Z be(b? + e) -2Y be] > 0 
Since 
>, be(b? +c?) — 25 bc? = Y be(b — c)? > 
and 
> at + abe Sa — Y be(b? +c”) > 0 


is well-known Schur’s Inequality of fourth degrce, the proof is complete 
Equality occurs fora = b = c, a = 0 and b = c, b = 0 and c= a, ¢ = 0 and 
a=b 

-1 —1 


—3 
= 9 = = = et— = = = z= = 
Remark Forr=2, r=1,r=0,r Jor zor landr z’ 
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we get the following particular inequalities. 
2a? + 5bc + 2b? + 5ca + 2c? + 5ab 
(+e? * (era a+b 
2a? + 3be 2b? +. 3ca + 2c? + 3ab > 
b -bete ct +cata* a*+ab4b? ~ 


2a? + be 26° +ca 2c? +ab_ 9 
b2 + e? e + a* at +62 ~ 2? 


21 
2 


? 


1 1 1 9 
We bep 4 t ld a4 da? t Ga? ab 4 A ae + O Te)’ 
a? b? ce 
3b — be 202 | 92 ca 4 2a? | 2a? — ab + 26° 21, 
2a? — be 2? — ca 2c* — ab -3 
B- bete c?—cat+a? a®—ab4+b? ~ ’ 
a? — be b — ca c? — ab 


J Ll DD, 
2b2 — 3be + 2c? + 9c? — 3ca + 2a? + 2a? — 3ab + 2b? — 


In all these inequalities, equality occurs for a = b = c, and also for a = 0 
and b = c, b = 0 and c =a, c = Oanda =b 


* 


8. Let a,b,c be non-negative real numbers, no two of which are zero. Then 


a? +16be 6% +16ca e + 16ab 


ps SS 10. 
b2 4. e? + C2 + a2 + a? +b T 


Solution. Let a < b < c and 


a? 4+ 16bce 6%+16ca c*+16ab 


E(a,6,¢) = b2 + 2 + 24a? + a+b 


In order to prove the inequality, we consider two cases 
I Case 166° > ac*. We will show that 


E(a,b,c) > E(0,b,c) > 10 


We have 


a? a(16c? — ab?) a(16b? — ac?) 
E(a,6,c)— E(0, b,c) = gga t a aya? 1 blag o) 20 
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; b c 
since c? — ab? > 0 and 16b? — ac? > 0 Letting now z = zt p we find 


l6be P œ 16 3 
Sga atp Wa Ptr TS 


_ (2-244) 4 


E(0, 6, c) — 10 


I]. Case ac? > 165° It suffices to show that 


c? + 16ab 
a? +b? = 10 
Indeed, we have 
166" + 16ab 
c? + 16ab a a 16b 
> - ——@.— —- 10 = — -10> 16- 10>0 
Zoe 10 > a Be 1 7 10>1 > 


Equality occurs when one of a, b,c is 0 and the others are equal. 


* 


9. Let a,b,c be non-negative real numbers, no two of which are zero. 


r > —2, then 
se + 4(r + 2)?be 
b? + rbe + ce 
Solution. Let a < b < c and 


> 4r +10 


a? + 4(r + 2)%be 
Babe) = ya rbot eo 


I. Case 4(r + 2)?6° > c?(a + rb). We will show that 
E(a,b,c) > E(0,6,c) > 10. 
For the nontrivial case a > 0, we have 


E(a,b,c) — E(0, b,c) a A(r + 2)*c?—b?(a + rc) + 


a ~ b+ rbe-+ e c?(c? + rea + a?) 
A(r+4-2)?b?—c?{a+rb) _ 4(r+2)%e?-b?(atre) 
b2(a?+rab-+b?) c?(c? +rca-+a?) 
» Ar +2) *bce—b*(e+re) (4r?+15r+15)b?e 


— fe + rea + a?) c2(c?+rcata?) 


333 


Ij 
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b e 
Letting now z = -+ —, we find 
c 


b 


4(r+2)%bc b e 
E(0,b,c) — 4r — 10 = ——_— _4r—10= 
(0, b,c) — 4r — 10 Farerat ate ar — 10 
Afr + 2)? 


= A hr dp — 12 = (z= 2)*(2@tr+4) 5 
z+r tr 


> 0. 


II Case c?(a4+rb) > 4(r+2)*b? This case implies a+rb > 0, b+rb > 0, 
and hence 1 +r > 0. In order to prove the desired inequality, it suffices to 


show that 
c? + A(r + 2)?ab 


——— > . 
a? + rab + b? 2 ar + 10 
Indeed, we have 
b2 
c? + A(r + 2)°ab airb” 
ETTA 4 patro S _ ~10= 
rab + år 10 > 4(r + 2)? 24 rab 1b? 4r — 10 
b 4 3 
~ a(n 4 2)? — ar — 10 > FY gy — 19 = 2S FY) So, 
a+rb r+1 r+ 


Equality occurs in the given inequality when one of a, b, c is 0 and the others 


are equal. 
Remark. For r = 2, we obtain the inequality 


2 2 2 
a“ + 64be b + 64ca e + 6406 -ig 
(b + c)? (e+a)}? (a+b? 


* 


10. Let a,b,c be non-negative real numbers, no two of which are zero, let 
q,r be real numbers (r > —2) and let 


b 
E(a,b, c) = Tt, tare 


+ rbe + e? 
Then, 
3 1 2r +1 
a) B(a,b,¢) > tA), for q< = 
2 1 
b) B(a,b,c) > 1 +2, for gs Mr +2): 


c) Ela,b,c > 4kr+12k?~2, for q=4k(r+2k)?,k> 1. 
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Solution. a) For a,b,c and r fixed, consider the linear function 


-y gn te a? + qbe — 3(q +1) 
b rbe r+? 


Since 


be (b—c)? 
m — 1—0 
D irera -5 aD Sacer) (b? + rbet e) ~ 


2r +1 
fi(q) is decreasing Therefore, it suffices to prove that fi 5 ) > 0 


Taking into account the preceding application 7 from this section, the con- 
2r4+ 1I 
z? 
equality occurs again for a = 0 and b = c, b = 0 and c = a, ¢ = 0 and a = b 
b) For fixed a,b,c and r, consider the linear function 


-y ete a? + qbe __4 5 
b? +rbe+c2 r42 


1 2 
<q < 4(r + 2)?, it suffices to prove that fal 


clusion follows Equality occurs for a = b = e. In the case q = 


2 r+ 
Since + ) > 0 and 


fo (4(r + 2)?) > 0 According to the preceding applications 7 and 9 from 
1 
< q Z 4(r + 2)?, equality 


occurs if and only if a = 0 and b = c, b = O and c =a, c= 0 and a =b 
c) Let a < b < cand 


this section, the conclusion follows For 


a? + gbe 
b, 
Ela, b,c) = UBT rere 


In order to prove the required inequality, we consider two cases. 
I Case qb? > c*(a+rb) We will show that 


E(a,b,c) > E(0,b,c) > 4kr + 12k? — 2 


For nontrivial case a > 0, we have 


E(a, b,c) — E(0,b,e) _ a + qe? — b? (a + re) 
a ~ b2 4 rhe + e? ce + rea tat) 


qb? — c?(a +rb)  gei—b(a+rec) 

b? (a? + rab + 62) ~ e?(c? + rea + a2) = 
> qe- b?(c+re) — (q—1-r)b?e 
T ele +reata?) efe + rea + a?) 
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Since 


g~1~r=4k(r + 2k)? -1-r>4(r+2)*?-1-r= 
= (2r + 3)? + 3(r + 2) > 0, 


it follows that E(a,b,c)— E(0,b,¢) > 0. 


b c 
Letting now z = zt p we find 


qbe b @  Aklr+2?k)? 3 
EO, b, e) = =———— > + — + = = MMMM — 
(0, b,c) Virb atp a+r tri 2 
and 
2 
B(0,b,¢) — kr — 12k? +2 = SAEED, 52 — ahr = 198? = 
T 
_ 2 
_(z 2k) (z +r +4k) og 
z+r 


II. Case c?(a+ rb) > qb?. This case implies a + rb > 0, b+ rb > 0, and 
hence 1 +r > 0. In order to prove the required inequality, it suffices to show 
that 


pE A > Akr + 12K? = 2 
Since 
p2 
c? + qab 5 p atrb t __9 a4 _ Ak(r + 2k)? 
a? + rab +b? atrab+b? at+rb-~1l4r l+r ? 


it is enough to show that 


4k(r + 2k)? 


> 4kr + 12k? -2 
l+r 


This inequality is equivalent to 


4k(k —1)(1 +r) + 4k(2k — 1)? 


+2>0, 
1l+r 


which is clearly true for k > 1 
On the assumption that a < b < c, equality occurs if and only if a = 0 


b ec 
and -+ —= 2k 
c b 
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Remark 1. The application generalizes the preceding applications 1 - 9 
from this section In addition, the inequality c) is also valid for r = —2, that 
is 
a? + 16k(k — 1)*be 
Lr 


For a = min{a,b,c} and k > 1, equality occurs if and only if a = 0 and 


> 12k7-8k-2 fork > 1. 


Remark 2. For r = 0, we get the following inequalities: 


a? + gbe > 39+ 1) 1 

<L 

b pye? 2y for gs7 
a? + qbe 1 i 
L ara agt for z S4 <S 16; 


D Rad 23 TT for q> 16. 
Remark 3. For r= -—1 and q= l, from b) we get the inequality 


l 6 
> 
2 a are 


1 1 
Similarly, for r = -3 and q = z’ from b) we get the inequality 


1 8 
n > — 
Dep ae = 3(a? +b? +c?) 


Equality occurs in both inequalities when a = 0 and b = c, b = 0 and c = a, 
c=Oanda=b. 


Remark 4, For r = 2 and q = 150, from c) we get the inequality 


24150be 6? + 150 24 150ab 
af + an -+ capet D > 37, 
(bte) "(era " (afb) 


3475 


with equality for (a, b,c) ~ (0, 1, ) or any permutation thereof 
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7.5 Inequalities involving E and F» 


1. Let a,b,c be non-negative rea] numbers, no two of which are zero If 


2r +1 
9 ? 


r>-2, a>0, a(l-r)+6= 


then 
yo taalbe) + fhe 3(1 + 2a + b) 
b? + rbe + c? 7 r+2 


2. Let a,b,c be non-negative real numbers, no two of which are zero. If 


2r +1 
r>-—2, a>0, i +a(r—1)<B<4(r +2)? +alr- 1), 
then A 
a* + aa(b + c) + Bbe B 
+ > 242 . 
2 b? +. rbe + c? zetét T9 


7.6 Solutions 


1. Let a,b,c be non-negative real numbers, no two of which are zero. If 


_2r+1i 


r>-2, a>0, a(l-r)+8 5? 


then 
st aalb + 6) + Boe 3(1+ 2a + 8) 
b? + rbe + c? = r+2 


Solution. The inequality follows by the inequality from application 7 1.5, 


alb + c) + (r — 1)be > 3(r + 1) 
2, b rbet T r++2 ’ 


and the inequality from application 7.2.7, 
2a? + (2r + 1)be > 3(2r + 3) 
b2 -rbet ~ r42 ` 


Adding the first inequality multiplied by æ to the second inequality divided 
by 2 yields the desired inequality. 

Equality occurs if and only if a = b = c, a = 0 and b = e, b = 0 and 
c= a, c= 0anda=b. 
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Remark 1. The particular case 8 = 0 yields the following statement 
e Let a,b,c be non-negative real numbers, no two of which are zero. If 


y aa tb te) > 3(y + 2) 
B+rbe+c? T r+? ’ 
with equality if and only ifa = b = c, a = 0 and b = c, b = 0 and c = a, 
c=0 anda =b. 
For y = 1 and y = 2, we get the inequalities 
——— > i 
4(b? +e) + be ~ a+tb+e’ 
a(Qa+b+ec 
es 
respectively Note that the first inequality yields 
5 _ a > — 4 ; 
Poet ~atbte 
with equality if and only if a = 0 and b = c, b = 0 and c = a, ¢ = 0 and 
a=b 


Remark 2. The particular case @ = a’ yields the following statement: 
e Let a,b,c be non-negative real numbers, no two of which are zero. If 


1 
a>0 andr = a — ———., then 
2(a + 1) 
(a+ab)(a+ac) _ 3(1+a)? 
2 abea 2 ape 
b? + rbe + c? r+2 


with equality if and only if a = b = ¢, a = 0 and b = c, b = 0 and c = a, 
c=0 anda =b 
For œ = 1, we get the inequality 


(a+ b)(a +c) 12 
> Act ate) 5 2 
4(b? + c2) + 3be ~ 11° 
Remark 3. The particular case 8 = a — r yields the following statement: 
e Let a,b,c be non-negative real numbers, no two of which are zero. If 
1+ 4r 


-1 
e = ——— 
3 <r <2 anda ry then 


b + rbe+c2 T r42 a? +b? + c? + alab + be + ca)’ 
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with equality if and only if a = b = c, a = 0 and b = c, b = 0 and c = a, 
c= 0 anda = b. 
1 7 
For r = 5 and r = a we get the inequalities 
ee 
2(b? + c?) + be T 5(a? +b? +e? + ab+ be + ca)’ 


1 27 
tL 
ae Ai Tbe = 23(a +b +c)?’ 


respectively Since 


3 23 
b2 + be + ce? ~ 8(b? + c?) +7be’ 


from the last inequality we obtain the known inequality 


1 9 
— > S 
Ua There = (atb4c)?’ 


with equality if and only if a = b = c. 
* 


2. Let a,b,c be non-negative real numbers, no two of which are zero. If 


1 
r>-—2, a20, at +a(r—1) <B< 4(r +2)? +.a(r - 1), 
then > o |4 5b 3 
a’ + aalo + c) + foe 
c > 2 —.. 
2 b2 4 rbe + c? 224 at oya 


Solution. The inequality follows by the inequality from application 7.1.5, 


y ltet +(r—1)be cy 3(r +1) 
b rbet ~ r+2 


? 


and the inequality b) from application 7.2.10, 


a? + qbe q 
> 2, 
Parker e rbe + e? 2742" 


1 , a; 
where <q < 4(r +2)?. Adding the first inequality multiplied by a 
to the second inequality and denoting a(r — 1) + q = 2 yields the desired 


ine uality. 
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Equality occurs fora = 0 andb=c,b=Qandc=a,c=Oanda=6b 


In the case Or 41 
r 
p= 5 +a(r—1), 


equality occurs again fora = b= c. 


Remark The particular case 8 = a — r yields the following statement 
e Let a,b,c be non-negative real numbers, no two of which are zero. If 


i+4r r+4(2+4r)? a+? 
—? 2 <a < —— =442 —, 
STS DF) SPS Qa TRA beet os 
then 
1 


Y 
— > Soo o o 
L Rarer a T a? + 6% 4 e 4+ afab+ be 4+ ca) ’ 
with equality fora = 0 and b = c, b = 0 and c = a, c = Q and a = b. 
For a = 1 and a = 2, we get the statement: 
e Let a,b,c be non-negative numbers, no two of which are zero. 


1 
a) If -lsrsz35, then 


> 1 > 3(2r + 5) 
b? -rbe +e ~ (r+ 2)(a? +b +e + abt be+ ca)’ 


i A(2r + 5) 
Der ts 
b? +rbe+ e ~ (r4+2)(a+b4+c)? 
Equality in a) and b) occurs for a = 0 and b = c, b = 0 and c=a, c= 0 
1 
and a = b. Moreover, the first inequality becomes equality for r = 3 and 
7 
a = b = ¢, while the second inequality becomes equality for r = 1 and 
a=b=c 
For r = 0, from a) and b) we obtain the inequalities 


1 15 
a > ee" 
Lyra T 2(a* +b? + c? + ab + be + ca)’ 


1 > 10 
b+ c2 — (fat+b4+ o? 
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7 
Actually, inequality b) holds for —r1 < r < 7 where 


25 — /97 
m= ——* 1.2626 


Marian Tetiva proved this inequality for r = —1, that is 
1 4 1 4 1 12 
B—be+c2? ch—cata*§ a®—ab+h? ~ (a+b 
Assuming that a = min{a, b,c}, we have 
Ol 1 ; i 
b—be+c2? @e-—ca+a a*—ab+h? — 
l 1 l 12 12 


> sy yp pp LE > 
= pueja A R Ore? atoto 


The middle mequality is true because 


o1 4122 1 1, 1_3, 
bbc} OR bho bete aT be! 
(b—c)4 


~ B2e2(b2 — be + c2) 


7.7 Other related inequalities 


1. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


a*(b+c)? db?(c+a)?  c(a+b)? 


b? +c? c2 + a? a? + b? > 2(ab + be + ca). 


2. Let a,b,c be non-negative real numbers such that ab+bc+ca=1 Then, 


(i + ab)? (1 + be)? (1 + ca)? , 8 
a? +b? + 4ab B44 dbo T c+ a? + 4ca ~ 3° 
3. Let a,b,c be non-negative real numbers such that ab + bc + ca = 1. If 
r > 0, then 
sp ha bel! + rbc > 3r+4 
b +rbe+ ~ r4+2 
(Vasile Cirtoaje, MS, 2006) 
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4. Let a,b,c be non-negative real numbers, no two of which are zero Prove 
that 


Ybe+4a(b+c) Vca+4b(c+a)  fab+4c(a+ 6b) > 9 
b+c + c+a + a+b -2 
5. Let a,b,c be positive numbers. Prove that 
Va? + be 4 Vb? + ca 4 VE +ab_ 3v2 
b+c c+a a+b 2 ` 
( Vasile Cirtoaje, MS, 2006) 


6. Let a,b,c be non-negative real numbers, no two of which are zero Prove 
that 


2a(b + c) 2b(c + a) 2c(a +b) 


(2b+ c)(b+ 20) V Qetay(et 2a) \ (at blat 2) ~- 


7. Let a,b,c be non-negative real numbers, no two of which are zero Prove 
that 


a + 3abe b? +3abe a? + 3abe 
b+e c+a a+b 

a? +3abce b3+3abce @+3abe._ 3 

) eros t UFa t aro 23° 


> 2(ab + be + ca), 


(Vasile Cirtoaje, MS, 2005) 


8. Let a,b,c be non-negative real numbers, no two of which are zero Prove 
that 


a? +2be b?4+2ca 8 4+2ab_ 3 
aS yp OE Eee ST? 
a) b+c cła | a+b 25 (a+b +e); 
a + 2abce 8 42abc 8 42abe 1 
b ee yp Se yp ei SZ 2 
) b+c c+t+a a+b 23l +b+c) 


9. Let a,b,c be non-negative real numbers, no two of which are zero Prove 


that 
ay'a? + 3be 4 byb? + 3ca exc? + 3ab 


> b . 
bie cha + arb za+0b+c 


(Cezar Lupu, MS, 2006) 
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10. Let a,b,c be non-negative real numbers, no two of which are zero. If 
r>3+4 7, then 
1 4 1 4 l > 9 
ra? +be rb?+ca re?t+ab~ (r+ 1)(ab+be+ ca) 
(Vasile Cîrtoaje, MS, 2005) 


11. Let a,b,c be non-negative real numbers, no two of which are zero. If 


2 
gr S34 v7, then 
l 4 l 4 1 r+2 
ra*+be rb*4+ca re? 4+abd~ r(abt be+ ca) 
( Vastle Cirtoaje, MS, 2005) 


12. Let a,b,c be non-negative numbers, no two of which are zero Prove 
that 
1 1 1 6 
2 + zp? + 573 2-3 pL 
2a? +be 2b? + ca) 2e +ab~ a +b +c*+4+ab+bc4+ ca 
13. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 


that 
ha 1 1 1 1 


og > a 
22a? + 5bc + 305 + 5ca + oe + 5ab ~ (a+b+c)* 
( Vasile Cirtoaje, MS, 2005) 


14. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 


t 
hat 1 1 i 8 


u H H aM Id alir. 
Ja + be 2b + ca | Qe? bab (a+b+c)? 
(Vasile Cirtoaje, MS, 2005) 
15. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 


that 1 1 1 12 


ee a a 
aigbo bca e +ab~ (a+b+c)? 
(Vasile Cirtoaje, MS, 2005) 


16. Let a,b,c be non-negative numbers such that a+b+c¢=2. Prove that 
(a? + be)(b? + ca)(c? + ab) < 1. 


Vasile Cirtoaje, MS, 2005) 


T8 Solutions 345 


17. If a,b,c are non-negative numbers, then 


a? — be n b — ca 4 c? —ab >0 
a) 2a? +b + c2 2b? 4c? + a7 2e taba 
a? — be b — ca ce — ab 
ho ee eee + St 
Va tHE VOR + 24 a? parari = 


(Nguyen Anh Tuan, MS, 2005) 


18. If a,b,¢ are the side lengths of an triangle, then 


a? — be b? — ca c? — ab 
2 2 a+; 2 2 a+ 2 2 2 <0 
3a*+b%+¢ 3647 +e +a 3b +e a 
(Nguyen Anh Tuan, MS, 2006) 


7.8 Solutions 


1. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


a*(b+c)? beta)? (a+b)? 


—— > 2 b 
Rae + iga a? 4b (ab + bc + ca) 


Solution. We have 
a(b + c)? a*be 
2 ee pre -29 b=) a +2) Bac 772%} c= 
=2($ a -$ be) - Do (1- wea) = 
a? (b — c}? 


=P -o -LF Raa ~ 
-5 (1- - giz) bo 


Without loss of generality, assume that a > b > c. Since 1 — 
a 


ce 
24 2 


> 0, it 


suffices to show that 


1 7 (b— c)? + 1 2>0 
b? + ¢? e Eye? (c= a) 2 


Write this inequality as 


(a? — b? + e)a — e)? _ (a-b? — eb- e)? 
Oy ATT 
a pc 2 pa 
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We may get it by multiplying the inequalities 


(a= 6)? | (be)? 


2 2 2 2 2 2 
a’ — bpeti >a’ —h-e —_— 
= ete bye 


1 


The latter inequality is true since 


(a—c)* (b—c)? © 2be Dac _ 2c(a— b)(ab—e?) Ly 
@te bre Pte a+ PAAT 


Equality occurs for a = b = c, and also fora =O and b = c and c= a,c =0 
and a =- b. 


* 
2. Let a,b,c be non-negative real numbers such that ab+bc+ca=1 Then, 


(i + ab)? 4 (1+ bc)? (1+ ca)? , 8 
a? +b +dab b2 4 ¢244be  c? +024 4ca7 3° 


Solution. Since 


(1+bc)? — [a(b+c)+2be]? _ a?(b + c)? + 4abe(b + c) + 4b? e 
4 cht dbo bet c2? + 4be b? + c? + Abe 7 
a(b? + c? + Abc) — 2a?be + 4abe(b + c) + 4b? c? _ 
b? + c? + 4be 
_ 2a7 be Aabc(b + c) 4b?e? 


-agaga | aed dbe | Be 4 Abe’ 


we may write the inequality in the form 
l 6bc 
2 2 
5 — be) — =) ` —— -i 
(a" = be) 32.9 (a +e + 4bc ) + 

1 2 Gbe 

- <> ` — =) ) ——— ~“ L] 

t ; (a? — be) + ab + c) (arara )+ 


—— e ___y\>0, 
t3 ste —— ) > 


or 
pop [244 a? _ 12 _afbte) 2 _ be 
2 =¢) + 3 pga +4be 6 3 b?+c?44bc 3 b?4c244bc 


This inequality is equivalent to 


2 — 2 
yË (b+c—a) >0, 
b? + c? + dbec 
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i 
that is clearly true Equality occurs for a = b = ¢ = Fa and also for a = 0 


and b = c = 1 or any permutation thereof, 


* 


3. Let a,b,c be non-negative real numbers such that ab+be+ca = 1 If 
r >O, then 


(1— be)? +rbe _ 3r +4 
— be)" + rbe S 1 
Lp +rbec+e T r42 (1) 


Solution. Since 


(1—be)*+rbe  a?(b +c)? + rbe(ab + be + ca) B 


b24+c2+rbe b? +e 4+ rbe 7 
a? [b? + c? + rbe + (2— r)be] + rbc(ab + be + ca) 
T b? +e + rbe ~ 
~ 4 (2—r)a*be rabc(b+ c) rb? ¢? 


pe trhe | pcb rhe b2 + erbe’ 


we may write successively the inequality as 


2—r (2 +r)be 2-—r 
> 2_ 4 a | _ | > 2 
(a N+ 355 ° b? +e? + rbe l + ORF (a — be)+ 


X a(b +c) poet 


r 
24r 
r (2 +r}be 
T Sope IET > 
tyrr dibe poo - | 0, 


+ 


2 24r berbe | X24) 
T a{b+ c) r be | 


2+rbe+er24+rbeo 24+rh24c2 4 rbe 


(b—c)? 
> 9 
LR LE rhe b F erbe Sa Z 0, (2) 
where 
Sa = 2(b? +c? — a?) + r(a — b) (a — ©). 


Assume that a > b > c and consider two cases. 
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I CaseO<r<4. Since 


Se = 2(a? + b? —)4+r( 
> Ua +? — e) — 2(c—a)(c —b) = 
= 2(a? — ab + b?) + 2cla +b — 2c) > 0, 


it suffices to prove that 


(b ~c)’ S (c— a)? 


PC EST iene ae Sp > 0. 
b? +e? rbe * è 


E+a+rea T 
Since 


Sp = (a? + ê — b?) + r(b—a)(b—c) > 
> 2a? +e —b?) +All- alb- c) = 2(a—d +c)? >0, 


we may prove the inequality by multiplying the mequalities 
Sp 2 — Sa 


and 
(a—c)?_ (be)? 
a2 +e trac ™ bte trde 
Indeed, we have 
Sp + Sa = r(a— b)? + 4c? > 0 


and 
(a—c)? B (b-c)? _ _(2+1r)ac 4 (2+r)be 
a+etrac b?+c2+rbe a?+c?+rac b2+c%+rhe 
be ac 
= 2 _—— — OO = 
(247) (ape aeng) 


(2 +r)cla-— b)(ab ~ c?) 
(b2 + c? + rbe)(a? + c? + rac) ~ 


Il Case r>4 Since 


Sa = 2(b? +e - a?) + 4(a—b)(a—c) + (r—4)(a—b)(a—c) = 
Xa — b-c)? +(r— 4a- ba- c) > 
(r —4)(a — b)(a—¢) 


I 


IV 
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and, similarly, 
Sp > (r — 4)(b— c)(b — a), S.>(r—4)(e—-a)(c— 8), 
to prove (2) it suffices to show that 
b-c a-—c a—b > 

berbe œ Fal 4ra a? +b? + rab ~ 

This inequality is equivalent to 
(a — b)(b — c)(a — c) [a? +b? + c? + (1+ r)(ab + be + ca] > 0, 

which ts clearly true This completes the proof 


Equality occurs fora = b = c = , and also for a = Q and b= c= 1 or 


1 
V3 
any other permutation. 

Remark 1. Since 
(1 — be)? + rbe = 14 (r — 2)be + Pe = ab + (r — 1)be + ca + be, 


we may write (1) as 


ab + (r — 1)be + ca be 3r +4 
L he Dera, D oi a H 
betrbcte b?-+c¢c%4rbe r+2 


On the other hand, 


D be? <5 be i 
b +rbe+ e — r+2 24r' 


Therefore, from (1) we get 


tí — 1)be + ca > 3(1 +r) 
bet+rbe+c? 7 24r 
According to this result, we may say that the inequality (1) is sharper than 
the one from application 7.15 As a consequence, the inequality (1) for 
r= 2, that is 
1 + bc? 
(b+ 0)? 
is sharper than the well-known Iran Inequality 


Ema? 
(b+c)? 74 


5 
2a, 
72 
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Remark 2. For r = 0 and r = 4, we get the inequalities from the preceding 
applications 1 and 2 m this section. Besides, for r = 1, we obtain 


1—be + be? 


7 
S- >L 
b2 4 be + e 3 


Remark 3. We conjecture that the inequality (1) holds true for any r > —2. 


* 


4, Let a,b,c be non-negative real numbers, no two of which are zero Prove 
that 


be + 4a(b + c) ca + 4b(c + a) ab + 4c(a +b) 5 9 
b+c c+a a+b 2 


Solution. Squaring and setting A = bc + 4a(b+c), B = ca + 4b(c + a), 
C = ab + 4c(a + b), the inequality becomes 


A VBC 81 
Lor t2 Lepage T 


In order to prove this inequality, we will use the ingenious identity (due to 
Sung- Yoon Kim) 


(b+c)?BC—4 [a(b? + c*) + 2be( b+ c)+3abc| =abe(b—e)?(a+ 4b4 4c), 
which implies 


BE a(b? + c?) + 4be(b + c) + Gabe 
G > Zel +c) + Abeto + c) + babe 
b+e 


and hence 


we 4S a(b? +e?) +85 be(b +c) + 36abc _ 
Le urari (at b+olera) 
125° be(b + c) + 3G6abe 
= (a+ b)(b+c)(c+a) 


On the other hand, taking into account Iran Inequality (see application 7 1.4) 


ab 4 be+ca 9 
2 (b4c)? — 4’ 
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we have 
A ab + be + ca a 9 a 
— = ec >-—+3 
Ute? 2 (b+ c) +3 groza Lire 


Then, it suffices to show that 


3 12 X` be(b + c) + 36abe 
Erret (a+ b)(b+c)ic+a) 7 


This inequality is equivalent to 
X a(a+b)(a+c)+4 D be(b + c) + 12abe > 6(a + b) (b + c)(e+ a) 
or 
Ja? + 3abe > Y` be(b + e). 


Since the last inequality is just the third degree Schur’s Inequality, the proof 
is completed Equality occurs for a = b = c, as well as for a = 0 and b = c, 
b = 0 and c = a, c = 0 and a = b. 


* 


5. Let a,b,c be positive numbers. Prove that 


var tbe | vb’ + ca ve? + ab 3/2 


> OY 
b+e c+a atb —~ 2 
First Solution. Since 
sve tte a? + Va? + be _ -y Va? + be B i 
bte 7 b+c „5 
2a? — b? — ¢? 


7 V(b + c) [V20 +be) +b + c| i 


we may write the inequality as 


2a? — b? — ¢? 
a“ 30 
Len, 


where 


Eq = (b + c) y 2(a? + bc) + (b+ &?. 
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Let us consider a < b < c We have Ea > Ep, since (b + c)? > (c +a)? and 


(b + c)}y a? + be — (c +a) yb? + ca = 
_ c(b—a)(a? +b? + c? — ab + be + ca) +0 


(b+ c)Va? + be + (c+ a)Vb? + ca 


Analogously, we have Ep > Ec, because (c+ a)? > (a + 6)? and 


(c+ a)y b? +ca-— (a+ b)y e? +ab= 
_ a(e— b)(a? +b? +e + ab— be + ca) 


= > 0. 
(c+a)VP + ca} (a+b) +ab ~ 


Since 
20? — BP e < 2b? -—- A -— a? <2? - a’ — 
and i i i 
Th < Fag < W > 
Ea b Ee 


by Chebyshev’s Inequality we get 


J2 -b -e 1I 


1 
y a > 3 [X (20? — b? — c*)| (x z) =0. 
Equality occurs if and only if a = b = c. 


Second Solution For z,y,2 positive number, the well-known inequality 
holds 
r+y+2> V3(ry t+ yet 22) 


Thus, it suffices to show that 


(b2 + ca)(c? + ab) 
2 eralari) 


3 

> — 
2 

Setting a = z?, b = y?, c= 27, where x,y,z > 0, the inequality becomes 
25 a? + 2?) (yt -+ z?g?)(z4 + rĉ?y?) > 3(a? + y?y? + z? (2? + z?). 


The Cauchy-Schwarz Inequality gives us 


VOR FENY + 0) By Haa 
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and 
(2? + y?)(z4 + 2?y?) > 29 + ay? 
Multiplying these inequalities yields 
(yo + 2°) Vf (yt + 22a?)(24 + ry?) > (y? + 27e)(2° + ay?) = 
= y323 + (y? + 0) + ryz? 
Therefore, it suffices to show that 
2S 2425 ay? + 2°) + 6x2y?2? > 3(2? + y?)(y? + 27)(2? + 2°). 
This inequality is equivalent to 
257 yP23 + 25° yz(y' +24 )2 35° y?2? ly? + 27) 

or 

5y yz(y — 2) (2y? +yz + 227) > 0 
Since the last mequality is clearly true, the proof is completed 


* 


6. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 
that 
2a(b +c) 2b(¢ + a) 2c(a + b) S9 
(2b + e)(b + 2c) (2c + a)(c + 2a) (2a + b)(a + 2b) ~~ 
Solution. Using the substitution a = 2?, b = y*, c = 22, where x,y,z > 0, 
the inequality becomes 
3 z 2(y? + 22) 
(2y? + 2?)(y? + 227) = 
We will show that 
2(y? + 2?) y+2 
(2y? + 22)(y? +222) ~ y2 + yz 4 22° 
Indeed, by squaring and direct calculation, the inequality reduces to 
y*2*(y — z)? > 0, which is clearly true Therefore, it suffices to prove that 


y sut) 2, 
y? +yz +z? 

which is just the inequality from the application 7.1.1. Equality occurs for 
a = b = c, and also fora = 0 and b = c, b = 0 and c = a, c = 0 and a = b. 
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* 


7. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 
that 


a? + 3abe b343abe a? + 3abe 


— + — +. — > Uab + 8 - 
a) b+e + c+a + a+b 7 (ab + be + ca); 
b) av + Sade | Hit Babe ef t3abe „3 

(b + c)8 (c +a} (a +b) 2 


Solution. a) We have 


a? + 3abe a? + 3abe 


pee LHD ne Tto = 


_ a 2 2 2) _ 
=% AG + be— b —c*) = 
alab + ac — b? — c?) 


B afa — b)(a — £) 
=). b+e +). b+e 


Since 


a(ab+ ac— b? — c?) . ab(a—bd) ac(a— e) | 
2 b+e ao bpe TX bye 7 
ba(b — — b}? 


7 ab(a — b) 
=>}, b+e +h woe -Das iba 2% 


it remains to show that 


y ala se —c} >0 


This inequality is a particular case of the following more general statement. 
elf a>b>c are real numbers and X > Y > Z > 0, then 


X(a—b)(a—c)+ ¥(b—e¢)(b— a) + Z(e— a)(e— b) > 0. 
Notice that the inequality follows by adding the evident inequality 
Z(c—a)(e— 6} >0 


to 


X(a—b)(a—ec)+Y(b—e)(b—a) > 0. 


To prove the latter inequality it suffices to show that X (a —c) > Y(b—c). 
This inequality is true because X > Y anda—c>b—e>0. 
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a b c 


Returning to our problem, we set X = —, Y = cha’ = —, 


+e a 
and to see that X > Y > Z >0 Equality occurs for a = b = c, and also for 
a= 0 and b = c, b = 0 and c =a, c= 0 anda=b 


Remark The above statement is also valid forO < X <Y <Z We can 
prove this claim by adding the evident inequality X (a — b)(a — ¢) > 0 to 

Y(b-—e)(b— a) + Z(e— a{e— b) > 0. 
To prove the latter it suffices to show that Z(a — c) > Y(a—b) This 
inequality is true because Z > Y anda—c>a-—b>0. 

b) Let a > b > c. Since 
a? + 3abe > b3 + 3abe > c+ 3abe 
b+e ~ e+a ~— a+b 


and 
ee re 


(b+ ep eraj = (aa op’ 
by Cebyshev’'s Inequality we get 


a? + 3abe _ 1 a? + 3abe 1 
iS > ee _ 
L wry 23 (£ ie) Dae 
Taking into account Iran Inequality (application 7.1.4) 


ys > — 9 
(b +e)? T 4(ab+ be + ca)’ 


it is enough to show that 


a? + 3abe 
— > b 
2 b+e ~ 29, C» 
which is just the inequality a) Equality occurs if and only if a = b = c. 
* 


8. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 
that 
a? 4+2be b?+2ca c + 2ab 
b+e c+ta a+b 


3 
2 5 (a+b+e); 


3 3 3 
a? +2abe b? +2abe ef 42abe 1 
b yp a ee St 2 
) b+e c+a a+b 25 (a+b te) 
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Solution. a) We have 


a’ i 2a? 4be 
Ee A OG) EGR) 


b+e b+e 
and 
a(2a —b-— ec) a(a — b) a(a—c) 
2, b+e =) b+e 2 b+e 
_ wv ala—bd) b(b—a) | (a-b | 
=}, bt+e +h c+a (abbr) maera 
(b — ce)? 


mlatite) are 


Therefore, we may rewrite the inequality as 


S(b- 6)? Sa 20, 


where 
Sa = (a +b + c)(b +e) —(a+ d)(a+c). 


Without loss of generality, assume that a > b > c. We have 
S = (a+ b+ c)(c + a) — (b + c)(b + a) > 
> (a+ b)(c + a) — (b + c)(b + a) = a° — b? > 0, 
Se =(a+b6+c)(a+6)—(ce+a)(c+b) > 
> (a+c)(a+b)—(ce+a)(¢+b) =a?-c? >O 


and 


Sa + Sy = (a +b + c)(a+b+ 2c) — (a+ b\(a+b+ 2c) = 
=c(a+b+ 2c) >0 


F(b — c)? Sa > (b— c) Sa + (a-c) h > 
> (b — c} Sa + (b — c)? Sp = (Sa + Sp)(b—c)? > 0. 
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b) Since 
a? + 2abe 


a? + 2abe 2 2 _ 
y bie =D (Se te +2be) - le + 2bc) = 


a? + 2be 
=(a+b+e)>~ bie —(a+b+c)’, 


the inequality becomes 


24 Ob 3 
(a+b+0) A" alabe) 


Dividing by a +b +c, we get the inequality a). 
Equality occurs in both inequalities for a = b = c, and also for a = O and 
b=c,b=O and c=a,c=Oanda=b. 


* 


9. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 


that 

ava? +3be bVb+3ca eve + 3ab 

b+e c+a a+b 
Solution. (by Yuan Shyong Ooi). By the AM-GM Inequality, we have 
ava? + 3bc _ a(a* + 3be) 
b+e (b + c)?(a2 + 3be) 
2a(a? + 3be) _ 2a? + Gabe 
T (b+)? + (a? 4 3be)  S+5be ’ 


where S = a? 4 b? +e. Since 


Patbte. 


2a? + babe o a? + abe — a(b? + c*) 
S + 5be a= S + 5be ’ 


it suffices to show that 
AX + BY +CZ>0, 


where 
1 1 l 
~ S4+5be’ O S45ca’ “T S4 Bab’ 
X = a? + abe — a(b? + è), 
Y = 8 + abe — W(c? + a”), 
Z =? + abe — ela? + 52), 
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Without loss of generality, assume that a > b > c Since 
A>B>C, 
X = a(a* — b?) + ae(b — c) > 0, 
Z = c(c* —b) + ac(b— a) <0 
and 
X+¥ 4X = oa? +3abe- Y a(b +7) 20 
(Schur’s Inequality), we have 
AX + BY + CZ > BX + BY + BZ = BX+Y+2Z)2>0 
Equality occurs for a = b = c, and also for a = 0 and b = c, b = 0 and c = a, 
c= 0anda=b 
* 
10. Let a,b,c be non-negative real numbers, no two of which are zero. If 
r>3-+ 7, then 
1 1 l 9 
rap be * rb? ca | re? } ab ~ (r4 1)(ab 4 bed ca) 
First Solution. We write the inequality as 
(r + 1)(ab + be + ca) X` (rb? + ca)(re? + ab) > 
> 9(ra? + be)(rb? + ca)(re? + ab). 
Since 
X (re? + ca)(re? + ab) = r° 5 b? + abeS a+r) be(b? + c°), 
(ab + be + ca) Y (rb? + ca)(re* + ab) =r Y bP (b? + c?) + 
+r’ 5 bE (r? +r +H l)abe X` be(b + e) + 2rabe X` a? + 3a?b e? 
and 
(ra? +be)(rb?+ca)(re? + ab)=r? Y Pe +rabe Y at (r? + 1)a7b*e’, 
the inequality becomes 
r(r+i) >> el 4c?) Hr? 8)5— bc + 
+ (r+ 1)(r74+7r41) Jabe X` be(b + c) > 
> r(7— 2r)abe $ a? + 3(r + 1)(3r? — 3r + 2)a7b7e?, 
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On the other hand, 
(a —b)*(b—c)?(e—a)? =Y PP 4 c?) —2 5 BA + 
+ 2abe Y` be(b + c) — 2abe X` a? — 6a7b?c? 
Then, the inequality is equivalent to 
r(r + 1)(a — b} (b — c}? (e — a}? + r(r? — 6r + 2) Be? + 
+ (r° + 1)abc Y be(b + c) + r(4r — 5)abe Sa? > 
> 3(r + 1)(3r? — 5r + 2)a7b7e? 
Since r? — 6r + 2>0 for r > 34+ V7, by AM-GM Inequality we get 
r(r? = 6r + 2) 5y Be + (r? + 1)abe X` be(b +e) + r(4r — 5)abe $ a> > 
> 3r(r? — 6r + 2)a7b?c? + G(r? + 1)a2b2c? + 3r(4r — 5)a7b*c? = 
= 3(r +1)(3r? — 5r + 2)a7b*e?, 
from which the required inequality follows. Equality occurs when a = b= ¢. 


For r = 3+ vT, equality occurs again when a = O and b = c, b = 0 and 
e¢=a,c=Oanda=b 


Second Solution (by Pham Kim Hung). Write the inequality as 


S f (a,b, ) > 0, 
where 
D (r + 1)(ab + be + ca) 


—3 
ra? + be 


f(a, b,c) 
Since 
_ 3ra(b +c- 2a) — (r — 2)(ab—2be + ca) _ 
Ha, b,¢) = 2(ra* + bc) 7 
_ [Sra + (r — 2)e|(b — a) + [Bra + (r — 2)d](c — a) 
2(ra? + be) , 
we have 
_ wo Bra + (r — 2)e](b — a) [3rb + (r — 2)e}(a — b) 
2 flab) 7 2, 2(ra? + be) > 2(rb? + ca) 


1 3rb+(r—2)e 3ra+(r—2)e 
= — —b nm To ee Ds 
2 da | rb? + ca ra? + be | 
1 


— 2(ra? + be)(rb? + ca)(re? + ab) 2 (a = b)? Ee, 
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where 
= (re? + ab)[3r2ab + r(r — 5)(a + bje — (r — 2)c?}. 


Without loss of generality, assume that a > b > c. Since r > 3+ V7 implies 
r(r —5) > r— 2, and hence 


r(r —5)(a + bje —(r —2)c* > (r — 2)ce(a +b — ©), 
it suffices to show that 
3r? X` ab(re* + ab)(a— b}? + (r — 2) X (a — b} S. > 0, 


where 
Se = (rê + ab)e(a + b — ¢). 


Since 
3r? X` ab(re + ab)(a—b)? > 3r2a7b?(a—b)? > r(r—2)a7b?(a—b)?, 
it is enough to prove that 
ra?b? (a — b)? +Y (a — b)’ S. > 0. 
We have 
Sa = (ra? + be)a(b + c — a) > (ra? + be)a(b— a), 
= (rb* + ca)b(e + a — b) > (rb? + ca)b(a — b) > 0, 
Sa + a Sp > (a — b) | —a(ra? + be) + x (rb? + ca)} = 


—b)*(ea— —pb)2(- 
_ a(a—b) (ca—rab + be) > a(a—b)*(—rab) -ra (a—b)? 
b b 
and Se > 0 Therefore, 
$ (a — b)? Se > (b— 6)’ Sa + (a — ¢)° So > 
2 a 2 2 a” 
> (b—e) Sa + z-o) S, = (b-c) (s. + Sh) > 
> -ra (b — c)*(a— 5)’, 
and finally 


rab? 


(a=b) + > (a-b? S. > ra*(a — b)? [b? — (b — ¢)°] > 0. 
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* 


1. Let a,b,c be non-negative real numbers, no two of which are zero. I} 


<r<34+ 7, then 


an Iw 


1 4 1 4 1 > r+2 
ra? +be rb?è+ca re?+ab~ r(ab+ be + ca) 


Solution. We write the inequality as 
r(ab+ be + ca) X (rb? + ca)(re? + ab) > 
> (r + 2)(ra? + bc)(rb? + ca)(rc? + ab) 
As in preceding proof (first solution), we may rewrite the inequality as 
rY 6707 (b? +c?) — 2r? S33 + r(r ? +r + Labe $` be(b + c) > 
> r(2—r)abe $ a + (rf +2r° — 2r + 2)a7b7e?, 
or 
r°(a— b)? (b— c)? (e — a)? + r(r? -r + L)abe X be(b + c)+ 
+ r(3r — 2)abe $` a? > (r + 2r? — 6r? — 2r + 2)a?b? c? 
Since 3r — 2 > 0, by AM-GM Inequality we get 
r(r?—r + L)abe $` be(b + c) + r(3r — 2)abe $` a? > 
> 3r(r? — r + 1)a*b?c? + 3r(3r — 2)a7b?c? = 3r?(2r + 1)a?b? e? 
So, it suffices to show that 
Sr? (2r +1) > rt +2? — Gr? — Or + 2. 
This inequality is equivalent to (r + 1)*(6r — 2 — r?) > 0, and is true for 
T <rs3+yī Equality occurs when a = 0 and b = c, b = 0 and c = a, 
c=Oanda=6 For r = 3 + y7, equality occurs again when a = b = c. 
* 


12. Let a,b,c be non-negative numbers, no two of which are zero. Prove that 


1 I 1 6 
ey p a ë O 
2a24 be | W4 ca | IdF ab = a? +b? +e 4+ ab+ bet ca 
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Solution. Applying Cauchy-Schwarz Inequality, we have 


y 1 A(a+b+c)? 
2a? + be T 5 (b + c)? (2a? + be) l 


So, it suffices to prove that 


Aa +b+e) (a? b? +e +ab+ be+ ca) > 35 (b+ c)? (2a? + be). 


Since 
(a+b+ e)l te +e + ab + bc + ca) = 
= (Soa? + 25° bc) (S- a? + 5° be) = 
2 2 
= ($a) +3 ($a?) (Sbe) +2(% be) = 
= Xat + 35° be(b? +e*) +45 be? + TabeS a 
and 


S(b + ¢)?(2a? + be) = S(b? + c? + 2bc)(2a? + be) = 
= So beb? +07) + 6S b + dabe Y a, 
the inequality transforms into 
25 at + 3Y be(b? +e?) -+ 2abe $` a > 10 5 b*e? 
We may obtain this inequality by adding Schur’s Inequality of fourth degree 
>D af +abeS a> Y belb? +c), 
multiplied by 2, to 
5 S~be(b? + c°) > 10 5> e. 
The latter inequality is equivalent to 
5Y be(b—c)? > 0 


Equality occurs for a = b = e, and also for a = Oandb=c,b=Oandc=a, 
c=Oanda=b 


* 
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13. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 


that j j i j 


lL 
22a? + 5be taa + 5ca + aa +5ab~ (a+64-c)? 


Solution. By Cauchy-Schwarz Inequality, we have 


5 J 4(a+b+c)? 
22a? + 5be ~ E (b + c)?(22a2 + 5bc) ` 


Therefore, it suffices to prove that 
4(a +b +c)? > Y (b + c)?(22a? + 5b). 
Since 
(abe) = (Na 25h)" = 
= (Da) + 4(Y a?) (Woe) +4 (Tbe)? = 
= S “at + 45° be(b? +c?) + DDAA + 12abc$ `a 
and 
D (b + €)?(22a? + 5bc) = YO (b? + c? + 2bc)(22a? + 5bc) = 
=5 J be(b? +c”) + 545° bc? + Adabe Y a, 
the inequality becomes 
4J at +1l S be(b? + c*) + 4abc$ a > 305 bec? 
or, dividing by 4, 
J at + abe Sa — Y be(b? + c”) + = X be(b — c) > 0 
Taking into account Schur’s Inequality of fourth degree 
Ya + abc a > Y befh? +e), 
the conclusion follows Equality occurs if and only if a = b = c. 


* 


364 Symmetric inequalities with three variables involving fractions 


14. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 
that 
1 + l + 1 > 8 
2a? +be 2b +ca 2c? +.ab ~ (a+b+c)?- 
Solution. By Cauchy-Schwarz Inequality, we have 


5 1 4(a+b+c)? 
2a? + be ~ 5S (b+ c)? (2a? + be) 


Therefore, it suffices to prove that 
(a+b+c)* >20 (b+ c)?(2a? + be). 
Since 
(a+b+ cf =S at +4 5° be(b? +c?) + 65> bc? + l2abe $a 
and 
S (b+ c)?(2a? + bc) = S- (0? + @ + 2be)(2a? + be) = 
= $ beb? +c) +65 b7c? + dabe Ya, 
the inequality becomes 
do at 425% be(b? +c?) + dabe Sa > 6S be. 
We will prove that the stronger inequality 
Yat + 25° be(b? +7) 4 abcS a > DDA 
This inequality follows by summing Schur’s Inequality of fourth degree 
Yat + abe S a > S be(b? + c) 
to the inequality 
3 5 be(b? +c?) > 6 pD be?, 


which is equivalent to 3$ be(b —c)* > 0. Equality occurs if and only if 
a=-Oandb=c,b=Oandc=a,c=Oanda=b. 


* 
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15. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 


that 
ee ee ee e S 
a? +be b*?+ca c#+ab~ (a+b4+c)?° 


Solution. Due to homogeneity, we may assume that a+ b+e¢=1 Under 
this assumption, we write the inequality in the form 


l—a? -bce 1—b -ca 1-—c*?—-ab 


LLE Toe aea TM Sg 
a? + be + b? + ca + c? + ab 


Since | — a? —be = (a+b He)? —a?— bc > 0 and, analogously, 1 — b? — ca > 0 
and 1 — c* — ab > 0, by Cauchy-Schwarz Inequality we get 


2 
syle ate, [D2 (1 - a? — bc)] 

a tbe 7 ya —-&@? — bc)(a? + be) 

Thus, it is enough to show that 
[3 — Y la? + be)]” 

—— te Oe? 

S (a? + be) — Y (a? + be)? 
Let us denote ab + bc + ca =x Since 


Ya = ] — 2z, Yre = r? — 2abe, S (a? + bc) = l-z, 


Yat = CA — 25° be? — | — 4z + 2r? + 4abe, 


S la? + be)? = 2abc + Yat + pc? = 1 — 4r + 32? + 4abe, 
the inequality becomes 


(2 +1)? 
3r — 3r? — dabe — ~’ 
or 
(1 — 4r) (4 — 7z) + 36abc > 0. 


1 
The inequality is clearly true for x < Consider now that z > 1 By 


Ael = 


Schur’s Inequality of third degree 


(a+b +e)? + 9abe > 4(a+b+ c)(ab + be + ca), 
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it follows that 1 + 9abc > 4z. Therefore 
36abe > 16x — 4 
and 
(1-42)(4—72) + 36abe > (1—42)(4—72x) + 162—-4=72(4e—-1) > 0. 


Equality occurs if and only if a = 0 and b = c, b = 0 and c= a, c = 0 and 
a=b 


* 

16. Let a,b,c be non-negative numbers such thata+6+c¢=2. Prove that 
(a? + be)(b* + ca)(c? + ab) < 1. 
Solution. Without loss of generality, assume that a > b > c. Since 
2 
a’ 4-be < (a+ =) 
2 
and i 
(b? + ca)(c? + ab) < 4 (b? + ca+c? + ab)’, 
it suffices to show that 
(2a + c)*(b? + cè + ab+ ac}? < 16. 


Let. 
E(a,b,c) = (2a + c)(b? +c? + ab + ac) 


We will show that 
E(a,b,c) < E(a,b+c,0) < 4. 


Indeed, we have 
E(a, b,c) — E(a,b + c,0) = c(b? + c? + ac — 3ab) < 0 
and 
E(a,b+¢,0)—4 = 2a(b+ c)(a+b+c)—4= 
= 4a(2 — a) — 4 = —4({a —- 1)? <0. 


Equality occurs if and only if a = 0 and b = c = 1, b = O and c =a = 1, 
c=0anda=b=1 
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17. If a,b,c are non-negative numbers, then 


a? — be + b? — ca + c? — ab > 0: 

° 2a? +b? +c? Weta Ar +ar? +2? ~ 
a? — be b? — ca ce? — ab 

b) 


Solution, a) Since 


1 a’—be —— (b+c? 
2 2a +b pe 2a +b pe’ 


we may rewrite the inequality as 


2 
y Ote)" <3 
2a? + b? +e 
Applying Cauchy-Schwarz Inequality, we have 


2 


b? c 
2 2 2 2 2. 
[(a + b*) tla +@)] (pta) tte 


that is 
(b+ c)? < b? + ct 
Qa* +b? + ¢2 — a2 4 b2 He 
Therefore, 


(b+)? b? c 
Laa Share haya 
a 
-Dpt bag =3 


Equality occurs if and only if a = b = c. 
b) First Solution (by Pham Huu Duc). Since 


_ 2a -be arpa- Ct) _ 
Vat +b Fe Va +62 te’ 


we may write the inequality as 


(b -+ £)? 
Vy 2a? +b +c? > 
3 Le 


-r a + eS t ee 20 
Va tte V4 e+e VIF tae +h 
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We will show that 


vette Le eee (b + c)? 


2(2a? + b? + c?) 


Using the inequality ,/2(r + y) > yz + yy yields 
2 2 
5 tti y LS (Vath yat d) =E vere 


Using again the inequality y/2(z +y) > yz + yy and then the Cauchy- 


Schwarz Inequality, we have 


(b+ e}? (b +c)? 


b hearre 2(2a? + b? + c?) S JAF Va ÊT 


IA 


oie piss) (oa hee) 


which completes the proof. Equality occurs if and only if a =b = c. 
Second Solution Write the inequality as 


2 
yi E 20, 


where A = 202 +b +, B = Vb} eta and C = V2c? + a? +b. 
We have 


oy So = ele) 4 (on Ole) _ 


b—a)(b+c) 


E (a—b)* Ci 
> AB (a+c)B+(b+c)A’ 


where 


Ci = a> +b + 28 + ab(a +b) + cla? +b? +c(a—b? 
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Since C, > 0, the inequality is clearly true. 
Remark We can prove that for 0 < p < 1 + 2/2, the inequality holds 
a? — be b — ca c? — ab 

ee t H CP 

ypa? +b +e ypb +e +a? ype +07 4 0? 
Using the same method as above one, we get 

Cy = (a? +b? + ê) (a + b + 2c) — (p — 1)c(2ab + be + ca) > 
> (a? +b? + e)a +b + 2c) — 2V2c(2ab + be + ca) 
Let a +b = 2z. Since a? +b? > 22? and ab < x”, it follows that 
Cy > (2x? +07)(2r+42c)— 2V2e( 2x7 + 2x) = 2Ax+4c) (2v2 —c)’ > 
* 

18. If a,b,c are the side lengths of an triangle, then 


a? — be b* — ca c? — ab 
I p21 +t aD 2+ a2 z <9 
3a +b +e 3b + +a 3b +e +a 


Solution. We have 


25 a? — be -pl Plat 6) + (a~ ela tb) _ 
3a? + 624+? © 3a? +b? + ¢? 


a— b)(a +c) (b—a)(b+c) _ 
-EE t rira 7 


= Dle -b)( ate - se) * 
7 3a? +624 ¢2 3b? + ¢2 4 a2] — 


(a — b)? 


Since 

a? +b°+c°—2ab—2bc—2ca=a(a—b—c) + b(b—c—a) + c(c—a—b) <0, 
the conclusion follows. Equality occurs if and only if a = b = c 
Remark We can also prove that in any triangle the inequality holds 


af — b?e? b4 — ea? cî — ab? 
4a 4 t aa a taa <0 
3a4#+b44+c4 3644+ 44+ 4 304 ++ 44+ a4 


370 Symmetric inequalities with three variables involving fractions 


Using the same method as above, we get 
> at — be? (a? — py? 
~ » Bat + bt tel >, (304 4-64 b AN3A + cf + a4) 


where 


P = (a -+b + c)(a +b- c)(b i c—a)(c+a- b} >0 
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Final problem set 


8.1 Applications 


19. Let a,b,c be positive numbers such that abc = 1. Prove that 


ja+b lb+e fe+a 
> 3. 
brit cri’ at 23 


(Vasile Cirtoaje, MC, 2005) 


20. Let a,b,c be positive numbers such that abe = 1. Prove that 


a b coy 3 
Voe3 Ver3*Vaza~2 
(Vastle Cirtoaje, MS, 2005) 


21. Let a,b,c be non-negative numbers such that a+56+c¢= 3. Prove that 


5 ~ 3be | 5— 3ca 5— 8ab 
l+a 1+6 l+e 


> ab+be+ca. 


( Vasile Cirtoaje, MS, 2005) 


22. Let a,b,c,d be non-negative numbers such that a? + b? +c? +d? = 4. 
Prove that 


(abe)? + (bed)? + (cda)? + (dab)? < 4. 
(Vasile Cirtoaje, MS, 2004) 
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23. Let a,b,c be non-negative numbers, no two of which are zero Then, 


fa a! b | Ce] 
4a+5b 4b + 5c 4e+5a7~ 


( Vasile Cirtoaje, GM-A, 1, 2004) 


24, Let a,;,a9,-  ,@, be positive numbers Prove that 
(aitat: tan)? < (n—1)""! 
(2) Te ive aly tab sno 
(at +1)(a5 +1) (a,41) n 
(b) ai tart: -+ an < (2n —1)"-2 
(a? + 1)(a3 +1). .(a2 +1) 7 2na! 


( Vasle Cirtoaje, GM-B, 6, 1994) 


25. Let a,,@9,...,@, and bı, b2,. .,6, be real numbers. Prove that 


2 
aibit: +anbn+ (ait > Hazbi + +b) 2> (at +an)(bi+ tbn) 


(Vasile Cirtoaje, Kvant, 11, 1989) 


26. Let k and n be positive integers with k < n, and let a,,a9,...,an be 
real numbers such that aj < ao < - - < an. Prove that 


(ai +a + tan)? > n(aianss + a2anre +-- + anak) 


in the following cases: 
(a) for n = 2k; 
(b) for n = 4k. 
(Vasile Cirtoaje, CM, 5, 2005) 
27. Let a,b,c,d be positive numbers such that abed = 1. Prove that 


1 1 1 1 
eS aS 
iJa paLa 14b} 4o Ipee Inds er ad= 

(Vasile Cirtoaje, GM-B, 11, 1999) 


28. If a,b,c are non-negative numbers, then 
9(a4 + 1)(b4 + 1)(c4 + 1) > 8(a?b?c? + abe + 1)’. 


( Vasile Cirtoaje, GM-B, 3, 2004) 
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29. If a,b,c,d are non-negative numbers, then 


(1 + a°)(1 + 69)(1 + c3)(1 +d?) _ 1+ abcd 
(1+a7)(1+6*)(14ec7)(1+d?)~ 2 
( Vasile Cirtoaje, GM-B, 10, 2002) 


30. Let a,b,c be non-negative numbers, no two of which are zero. Then, 
1 + 1 + I > 9 
at+ab+b? bbe? +cat ~ (atb4+c)?’ 
( Vasile Cirtoaje, GM-B, 9, 2000) 


31. Let a,b,c be positive numbers, and let 
1 1 1 
=at+--l,y=b+--1l,z=c+--1. 
x ate lL y +e 2 cto 
Prove that 
try +yz+zr>3 
( Vasıle Cirtoaje, GM-B, 1, 1991) 
32. Let a,b, c be positive numbers, no two of which are zero. If n is a positive 
integer, then 
2a%—-b™—c™ 26? —c®—a™ 2 — qn” — B” > 0 
b2 — be + e? c? — cea +a? @—ab+b ~ 
( Vasile Cirtoaje, GM-B, 1, 2004) 


33. Let 0< a <b and let a1,a2, ..,a, € [a,b]. Prove that 


2 
ai a+: :+an— n0.. an < (n~ 1) (Vb — va) 
(Vasile Cirtoaje and Gabriel Dospinescu, MS, 2005) 


34. Let a,b,c and z,y, z be positive numbers such that r+y+z=atbte 
Prove that 
ar? + by? tez? 4 xyz > dabc 


(Vasile Cirtoaje, GM-A, 4, 1987) 


35. Let a,b,c and x,y,z be positive numbers such that r+y+z=a+b+e 
Prove that 
r(3r + a) + y(3y + a) + 2(3z +a) 


> . 
be ca ab 2 12 
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36. Let a,b,c be positive numbers such that a? + b? + c? = 3. Prove that 


a b c 9 
= +-+ am 
b e a at+bt+e 
37. Let a1, @2,...,@n be positive numbers such that ajag... an = 1. Prove 
that 
1 + 1 peg 1 + 4n on 42 
a, a an N+a+agt e tan 
(Vasile Cirtoaje, MS, 2005) 
38. Let a1,@2, ..,@n be positive numbers such that aja2. .an = 1. Prove 
that 


l 1 1 
ai tart: +an—nt1> >+] 
aj ag an 


(Vasile Cirtoaje, MS, 2006) 


39. Let r> 1 and let a, b,c be non-negative numbers such that ab+be+ca=3. 
Prove that 


a (b+e)+b (e+a)+ ce (a+b) > 6. 


40. Let a,b,c be positive real numbers such that abc > 1 Prove that 


(Vasile Cêrtoaze, CM, 4, 2005) 
41. Let a,b,c,d be non-negative numbers. Prove that 
4(a* + b? + c? + d?) + 15(abe + bed + cda + dab) > (a+b+c+ a). 


42. Let a,b,c be positive numbers such that 


1 1 1 
(a+b-e)(S 45-7) 4 
Prove that i i 
(at btt et) (G4 54+) 2 2304 


( Vasile Cirtoaje, MC, 2005) 
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43. Let a,b,c be positive numbers Prove that 


1 1 1 2 
a? + 2be + b? + 2ca + c? + 2ab > ab+be+ ca’ 
(Vasile Cirtoaje, MS, 2005) 


44. Let a,b,c be non-negative numbers, no two of which are zero. Prove 


that 
a(b+c) beta) | cla+b) | ab+be+ ca 
a? + 2be b242ca c242ab — a? + b2 4 e? 
( Vasile Cirtoaje, MS, 2006) 


45. Let a,b,c be non-negative numbers, no two of which are zero. Then 


(b+c)?  (c+a)* | (a+b)? 


a? + be bl tea | @+ab 


(Peter Scholze and Darij Grinberg, MS, 2005) 


46. Let a,b,c be non-negative numbers, no two of which are zero Then 


b+e e+a + a+b 6 
2a? +be 22 pea %%+ab~atbt+e 


( Vasile Cirtoaje, MS, 2006) 


47. If a,b,c are non-negative numbers, then 


ay a? + 3be + by b? + 3ca + ey c? + 3ab > 2(ab + be + ca). 
(Vasile Cirtoaje, MS, 2005) 
48. Let a,b,c be non-negative numbers, no two of which are zero. Then 


a? — be b? — ca c* — ab 
>0 


— 4 ——____ —__ 
Va? + be Vb? + ca + Ve? + ab ~ 


( Vasile Cirtoaje, MS, 2005) 
49. If a,b,c are non-negative numbers, then 
(a? — be) Va? + 4be + (b? — ca) yb? + 4ca + (c? ~ ab) y e2 + 4ab > 0 


( Vasile Cîrtoaje, MS, 2005) 
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50. 


5l. 


52. 


53. 


54. 


55. 


56. 


8. Final problem set 


If a,b,c are positive numbers, then 


a? — be b? — ca c* — ab 
ee +f ee + > 0 
8a? + (b+c)?  f/8b2+(c+a)* /8ce?+(a+)? 


( Vasile Cirtoaje, MS, 2006) 


If a,b,c are non-negative numbers, then 


a? +be+ fb? + ca+ Ver?+ab< 


(a+b+c) 


wW | cw 


(Pham Kim Hung, MS, 2005) 
Let a,b,c be non-negative numbers such that a +b tees. Then, 
21 + 18abe > 13(ab + be + ca) 
(Vasile Cirtoaje, MS, 2005) 


Let a,b,c be non-negative numbers such that a? +b? + c? = 3. Then 


1 1 1 
a pi p I< 
5—2ab 52c 52a ~ 


(Vasile Cîrtoaje, MS, 2005) 
Let a,b,c be non-negative numbers such that a? + b? + e =3 Then, 
(2 — ab)(2 — be)(2 — ca) > 1. 
( Vasile Cîrtoaje, MS, 2005) 
Let a,b,c be non-negative numbers such that a+b+c= 2 Prove that 


be ca ab 


= + SS <1. 
a41 4I 


e+ 7 
(Pham Kim Hung, MS, 2005) 
Let a,b,c be non-negative numbers, no two of which are zero. Then, 


a? + 3abe bÌ +3abe  @ + 3abe 


a5 a S 
CE t era t ur en 


Vasile Cîrtoaje, MS, 2005) 
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57. Let a.b.c be positive numbers such that af +b4 +c =3 Then, 


2 2 2 
a b c 
—+— 42> 
a) piata?” 
2 2 2 
a b c 3 

b >= 

) bre’ cia ab??? 


(Alexey Gladkich, MS, 2005) 
58. If a,b,c are positive numbers. then 


d- Bae ča (a~ 0) (be? + (e a)? 
a+èb bt+e c+a 8 


(Marian Tetiva and Darnj Grinberg, MS, 2005) 


59. Let a,b,c be non-negative numbers, no two of which are zero Prove 
that 


a? b? 2 -l 
Qa (a4 o) | btob a) etal E 3 


(Tigran Sloyan, MS, 2005) 


60. Let a,b.¢ be non-negative numbers, no two of which are zero Prove 
that 


1 1 I I 
— see St > 4 ~~ OO 
'5(a? 4 62) ab 5(b2 +02) be * (c+ a2) ca T a2 + b2 + ¢2 


( Vasile Cirtoaje, MS, 2006) 


61. Let a,b,c be non-negative real numbers such that a2+52+¢2 = 1 Prove 


that 
be ca ab 3 


ey a ee 
a241i bbl’ aol ~ 4 
(Pham Kim Hung, MS, 2005) 


62. Let a,b,c be non-negative numbers such that a? +b? +c? =1 Prove 


that 
1 1 1 9 


> + > G 
3+a2—%e | 34 P—2ea + 342 —Iab <8 
(Vasile Cirtoaje and Wolfgang Berndt, MS, 2006) 
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63. If a,b,c are positive numbers, then 
4a? -b -e 4b- —a? = 4c? — a? — b? 
—___— + ——__ + ——_ £3 
a(b + c) b(c +a) c(a + b) 
( Vasile Cîrtoaje, MS, 2006) 
64. If a,b,c are positive numbers such that abc = 1, then 
3 1 1 1 
eth te+6> = (atb+c+—+74-) 
2 a b cœ 
(Vasile Cirtoaje, MS, 2006) 


65. Let a},@2, .,@, be positive numbers such that a} +a + - +an =n 
Prove that 
1 
aaz.. .an (>+ — n+ n3) <3 
Qi a an 


(Vasile Cirtoaje, MS, 2004) 
66. Let a,b,c be the side lengths of a triangle If a? + b? +c? = 3, then 
ab + be + ca > 1 + 2abe. 
(Vasile Cirtoaje, MS, 2005) 
67. Let a,b,c be the side lengths of a triangle. If a? +b? + c? = 3, then 
atb+e>24+ abe 
(Vasile Cirtoaje, MS, 2005) 


68. If a,b,c are the side lengths of a non-isosceles triangle, then 


a) a+b b+c e+a S5 
a—b b—c c-a ' 

b tb b4e? epa 3 

) a ptp gataaga”? 


( Vasile Cirtoaje, GM-B, 3, 2003) 


69. Let a,b,c be the lengths of the sides of a triangle. Prove that 


a? (7-1) +08(E-1) +2 (7-1) 20. 
c a b 


(Vasile Cirtoaje, Moldova TST, 2006) 
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70. Let a,b,c be the lengths of the sides of an triangle. Prove that 


1 1 1 a b c 
~4 4 _|> —— 4+ — +. — } 
(a+b+e)(~ +5425) >6(-2- +--+) 


(Vietnam TST, 2006) 


71. If [> V3], th 
. Q1, 02, 83,04,05, 86 E V3’ , then 
3 
ai~ a ag-ag ag — al 
a +a3  ag+ aq ai + aq — 


( Vasile Cirtoaje, AJ, 7-8, 2002) 


72. Let a,b,c be positive numbers such that a? +b? +c? > 3 Prove that 
a5 — a2 b5 — b2 eo — e 
=r t+ aes t eo 2. 
a4 62+¢2 apb 4¢2 © g24 $24 5 
(Vasile Cirtoaje, MS, 2005) 
73. Let a,b,c be positive numbers such that r+ y+2z>3 Then, 


1 1 1 
-+y AL 
tS +y+z rty +z rt+y+23 


(Vasile Cirtoaje, MS, 2005) 


74. Let z1,£2,. ., £n be positive numbers such that zizo. -£n > 1. 
If œ > 1, then 


Ti 
bg 2} 
Ti +r + + Tn 
(Vasile Cirtoaje, CM, 2, 2006) 


75. Let £1, £9,...,2pn be positive numbers such that tizo .. £n > 1. 


Ifn > 3 and 


<a< 1, then 


zt 
y — <1. 
koris oe SE A 


(Vasile Cirtoaje, CM, 2, 2006) 
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76. Let 21,29,.. ‚£n be positive numbers such that 2,29. .2,, > 1 
If œ > 1, then 


Vy 
L: 
tj HEr2 +e HEn 
(Vasile Cirtouje, CM, 2, 2006) 
77. Let £1, 29,...,2n be positive numbers such that 2)79.. 2, > 1. 
2 
If -] - — <e& < 1, then 
n—? 
5 — >1 
xe +2o}-+° + En 
( Vasile Cirtoaje, CM, 2, 2006) 


78. Let n>3 be an integer and let p be a real number such that 1 <p<n-—1 


—p—~1 
If 0 < x1,£2,. ea < PT such that 7129.. £n = 1, then 
p(n- p- 1) 
1 1 1 n 
> 


+ + + 2 
l+ przy 1+ pre l+pr, l+p 
(Vasile Cirtooje, GM-A, 1, 2005) 


79. Let a,b,c be positive numbers such that abc = 1 Prove that 
1 1 1 2 


—3 tag tos toe! 
(1ta)? (146)? (1+6)  (1+a)(1+)(1 +e) 
(Pham Van Thuan, MS, 2006) 
80. Let a,b,c be positive numbers such that abe = 1 Prove that 


a? +b? Hte +9(nb | be + ca) > 10(a+b+c) 


81. Let a,b,c be non-negative numbers such that ab + be + ca = 3 Prove 
that 
a(b? + e?) ble? + a?) e(a? + b?) 
a? + be + b? 4 ca + c? + ab 
(Pham Huu Duc, MS, 2006) 


> 3. 


82. If a,b,c are positive numbers, then 


2 2 2 2 2 2 
a b c Glat +b +e 


b 
(Pham Huu Duc, MS, 2006 
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83. If a,b,c are positive numbers, then 
a? b? c? 3(a? +b +) 
bre cka atb? (A+ F A) 
(Pham Huu Duc, MS, 2006) 


84. Ifa, b, care given non-negative numbers, find the minimum value E(a,b, c 
of the expression 
ax cz 
= + by + 
ytz 24+20 rty 


for any positive numbers 2, y, z. 


(Vasile Cirtoaje, MS, 2006) 


85. Let a.b,c be positive real numbers such that a + b + c = 3. Prove that 


1 


1 1 
atatao ++. 


o~ 


( Vasile Cirtoaje, Romania TST, 2006) 


86. Let a,b.c be non-negative real numbers such that a +b + c = 3. Prove 
that 


(a? — ab + b*)(b? — be + c?)(c? — ca + a’) < 12. 
(Pham Kim Hung, MS, 2006) 


87. Let a,b,c be non-negative real numbers such that a+b+c¢=1. Prove 


that 
a+b? +yb+e+ Veta? >2 
(Phan Thanh Nam) 


88. If a.b.c are non-negative rea] numbers, then 


a + b? 4 e 4+ 8abe > $ bey/2(b? + c*). 


89. If a,b,c are non-negative real numbers, then 
2 2 2,4, 15 2 
(l+a*)(1+b*)(1+c ) 2 jg tetb+o) . 


( Vasile Cêrtoaje, MS, 2006) 
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90. Let a,b,c,d be positive real numbers such that abcd = 1. Prove that 


(1 + a*)(1 + b?)(1 +E +) > (a+ b4c+4d). 


(Pham Kim Hung, MS, 2006) 
91. If z1,22,. Zn are non-negative numbers, then 
2 2 2 
xri trt -+z 
Tı +za+ +2, >(n—1)¥e1tq tnt —_—_—_—— 
( Vasile Cirtoaje, MS, 2006) 
92. If k is a real number and 21,29,. .,£n are positive numbers, then 


(n—-1) (21t: +r3t"+ tee +275**) 4212 .. En (xf+23+ ..4 zn) > 
> (r1+22+- -+2n) (ctl opted y L fanth-l) 


(Gjergji Zaimi and Keler Marku, MS, 2006 
93. Let a,b,c be non-negative numbers, no two of which are zero. Prove 
that 


4 


d b4 + cA > atbte 
+B B+ Sp 


2 
8.2 Solutions 


1. Let a,b,c be positive numbers such that abe = 1. Prove that 


a+b bte c+a 
\/-— {/—— \/ > 3. 
bai e+1? api =? 


Solution. By AM-GM Inequality, it follows that 


a+b b+e c+a of (a+ b)(b+ e)(e+ a) 
Varit Vout t Your 2 VODE) 


Thus, we still have to show that 


(a + b)(b+ c)(c4+ a) > (a+ 1)(b4+ 1)(e4+ 1) 


Let A=a+b+cand B = ab + bc + ca. The AM-GM Inequality yields 
A>3and B>3 Since 


(a+ b)(b+ c)(e+ a) = (a+b +4 c)(ab + be + ca) — abe = AB- 1 
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and 
(a+ 1)(b+ 1)(e+1)5A4+B42, 


we have 
(a+ b)(b+ c)(e+1)— (a+ 1)(b4+ I)(e+ 1) = 
=AB-A-—B-35=(A~1)(B-1)-4>2-2-4=0 
Equality occurs fora = b= c= 1. 


Remark The inequality holds for the extended condition 
ab+be+ca> 3 


Letting a = tz, b = ty and c = tz, where t > 0 and x,y,z > 0 such that 
ry + yz + zx = 3, the inequality 


(a+ b}(b+ c)(e+ a) > (a+ 1)(64 1)(e+ 1) 
becomes 


etnas aerea (e+) (vt) (e+), 


From ab+bc+ca > 3 we get t > 1. It is easy to see that it suffices to consider 
only the case t = 1, which is equivalent to the condition ab+ be+ca = 3 In 
this case, from 

(a+b+c)* > 3(ab + be + ca) 
we geta+b+c > 3, and from ab + bc + ca > 3Va2b2c? we get abe < 3. 
Finally, 


(a + b)(b+ c)(e+ a) — (a+ 1)(b4 1)(e+1) = 
= (ab + be+ ca—1)(a+ b+ c- 1)— 2(1 + abe) = 
= 2(a+6+e¢-3)+4+2(1 —abe) > 0 


* 
2. Let a,b,c be positive numbers such that abe = 1. Prove that 


a 4 b 4 € 
b+3 e+3 a+3 


> 3. 
~ 2 
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z 
Solution, Setting a = —, b = —, c= Y the inequality becomes 
T z 


ee 


bol w 


T y z > 
Jurte) V2Qvta) Yei 


1 
By Jensen’s Inequality applied to the convex function f(t} = —, we get 


Jt’ 


a Ë g Y yo 2U o 
herta Yeye) Vee 


| r+yte 
> —_— 
2 (c+yt+2) ry(324 z) + yz(3y + z) + zz(3z +y) 


Using this result, it is enough to show that 


A(x+yt z)’ > 27(x°y + yz + 2r + xyz). 


Let x = min{z,y,z} Denoting y = £ + p, z = x + q (p,q > 0), the 
inequality transforms into 


9(p? — pq + q”) + (a — 2b)?(4a + b) > 0, 
which is clearly true. Equality occurs only fora = b=c=t 


* 


3. Let a,b,c be non-negative numbers such that a+ b+ c= 3. Prove that 


5—3be 5-—3ca 5-—3ab 


_ 4 2 >abt+ob . 
ida i+6 gye TUT + Ca 


Solution. Let s = ab+ be + ca. The well-known inequality 
(a+ b+)? > 3(ab + be + ca) 


implies s < 3. We write now the inequality as follows: 


5 — 3be 5 — 3ca 5 —3ab 
— — — > 
( 1 be) + ( tab ca) + ( lhe ab) 0, 
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5— 4bc— abc 5-— åca — abe 5-— 4ab — abe 
l+a 1 +b l+c 

So (1 + b)(1 + ¢)(5 — 4be — abe) > 0, 

$ (4 — a + be)(5 — 4be — abe) > 0, 

45 + 3abe > 11 50 be +49 Bc? + abe Y be, 

45 + 27abe > 11s + 45? + abes. 


> 0, 


Since s < 3, it suffices to show that 


45 + 2dabe > 11s + 4s?. 


9 
For s < T we have 


99 81 
45 + 2dabe — 11s — 4s* > 45 — 11s ~ 4s? > 45- 7- 77O 


9 
Consider now z <s <3. By Schur’s Inequality 


(a+b +c)? + 9abe > 4(a +b + c)(ab + be + ca), 
it follows that 9+ 3abe > 4s. Then, 


45 + 24abe — 11s — 4s? > 45 + 8(4s — 9) — 11s — 4s? = 
= 21s — 27 — 4s" = (3 — s)(4s — 9) > 0, 
which completes the proof. Equality occurs for (a,b,c) = (1,1,1) and also 


3 
for (a,b,c) = (0, D 5) or any cyclic permutation 
* 


4, Let a,b,c,d be non-negative numbers such that a? + b? + è + d? = 4. 
Prove that 


(abc)? + (bed)? + (eda)? + (dab)? < 4. 
Solution. Setting z = a, y = b’, z = cè and t = d?, the inequality becomes 


(xyz)? + (yzt)3/? + (zt)? + (tey) < 4, 
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where x,y,z and t are positive numbers such that r+ y+2z+t=4 By 
AM-GM Inequality, we have 


1 +z+y+z > 4¥2yz. 


Thus, 


t+aotytz\? /5-ty? 5—t\? 
vns (ATE) = (AF) ea (7) ave 
Analogously, 


5— 2 5— 2 5— 2 
(y2t)>/? < (=) yzt, (ztr)?/? < (=) ztz, (try)? < (5) try. 


Taking account of these inequalities, it suffices to show that 


5—t\? 5—2\? 5— y)? 5—z\? 
(25+) w CGA) vets (H) a r) esa 


This inequality is equivalent to E(z,y,z,t) < 0, where 
E(x, y, z, t) = 25(xyz + yzt + ztz + try) — 64 — 36ryzt. 


Without loss of generality, we may assume that z > y > < > t. We will 
show that E is maximal for x = z, and hence for r = y =z To prove this, 
it is enough to show that z > z implies 


r+z rt+z 
Benat) <B( z 5 s) 


Indeed, 
+z r+2 _ 
E (= y= 4) — E(r,y,2z,t)= 
— = 2 
_ ay tt) 36yt (2)? > 25(y +t) - YF p22 = 
— (t95 = yth (z — 2)? > 0, 


since t +t +t + 
o y+t y y r+z 
y+tt= = + 5} < 9 + 5 
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4 
We need now to show that E(z,y,2,t) <0 forz=yaz< z We have 


E(x, £, £,4— 3r) = 4(2724 — 862° + 75x? — 16) = 
= å(x — 1)? (271? — 32x — 16) < 0, 


since 27x? — 32x — 16 = 9(3x — 4) + 4{xz — 4) < 0. This completes the proof 
Equality occurs fora = b=c=d=1 


* 


5. Let a,b,c be non-negative numbers, no two of which are zero. Then, 


a 4 b 4 C < 
V da + 5b V 4b +- 5c 4c+ 5a 7 


Solution. If one of a,b,c is zero, the inequality is clearly true. Otherwise, 


b c a 
setting T = —, y = z and z = — (such that ryz = 1), the inequality becomes 
a c 


Assume now that x > y > z. The condition ryz = 1 yields r > 1 and 
yz < 1. We may obtain the inequality by adding up the inequalities 
1 1 2 
VEF VETS JETSE 


1 2 
+ <1 
V44+52  ,/445,/yz 


The former inequality is satisfied as equality for y = z. For y > z, let us 


+2 
denote s = a and p = yyz(s > p,p < 1). Squaring and dividing then 


10(s — p) 
SS ——————————— 
(4 + 5p) (4+ 5y)(4 + 52) 

to, tb 28 ee 

4+5y 4+5: 4+5p7~ 4+5p (4+ 5y)(4 + 52) 
5p— 4 < 8 

(4 + 5y)(4+ 5z) ~ 4+ 5p + (4+ 5y)(4 + 52)’ 


25p° — 16 < (12 — 5p)\/25p? + 40s + 16 


, the inequality becomes successively 
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The last mequality is true because 


(12 — 5p)\/25p? + 40s + 16 — 25p* + 16 > 
> (12 — 5p) 25p? + 40p + 16 — 25p? + 16 = 2(8 — 5p)(5p + 4) > 0 
To prove the latter inequality, 


1 


2 
Se tO SE L, 
V¥4+5r ,/445,/yz 


2 
let ,/4 + 5, /yz = 3t, 3< t<1 Since 


the inequality becomes 


Qt? — 4 2 
ef — C, 
3/36t4 — 3272421 3t 
(2 — 3t) (/36e4 — 32t? + 21 — 30? — at) < 0. 


Since 2 — 3t < 0, we still have to show that /36t4 — 321? + 21 > 3t? + 2t 
By squaring, we get 
o¢4 — 4 — 1027 +. 7> 0. 


This inequality is equivalent to 
(t — 1)? (9t? + 14¢ + 7) > 0, 


which is clearly true. Equality in the given inequality occurs if and only if 


a-=~b=c. 
* 
6. Let a,,a2, . ,@n be positive numbers. Prove that 
(ai +ag+-: +n)? (n—1)""1 
a) -aaan EY PI es 
CECE @z4l)~ 2 
b) ai +a +’: +a 2 az Dr 


(OFF 1G +1). CE 
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Solution. (by Gabriel Dospinescu) a) Let m be a positive integer (m > n), 


z: 

and let a; = ——*— for alli Assume that TIL Sop S I <a + SI. 
m— 

By Bernoulli’s Inequality we have 


(>) Met +9 - (SY (45+) - 


t=1 i 


-p (1+ 224) -i (1#) TI (5) 


i=1 i=k+1 


2 n 2 
“— l ‘—Í1 
Ti )(s 3 )- 
m , m 
1 i=k+1 


= sy (e+ taht mk) (m+k—n+2%,,+---4+22). 


IV 


IV 
~*~ 

+ 
M> 


e. 


Applying now the Cauchy-Schwarz Inequality to the m-tuples 


(x1, ., 24,1, ,1) and (1,. l, 2k41) Zn), 
we get 
(zi + -+2,+m—k)(mt+k—n+2},,+---+22) > 
> (z+ -t2e+m—n+auit +E)? = 
=(m—nt+2 T+ +E), 
and hence 
m= 1yr g 1 
(=) J (41) > —j(m—ntartart+ - +z)’, 
m i m 
or n 2 2 
2 m” m-n 
I (+1) 27 mya ( ba ban ts + on) 
Equalit h : 
ality occurs when a] =a, =; = an = —=——=. 
q y 1 2 an J/m—1 
a) Choosing m = n, we get the desired inequality. Equality occurs for 
a) =O2= = ün = l 
1 2> n= ma 1 
b) Since 
(F— + +ao+ -+a ) > Mea 
mo | 1 2 n 2 mol (a, +a +: + an), 
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we get 
n -2 
4m” (m-n 
(a2 + 1) > gy +a to an). 
n= = 
i=1 (m—1)""2 


Choosing m = 2n, we get the required inequality Equality occurs for 


1 
=a) = = ün = ——_.. 
ay 2 n n — 1 
* 
7. Let a,,a2,. -,@, and b,,b2,.. ‚On be real numbers. Prove that 


2 
aibit: --+anbnt Vai + --- + 02)(b2+-- + bh) Zart -+an)(bit:--+bn) 
First Solution. Write the inequality as 
(a? + --- +02) (bf +- +b) > a)(2b— by) +--+ + an(2b— bn), 


bj tbo +--+ +b 
where b = Arer o oTa Setting now z; = 2b — b; for all indices ¿, we 
n 
have 


Yar? = Y (4b? — 4b; + b?) = 4nd? — bY bit SP = YF, 
and the inequality reduces to 
(a? +- +a) (i+. +22) > ayti +- + antn, 
which is just the Cauchy-Schwarz Inequality. This completes the proof In 
the case ajaz . an Æ 0, equality occurs for 


— 9h — — 
2b—by _ 2b-b2 2 bn sg, 


a a2 an 


Second Solution Consider the nontrivial case a? + a2 +-- +02 > 0, 


_ fot tee + tb 
TS Voltage. + a2 


and use the substitution b; = zz; for alli We see that 


denote 


2 2 2 
a +a +o tat Sr Hri 4 7?. 
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The inequality becomes 
aT; + aT + + Ont, +a? +az+-- +a? > 
>= (a, +02 + ‘++ an)(Ti +22 +: + En), 
or 
(ay +21)? + (a2 +22)? +++ + (an +2n)* > 
> <(ar + a+ --+4n)(2y+22+ +-+2q). 
Since 
[(a, tag t++++an)+ (z1 +r + +E) > 
> A(a, +az +- + an)(zi +22 +: + En), 
it suffices to show that 
(a) +21)? + (a2 +22) + +(ant+2n)* > 


1 
> = [lar tag-+ --+an)+ (z1 +a2+- + En). 


This one reduces to the well-known inequality 
n (y? +yz + + yA) >(yrtyet - +4Yn)*, 


where y; = a; + 2; for all i. 


1 
Remark Setting b; = P for all 2, we get the following inequality 


1 1 1 
n? +n (a? + tad +--+ + a2) (atiti) > 
a az an 
1 1 1 
> (a tag +--+ tan) (— + — + +), 
a, a Qn 
For even n (n = 2k) and a; < ap < --- < an, equality occurs when 
a, =a2=- = ak Md Akti = ak4? = +++ = gg. 
For odd n, equality occurs only when a; = a2 = -:- = an. We conjecture 
that for odd n, the following stronger inequality holds 


1 


1 j 

2 

1 2—1 2 2 oe 2 (> a) 2 i> 
n tit (n ) (a? + a5 + +a?) a? + a? + a2 n = 


1 1 1 
2 Yar az +--+ aq) (=+). 
n 
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If ay < ag <--- < an and n = 2k + 1, equality occurs for either 


aj = ag = +++ = ay and ak4] = Aky = °° = Anna, 
or 
aj = a9 = °°: = Abe and Qk+2 = Gho3 = 77 = A9k41- 
* 
8. Let k and n be positive integers with k < n, and let a,,a9,...,an be real 


numbers such that a, < ag <- < an. Prove that 
(ai taz ++ an)? > n(ayanyy + azak + +--+ anak) 


in the following cases: 
a) forn = 2k; 
b) for n= 4k. 


Solution. a) We have to prove that 
(a, + ao +++: + az) > 4k(a1an 41 + azak + +++ + akak). 
Let x be a real number such that a, < x < ay,,. We have 
(z — a1)(@n41. — T) + (£ — az)(ak+2— £) + +--+ (2 — aK) (a, —2) 2 0 
This can be manipulated into 
dke(a, +az +: + azk) > 4k?2? 4 4k(aiakyı + agangg + +++ + akaz). 
Summing this inequality to 
(a; tag +t: +a) + 4k? 2? > 4ka (a, + ag +--+ + any) 


yields the desired inequality. Equality occurs for 


o ee _ ay + agt+ +++ a% 
Aj+1 = A542 = i = Atk = ~~ 


where j € {1,2,...,4—1}. 
(b) We have to prove that 


(ai +a +: ++ age ? > ák(ajakųı + azak+2 ++ ++ agnay 
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The mequality is equivalent to 
(bi +b2+ ++ box)? > 4k(bibkpi + babry2 + -+ bebaa), 


where b; = a; + akpi for 1 < i < 2k. Since b} < ba < +++ < bog, this is just 
the preceding inequality. Equality occurs for 

f 4j41 = Gj42 =" = OAjye =a 

i Ajt2k+1 = @j42k42 = = Aj43k = b, 

i ar ta+ -+a = 2k(a+4 b) 


where a < b are real numbers and j € {1,2,. ,k-1} 


n 
—<4, 


Remark Actually, the inequality is valid in the more general case 2 < z Š 


* 


9. Let a,b,c,d be positive numbers such that abcd = 1. Prove that 


1 1 1 1 
———,  ¢ — es IBS 
Itata ta 1¢b4h 48 iter ese Ipdp = 


Solution. The mequality can be obtained by summing the inequalities 


1 1 1 
eS 
ltaj 1+b+b +b ~ 14+ (ab)3/2’ 

1 1 1 (ab)3/2 


ee le Na 

Ipepepat 1+¢d+d?4 a3 ~ 14 (cd)3/2 1+ (ab)3/2 
Each of these inequalities is of the type 

1 4 1 > 1 
1+? trt? Ley? tyty T 14 23y3’ 

where x and y are positive numbers. Using the substitutions p = xy and 
s=2?4a2y+y? (s> 3p), the inequality becomes as follows: 
p*(2°+y°)+p?(p—1)(24 +y4)—p?(p* —pt 1)(2?-+y") pS —p! + 2p? —p? +1 >0 
p(x? —y*)? + p?(p—1)(2*—-y?)? — p®(p?@—-p + 1)(a@—y)? + p®—p'—p* 41 > 0, 
p’(s + 1)(ps — 1)(2 — y)? + (p? ~ 1)(p4 ~ 1) 2 0. 
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If ps — 1 > 0, then the inequality is clearly true Consider now that ps < 1. 


1 
From ps < 1 and s > 3p, we get p* < 3 Write the inequality in the form 


(1 — p?)(1—p*) 2 p?(1 4 s)(1 — ps)(x — yY. 
Since 
plz — y)? = ps — 3p? <1— 3p? < 1—p’, 
it suffices to show that 
1 —p* > p(1+s)(1 —ps) 


Indeed, we have 


TR 


2_ (+p? < 1+p* 
4 2 


p(1 +s)(1-— ps) < —[p(1 + 5) + (1 —ps)] 


Qa & 


only ifa=b=c=d=1. 
* 


Equality occurs if an 


10. If a,b,c are non-negative numbers, then 
O(a4 + 1)(b4 + 1)(c4 +1) > 8(a7b?c? + abe + 1)?. 


Solution. If at least one of a,b,c is zero, then the inequality becomes trivial. 
Consider now that a,b,c are positive numbers For a= b = c the inequality 
reduces to 

9(a* + 1)? > 8(a® + a? + 1), 


or 
1\3 1 2 
9 (a? +) >8(a?+—-+1) 
a a 
1 
Setting a + 37 z, the inequality can be written as follows 


Q(x? — 2} > 8(x3 — 3x 4-1), 
xê — brt — 162° + 362? + 482 ~ 80 > 0, 
(x — 2)? [e(z — 8) + 4(z? — 5) + 6x°] > 0. 


Since x > 2, the last inequality is clearly true. Multiplying the mequalities 


9 at41 2>8 a® +0741), 9(b441 32> 8(5546941)?, 9(c441)? > 8(e8 +0741)’, 
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yields 
[9¢a4 + 1)(b4 + 1)(c4 + 1)}° > 88(a® + a? + 1)?(b® + HLE c3 + 1)? 
Using now Holder’s Inequality 
(a +a? + 1)(bf +B + 1)(c% + e +1) D (ab? + abe + 1)%, 
the conclusion follows Equality occurs only for a = b =c = 1. 
x 


11. Jf a,b,c,d are non-negative numbers, then 
(1+ a9)(1 + 63)(1 + c3)(1 +da) _ 14 abed 
(1 + a7)(1 4+ b2)(1+c?)(14+ a4?) ~ 2 
Solution. For a = b = c = d, the inequality becomes 


(Hye 


a3 +1\4 a+1\*_ atf4] 

— > > 

a 1j ~\a+l/ ~ 2 
The left side inequality is equivalent to (a? + 1)(a + 1) > (a? + 1)7, which 
reduces to a(a — 1)? > 0, while the right side inequality is equivalent to 


2(a® —a +1)? > a4 + 1, which reduces to (a ~ 1)4 > 0 
Multiplying now the inequalities 


We will show that 


a° +1 afattl +1. afbt+l 

a +17 2 ? ¿+15 2 ’ 
+1 afet +1 +1  adi+] 

e411 2 ? d +17 2 


ylelds 


(a? +1) + 1)(e? + 1)(2 +1) _ 1 

sO > LY A 4 4 . 

(a? + 1624 (2 dr 1) > VIM + DO? + 1)(et + 1) (at + 1) 
Applying twice the Cauchy-Schwarz Inequality produces 

(af + 1)(b4 + 1)(c4 + 1)(d* + 1) > (ab? + 1)(e2d? +1}? > (abcd + 1)4, 


from which the desired inequality follows. Equality holds for a=b—c=d=1. 
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* 


12. Let a,b,c be non-negative numbers, no two of which are zero. Then, 
1 + 1 + ] > 9 
a? +ab+b? b2+bce+c2 c®+cata? ~ (at+b+c)? 
Solution. Let s = ab + bc + ca Due to homogeneity, we may consider 
a+b+c=1. Since 


1 1 1 
a? +ab+b? (atb+4+c)?—(ab+be+ca)—(a+b4+c)e 1l—s—c’ 


the inequality successively becomes 


— l 4l ,_1 so 
l—-s—-e l~s—a FIZ? 
95s — 6s? — 3s + 1 + 9abe > 0, 


s(3s — 1)? + 1 — 4s + 9abe > 0. 
The last inequality is true because 1 — 4s + 9abe > 0 by Schur’s Inequality 
(a +b +c)? + Gabe > 4(a +b +c)(ab + be + ca) 
Equality occurs if and only if a = b = c. 
* 


13. Let a,b,c be positive numbers, and let 
1 1 
rt=a+--—-1l,y=b+--l1, z=ce4l-1. 
b c a 


Prove that 
ry tyz+22 > 3. 


Solution. Without loss of generality, assume that z = max{z,y,z} Then, 
1 1 1 1 1 

T> g(@tytz)= 3 (a+ = +b+ ~te+—~3)> g(2+24+2—-3)=1 

On the other hand, 


1 1 1 
(x + 1)(y +1)(z+ 1) = abe + — -= tetitetgtpto 


1 1 
>2tatbter— +t —=Statytz, 
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and hence 

zyz + ry+yz+zr>4 
(c—1)? 


1 
Since yt z= —+04+ > 0, two cases are possible a) yz < 0, b) 


a 

y>Oandz:>0 

a) Case yz <0 We have ryz < 0, and from zyz + ry + yz + 22 > 4 it 
follows that ry + yz +22 >4>3 


ryt Yz -4 cn 
b) Case y,z >0 Let d= f= We have to show that d > 1 


By the AM-GM Inequality, we have ryz < d? Thus zyz+zyt+yz+22>4 
we get d + 3d? > 4, (d~ 1)(d +2)? > 0, d > 1 Equality occurs for 
a=b=c=] 


* 


14. Let a,b,c be positive numbers, no two of which are zero. If n is a positive 
integer, then 


2a” —~b® ~—c™ 2b? —~c®~Q™ Ach ~ g™ — Hn 
~ + i 4. —__ -_ __ >g 
b? — be + e c? ~ca+a? a®~ab+bh? — 


First Solution Let E be the left hand side of the inequality, and let 
X = 2a" — b" ~ c, Y = 2b" ~c®— a", Z = 2c" ~a®— 


Since X +Y + Z = 0, we have 


1 1 1 1 
E= (E e Brera) X+ (aR E Fate) Z= 


1 aes n ee 
~ C2 — cat a? b — be + c? a? — ab + b? 


Thus, the inequality becomes 


(a—b)(at+b~oc)\X  (c—b)(c+b~a)Z 
b? —~ be +c? + a? — ab + b? 20 


Since the inequality is symmetric, it suffices to consider the following two 
cases. l)a>b>c,b+e>a,2)c>a>batb<ce. 


In the first case, as well as in second case with X < 0, the inequality is 
true since (a ~ b)(a + b~c)X > 0 and (c—b)(e+b-—a)Z>0 
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In the second case with X > 0, we rewrite the inequality as 
(c—b)(e+b-—a)Z _ (a—b)(c—a—b)X 
Se Ey E o 
a? — ab + b? — b? ~ be +e? 


This inequality is true since 


Z>X>0O, 
c~b>a-~-—b>0, 
c+b-—a>c—a-—b>QO, 
b? — be 4 >a? abb? > 0. 


Equality occurs if and only if a = b = c. 
Second Solution (after a Ho Chung Siu’s idea). Let E be the left hand 
side of the inequality, and let 

A=b"— 0c", B=c"™-a", C= a™—}b*, 

X= —be+e*7, Y=c?—-cat+a’®, Z=a*®—ab+}?. 


Without loss of generality, assume that a > b > c. We have A > 0, C > 0, 
and 


= AF2C A-C 2A4C _ ( 1 1 2 2 1 1 
E=- ty 7 =Alzty z) tolz Ta) 
. . 1 1 2 
To prove the desired inequality it suffices to show that xt YF > 0 and 
2 1 1 


y y 72 0. Since Y — X = (a — b)ì\(a +b -— c) > 0 and Z — X = 
(a — c)ì(a — b + c) > 0, the second inequality is obviously true In order to 
prove the first inequality, we write it as 


2 


i 
X Y’ 


(a—c)(a+c—b)(a? + ê —ac) > (b— e)(a — b —c)(b? 4c? — be). 


The inequality is trivial fora~b—c<0O For a-— b-— c > 0, the inequality 
follows from a— c > b—c,a+e—b>a—b~ce, a +e-—ae > b? +c? —be. 


* 
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15. LetO<a< band let a,,a2, an E [a,b]. Prove that 


ai +agt---+an,~-—nNYajao . an < (n—1)(Vb- Va) . 


Solution. First we will show that the left hand side of the inequality is max- 
imal when &1, a2, ..,@n € {a,b}. To prove this claim, consider ag,.  , an 
fixed and assume, for the sake of contradiction, that 


flai) = a; +a + "+ On —NYA10Q ..an 


is maximal for a < a; < b; that is f(a) > f(a) and f(a,) > f(b). Let 
x; = ya, for all i, and let c= ya, d = Yb (c< zı < d}. From 


flai) — f(a) =z] — c — n(x — e)z. En = 
= (z; ~c) (zi +r? Rey s4 e! —nZq...2n) > 0, 


we get 
apt pat ct oHe} > nae En. 


Analogously, from 


f(a;) — f(b) = z} -—d®—n(2,-d)r2 . 2, = 
= (zı ~ d) (cp htop dt- +d — nao. £n) >0, 


we get 
NI. Tn > att + r? ?d+ EER aia 


Adding up the obtained inequalities yields 
ap fat a E a yet dg... pat, 


which is clearly false. 
Since the left hand side of the given inequality is maximal when 


@1,49,. .,4n € {a,b}, 
it suffices to consider that 
a) =-= ak =a and Qk =": =a, =), 
where k € {1,2,. .,n— 1}. The inequality reduces to 


(n—k ~ 1)a+ (k — 1)b + nanba" > (2n ~ 2)Vab, 
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which immediately follows by the AM-GM Inequality 
For n > 3, equality occurs if and only if a = 0, one of a; is equal to 0 
and all the other a; are equal to b 


Remark This inequality is an improved generalization of the following 
problem from USA TST 2000, proposed by Titus Andreescu: 
If a,b,c are positive numbers, then 


a+ b+c- 3Vabe < 3max { (va ~ vb)”, (Vb— v0)", (Ve- va)’ }. 
* 


16. Let a,b,¢ and z,y,z be positive numbers such thatr +y+z=a+b+e. 
Prove that 
ar? + by? + c2? + zyz > dabe 
, , z+2 zt+y y+z 
First Solution Let p = 6-—-,q=¢- and r = a- — 
Among the numbers p, q and r always there are two of them with the same 


sign let us say pg>0 We have 


t+ +z 
Y asr | y+z-b- c= -pq 


= ~ 


r+2z 
=pt—z—1 c= at 


and so 


ax? + by? + cz? + gyz — 4abe = (H - p—a) a? + (p+ =) o+ 


e+ +z rt+z rt+y 
+ (a+ heten -p-4) (p+ 2 ) (a+ 2 )= 


= 4pq(p + q) + 2p° (z + y) + 2q°(a + z) + 4pqz = 
z zr + 
= 4g? (p+ =**) + 4p? (a+ =) + 4pqz = 4(q’b + p’e + pqx) 20 
Equality occurs if and only ifx=b+e—-—a,y=c+a—b,2=a+b-e. We 
yt2 z24+2 x+y 
9) b= 


can also write these equality conditions as a = 


lo 
bo 


Second Solution We will consider two cases 
Case z?>4be We have ag? > 4abe, and hence az? +by* +c2? +2y2 > 4abe 
Case x? < dbc Let u =a-+b+c=gr+y+z Substitutmg>=u-zr—-y 
and a = u — b — c, the mequality becomes 


cu? + [(2? — 4bc) — 2e(x + y) + zy] u — (b + c) (z? ~ 4be)+ 
+ by? + ex + y)? — ry(z+y)>0 
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The quadratic in u has the discriminant 
6 = (x? — 4be) (2e — x — y)?. 
Since ô < 0, the inequality is clearly true 
Third Solution The inequality is a direct consequence of the identity 


Ayzu + zzv + cyw)(ax® + by? + cz? + xyz — Aabe) = 
= su(v — w)? + yo(w — u)? + zw(u — v)? + 2uvw(zr +y+z-a—b-c), 


where u = 2axr + yz, v = 2by + zz and w = 2cz + ry. 
* 


17. Let a,b,c and x,y,z be positive numbers such thatr+y+z=a+b+4+e. 


Prove that 
z(3x + a) 4 y(3y + a) 4 2(3z +a) 


> 12. 
be ca ab 7 


Solution. Write the inequality in the form 
1 
ax” + by? + e274 3 (a2 |- by + cz) > dabe 
Applying the Cauchy-Schwarz Inequality, we have 


2 2 2 (a+b+c)*® — ryz(r+y4z)? 
a r + by 4+ ez > a = 2 —*_ > 2ryz. 
y 1 1 1 wytyzt2r ° 
rT y z 


Thus, it suffices to show that 
2 2 2 
ax” + by” + cz" + zyz > 4abc, 


which is just the preceding inequality. 
One has equality for r = y =z =a =b=c 


* 


18. Let a,b,c be positive numbers such that a? + b? + c? = 3. Prove that 


a bie 9 
b ce a` atb+ec 
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Solution. By the Cauchy-Schwarz Inequality, we have 


Cy la+ b+c)? 
a7 ab+be+ca’ 


424 
b c 

Thus, we still have to show that 
(a+ b+c)? > 9(ab+ be + ca). 

By squaring and homogenizing, this inequality becomes 


(a+b+c)® > 27(ab + be + ca)*(a? + b + c?). 


Without loss of generality, we assume that a+b+c = 3 Setting 
t = ab + bc + ca reduces the inequality to 


27 > t7(9 — 2t). 
Indeed, 
27 — t?(9 — 2t) = W — 9? + 27 = (t — 3) (2t + 3) > 0 


Equality occurs if and only ifa=b=c=1. 


* 
19, Let a),a9,...,@n be positive numbers such that aja2...a, = 1. Prove 
that 
1 + i 4 1 + 4n >n42 
a, a an N+a,t+agt---+an p 


n-1/@; taa t+ +a , 
Solution. Let a = “4/22 By the AM-GM Inequality we 


n 
get a > 1, and by Maclaurin’s [Inequality we have 
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Since a > 1, it is enough to show that 


4 
— > 2. 
na + Tyan ant 


This inequality is equivalent to 


(a — 1) [n(a® +1) — 2(a-1 + --+a+1)] >0. 


We have 
n-l 
n(a™—! 4.1) —2(a"1 4---4a41) = X (a! 4 1- alat) = 
i=0 
n—-1 , , 
= S‘(a' — 1)(a"™! — 1) > 0, 
i=0 
and the proof is completed. One has equality for a} = ag =--- = ap = 1. 
* 
20. Let a,,a2,...,an be positive numbers such that aja2...a, = 1. Prove 
that 


fi 1 1 
a, +a2++'-+a,—n4+1> "Vi/—4+—++-+——-n4+1 
a, a2 On, 


aj +a: +- +a 
Solution. Let a = 22 — Th By the AM-GM Inequality we get 


n 
a > 1, and by Maclaurin’s Inequality we have 


Utat tony n-1 Saa - - ün—1 _ 
7 n = y n E 


and hence 


1 1 
syst i <n, 
ai ag Qn 


Thus, it suffices to show that 


na—-n+1> "nar! -n+ 1. 


We write this inequality in the form 


hre-o(-i)] an Bet 
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Using Bernoulli’s Inequality yields 


1\]7-! n—-1 2 1 n—1 
[1+1 (1-=)] -n+ =y 214 (n-i) (1-5) -n+ = 
1 1 
-(o-affe—n (2) -(- 4) 
(n—1)}(m~1)(1-=)~ (1-5 
1 1 1 1 
=(n-1)(1-=)[n-1-(14-+ 54--+55)|= 
a a a a 
1 1 1 1 
=(n-1) (1-2) (1-2) +(1- a) + +(e) Bo 
from which the conclusion follows Equality occurs for a; =ag=-- =an=1 


* 


21. Letr>1 and let a,b,c be non-negative numbers such that ab+bc+ca=3. 
Prove that 
a(b+c)+b'(c+a)+c(a+) > 6. 


Solution. Let E = a(b + ¢c)+b(c+a)+ c (a+b) We will consider two 
cases, depending on r 
Case r > 2. Applying Jensen’s Inequality to the convex function 


gives us 


E = (ab + ac)a’—! + (be + ba)b™™! + (ca + cb)c”! > 
a? (b+c) +b (c+a)+c?(a+ b) rl _ 
2(ab + be + ca) E 


_ „ [a(b tc) +b? (c+a)-+c?(a+b) rt 
apenso en 


> 2(ab4 be + ca) | 


Thus, ìt suffices to show that 
a?(b +c) +b? (c+a)+ (a+b) > 6. 
Write this inequality as 


ab + be + ca){a+ b+ c) > 3abc+6 
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It is true because a + b + c > 3 and abe <3 The former inequality follows 
by the well-known inequality (a+ b + c)? > 3(ab+ bce + ca), while the latter 
by the AM-GM Inequality 


ab + be + ca > 3 Vabe. 
Case 1 <r< 2. According to the condition ab + bc + ca = 3, we have 
a(b +c) = 3— bc, b(c +a) = 3 — ca, c(a + b) = 3 — ab, 
and 
E = a™™1(3 — be) + b™7!(3 — ca) + c77! (3 — ab) = 
= 3(a"71 +b"! +e"-!) — a'g- ler- [(ab)? = + (be)? -7+ (ca)? 7] , 


Since 0 < 2 — r < 1, the function f(z) = z?°™” is concave for r > 0 Thus, 
by Jensen’s Inequality we have 


(ab)? + (be)? + (ca)?-7 < (= + be + 2) aor i 
n ol = 1, 


and hence 
E > 3(a™—! + pr + cr) _ 3a77lpr lel, 


Consequently, it suffices to show that 
a’! + pr} 47! > a’ lptalernl +2. 


Because the inequality is symmetric, we may assume that a > b > c. Let 
x = vab From a > b> c and ab 4 bc + ca = 3, we get 1 < x < V3. Write 
now the inequality as 


3— ab\ "7! 

r—l prot -2> r—Ipr-1 — 1 ( ) 
e + -7 C ) a+b 

The AM-GM Inequality yields a + b > 2r and a?! 4 b"-1 > 2z"-!. Thus, 


it suffices to show that 


ae"! — 1) > (29-1) (35 2i 


Since x > 1, we have to prove that 


— m2\ tol 
22 41)(* =) 
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Write this inequality as 


9 r? r-l 3-72 r-l 
2> 
(55) +S) 


, the inequality is clearly true. Equality occurs if 


3 
Since 1 > 7 
j 2x 
and only ifa=b=c=1. 
* 
22. Let a,b,c be positive real numbers such that abc > 1. Prove that 
(a) abbece >1: 
(b)  abbec >1 


a c 

Solution. (a) Using the substitution r = —, y = — and z = —, where 
r r rT 

r = Vabe > 1, we have ryz = 1 and 


Y 2 ai,2i€ zee 
abbece = rvyrzzrete a+ > . 


Therefore, it suffices to show that 


or, equivalently, 
Z ing+4% 2 Iny += Inz > 0. 
y 


Since the function f(x) = z Ìn z is convex, by Jensen’s Inequality we get 


, 


yY 2 
1 1 siz n 
1 inet yInyt a -zing> (= 4242)inb 4% 
y z T y z 2) i 1 il 
y 2 rT 

and it remains to show that 
Z 
T 


i i 4 
~y¥42 5-4-4. 
y 2 y 4 


By the AM-GM Inequality we have 


2 
7 42% > 39/2 (4) 3) 
y 2 y 


82 Solutions 


and, analogously, 


Adding these inequalities yields the required inequality. 
(b) Write the inequality in the form 


; matt Inb+clac>0. 


As above, by Jensen’s Inequality we get 


a b 
1 b zt-t+e 
jana -binb+elne> ($424) In b—2— 
b c b e 1 1 
~4+-+1 
b c 


Thus, it remains to show that 


b 1 1 
> 
S+ +e>7+7+L 


1 
Since a > be? it suffices to show that 


1 b 1 i 
> 
be +- zte ptr +1 


Fhis inequality is equivalent to 


or 


Equality in both inequalities occurs for a = b =c = 1. 
* 


23. Let a,b,c,d be non-negative numbers. Prove that 


4(a? + b? + c? 4 d?) 4 15(abe + bed + cda + dab) > (a +b + c+ a), 


407 
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Solution. Let 
E(a,b,c,d)=4(a? +b? + c3 + d3)415(abe + bed + cda + dab)—(a+b+e4d). 
Assume a < b < c < d, then show that 
E(a, b, c,d) > E(0,a+b,c,d) > 0. 

We have 

E(a,b,c,d) — E(0, a + b,c, d) = 4 [a? + 6° — (a + b)?] + 15ab(c + d) = 

= 3ab [5(c + d) — 4(a + b)] > 0. 

Setting a + b = r, we get 

E(0,a + b,c,d)= E(0,£,c,d)=4(2? + c3 + d)+i5rcd-(z + c+ d)’. 


It is easy to check that the inequality E(0, z, c,d) > 0 is equivalent to Schur’s 
Inequality 


r? 4+ È +d? 4 8xcd > rele +c) + cd(e + d) + dz(d + x) 
Under the assumption a < b < c < d, equality occurs for 
(a,b,c,d) ~ (0,1,1,1) and (a,b,c, da) ~ (0,0,1,1). 
* 


24. Let a,b,c be positive numbers such that 


(a+b~0)(=+7-=)=4 


b c 
Prove that i i i 
4.744 4 
Solution. Without loss of generality, assume that a > b. Let = u,u>l 
Since 
1 1 1 1 1 
rofent ewe gas 
(a+b Mot; z) (a+) (5 +5) (a+b) rote] tiS 
< b 4+ 2)—2/(a +0) (= +5 +1= @+9(244)-1] = 
(a+b) (= bf a 0b E 7 
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2 
| 1 i 
it follows that ( u+—-42- 7 > 4, and hence u + I > 7. On the other 
u 


hand, 


> (at +04) (S45) 42 (+) (F45)41= 


-| wro(S eg) i] = 


= (#4) = [er a] 2 or = 


a b 
Equality occurs when ab = c? and 5 + P 7. Fora > b, the equality 
, a 34+¥5 b 3-5 
conditions are equivalent to — = and - = . 
c 2 c 2 
* 
25. Let a,b,c be positive numbers. Prove that 
1 1 1 2 


a2 4 2be * bgaa 24 2ab> ab + be + ca 


First solution. Without loss of generality, assume that a > b > c. We have 


abt+bcteca _,_ (b~a)(b—e) ab+bc+ca , (c—a)(e—b) 
b242ca b+ 2Qca ° @+2ab e+ 2ab ’ 
and hence 
ab + be + ca abt bet ca 4 | 4.220? — 3a(b + c) + be 
b? + 2ca ce 42ab (b? + 2ca)(c? + 2ab) ` 


Thus, the inequality becomes 


ab + bc + ca > (b — 0) 20h + o) — be — 2a? 
a? + 2be (b? + 2ac)(c? + 2ab) ` 


This inequality is clearly true if 2a? + be > 3a(b +c). 
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Since ab + be + ca — 3a(b + c) + be + 2a? = 2(a — b)(a—c) > 0, it suffices 
to show that 


(b? + 2ac)(c? + 2ab) > (b — c)? (a? + 2be). 
similarly, since ab + be + ca — 3c(a + b) + ab 4 2c? = 2c — a)(c — b) > 0, it 
suffices to show that 

(a? + 2be)(b? + 2ac) > (a — b)? (c? + ab). 
By multiplying these two sufficient inequalities, we get 

(b? + 2ac)? > (b—c)?(a — b}, 
which is equivalent to 
2b? + 3ac > b(a + c). 


If the last inequality is true, then the given inequality holds. On the other 
hand, as shown above, the given inequality holds if 2a? + be > 3a(b + c). 
Thus, it suffices to show that 


(2b? + 3ac) + (2a? + be) > b(a + c) + 3a(b + ©). 


This inequality reduces to 2(a — b)? > 0, which clearly is true. 


Second solution (by Darij Grinberg). We will show that the following 
sharper inequality holds 


1 1 1 2 l 
a S S E 
4 dbo + bp dca 24 dab abtbetca athe’ 

with equality for a = b, or b= c, or c = a. Taking account of 


1 1 1 
a? 4 Qbe b? + 2ca t ce? 4+ 2ab 
_ (ab + be+ ca)(2a? + 2b? + 2c? + ab + be + ca) 
7 (a? + 2be)(b? + 2ca)(c? + 2ab) , 


we can show that the inequality is equivalent to 


(a — b)? (b — c)? (e — a)?(2a? + 2b? + 2c? + ab + be + ca) > 0 
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26. Let a,b,c be non-negative numbers, no two of which are zero Prove that 


a(b+c) b(e+a) cla +b) < ab + be + ca 
a? +2be b +2ca c2 + 2ab — a? + b2 + c? 


Solution. The inequality follows by adding the above inequality 


ab Fbe+ ca | ab + be+ ca ab+be+ca >p} got bet ca 
a? + 2be b? +. 2ca c2+2ab | a? + b2 +e? 


to the inequality 
be 4 ca 4 ab 
“a? +2be b24+2ca œ+2ab' 
The last inequality is equivalent to 
a? n b? n c? S1 
a +2be b+2ca cc? + 2ab — 
According to the Cauchy-Schwarz Inequality, we have 
2 
5 a’ > _ (Xa) = 1 
a? + 2be 7 Yla? + 2bc) 


Equality occurs if and only if a = b = c. 
* 
27. Let a,b,c be non-negative numbers, no two of which are zero. Then 


(b+c) (c+a)* (a+b)? 


> 6. 
a tbe be bea c+ab — 


First Solution. By the Cauchy-Schwarz Inequality we have 
2 
ytt, [dob + ¢)"] 
a? + be ~ F(a? + be)(b + c)? 
Thus, it suffices to show that 


2(§ a? + Y be)” > 3Y (a? + be)(b? + c? + 2be) 


Since 


(Soa? + Ete) = (Za) + (Zt) +2(2 a?) (Ebe) = 
=} a +39 b + dabe Sa + 2Y be(b? + c?) 
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and 

Y (a? + bc)(b? +c? + 2be) = 45 bc? + 2abc Sa + $. be(b? +c”), 
the inequality becomes 

2Y at + abe Sat 5 beb +.c7) > 6S bc’. 
We can obtain this inequality by summing the inequalities 
5 be(b? +e) > 2 Ye 
and 
Xa + abe a > S be(b? 
multiplied by 3 and 2, respectively. The first inequality is equivalent to 
S beb- c)? >20 


while the second inequality is just the fourth degree Schur’s Inequality. 
Equality occurs for (a,b,c) ~ (1,1,1), and also for (a,b,c) ~ (0,1,1) or 
any cyclic permutation 


Second Solution (by Pham Kim Hung) Since 


2 2 2 _ p2 
D b+c) a spire 
a? + be a? + be 
b? — a? c* — a? b? — a? 2 _ 
a2 + be +) abe = LL ihe a? + be + Rye = 


(a? — b*)(a—b)(a+ b—c) 
=) a? + bc)(b? + ca) 


? 


we may write the inequality in the form 
E =$ (b-c)? (a? + bc)(b + c)(b+c-a) 20 
Due to symmetry, we may assume that a > b > c. Since 
(a — b)? (c? + ab)(a + b)(a+b—c) > 0, 
it suffices to show that 


b—c ? a? +bc)(b + c)(b +c—a) + (c—a)?(b?+ca)(c+a)(c + a—b) > 0. 


82 Solutions 413 
Write the inequality as 
(a—c)?(b? +.ac)(a+c)(a + c—b) > (b—c)?(a?+bc)(b+c)(a—b—c) 


Since a+c >b+c,a+c—b> Oanda | c—b > a—b-—c, it suffices to show 
that 
(a — c)? (b? + ac) > (b — c)? (a? + be). 


We can obtain this inequality by multiplying the obvious inequalities 
a(b? + ac) > b*(a? + be), b?(a—c)? > a(b- ey. 
* 


28. Let a,b,c be non-negative numbers, no two of which are zero. Then 


b+c c+a 4 a+b > 6 
2a? +be 2b? +cea 22 +ab~ at+b+e 


Solution (by Bin Zhao) Write the inequality as E > 0, where 


B (b+ c)(a+b+4c) pb +c? —4a*+ab+ac _ 
B=) | 2a? + be -| => a? + be E 
~ y OF 2a(b= a) + (et 2a)(e—a) _ 
2a? + be 
-5 (b + 2a)(b — a) — y a+ 28)(a ~ 8) 

2a? + be 2b? + ca 


EI rea a LUO aba? 407+ 3ab—be—ea) 


Due to symmetry, we may assume that a > b > c. Since 
a? +b? + 3ab — be — ca = a(a — c) + b(b—c) + 3ab > 0 
it suffices to show that 


(b — c)? (2a? + bc)(b? + c? + 3be — ca — ab) + 
+ (c — a)? (2b? + ca)(c* + a? + 3ca — ab — be) > 0 


Write this inequality as 


(a — c)?(2b? + ac)(a? + c? + 3ac — ab — be) > 
> (b — c)? (2a? + bc) (ab + ac — b? — c* — Bbc). 
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Since 
a? +c? + 3ac — ab— be = (a + c)(a— b) + cle + 2a) > 0 
and 
(a? +? + 3ac—ab—be) —(ab+ac—b? —c? —3be) = (a—b)?+2c(a+b+c) >0 
it suffices to show that 
(a — c)? (2b? + ac) > (b—c)?(2a? + be). 
This inequality follows by multiplying the inequalities 
a?(2b? + ac) > b? (2a? + bc), b?(a—c)? > a(b- c}. 


Equality occurs for (a,b,c) ~ (1,1, 1), and also for (a,b,c) ~ (0,1,1) or any 
cyclic permutation 


* 


29. If a,b,c are non-negative numbers, then 


ay a? + 3bc + by b? + 3ca + cy c? + 3ab > 2(ab + be + ca). 


First Solution. Without loss of generality, assume that a > b > c. For 
c = 0, the inequality reduces to (a — b)? > 0 Consider now a > b >c> 0, 
and rewrite the inequality as follows 


ye (Va? + 3be—b—c > 0, 
attie- ae 

Ja? + 3be+b+.¢ 
X -Y 2 >o 
(b+c)A (ct+a)B (a+b) ’ 


2 0, 


where 
A= Va2+3bet+b+c, B= Ve? + 3catcta, C= ye + 3ab+a +b, 
X =a3(b + c)—a(b? +2), Y=b3(c + a)—b(c8 +.a°), Z=c8(a + b)— c(a* +b"). 
We see that X + Y + Z = 0. We have 
X = a(b + c) [a — è? + c(b— ¢)] 


2 0, 
Z=c(a+b) [c? — a? + b(a —b)] <0 
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and 
X Y Z X AXA +Z Z 


(b+c)A  (c+a)B (atb)C WFAA (etab abC 
(b+c)A (c+a)B (e+a)B (a+b)C] ` 
X /1 1\ (-Z)/1 1 
2 Slaa) a+b (5-2) 


To finish the proof, it is enough to show that A < B < C. The inequality 
A < B is equivalent to each of the following inequalities 


Va? + 3be— a< yb? + 3ca— b, 
3be < 3ca 
Val t+ 3be+a ~ Vb +3ca+b’ 


b? + /b4 + 3ab?e < a? + Val + 3a?be 


Since b < a, the last inequality is clearly true Similarly, the inequality 
B < C is equivalent to 


c? + ct + Babe? < b? + 1/64 + 3ab?e, 


which is also true 
For a > b > c, equality occurs when either (a,b,c) ~ (1,1,1) or 
(a,b,c) ~ (1, 1,0) 


Second Solution (by Ho Chung Siu) Assume that a > b > c > 0, and 
rewrite the inequality in the form 


21 ho f2 2 2 ag r n2 24 hg 2_h? 
ala +bc—b c) , 2 +ca—c a’) , ee +ab—a o) Sg 
A B C =? 


where 


A = ya? +3bc+b+c, B= Vb? +3ca+c+a, C= ye + 3ab+ atb 


As shown above, we have A < B<C We will prove that 


a(a? + be — b? — c?*) 


ala — b)(a— 
> P >> ( A ) 56, 


The left side inequality is equivalent to 


> a(ab + e- b? — c?) > 0, 
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It is true because 


a(ab+ ac—b?—c*) _ ab(a—b) ca(c—a) _ 
2. A = » Aa » Aa 


ae) b) ale a—b) 
— ab(a—b) (= - =)> | 
=La Be = Le ee- 
In order to prove the right side inequality, we write it as 


A,(a—b)(a—c) + B,(b—c)(b—a) + C\(c—a)(c—b) > 0, 


or 
By(a—b)? + (A; — By)(a — b)(a—c) + Cy(e— a)(e— b) > 0 
a b c 
where A = 7,8 = 5G =G- Since a > b > c and A < B < C, we 
have A; > B, > C, > 0, from which the inequality follows. 


* 


30. Let a,b,c be non-negative numbers, no two of which are zero. Then 


a? — be + b? — ca + c? — ab > 0 
Vabe Vb? +ca Ver?+ab — 


First Solution. We write the inequality in the form 


where 
X = (a? — bc)(b+c), Y = (b —ca)(c +a), Z= (c? — ab)(a + b), 
= (b+ c)ya? +bc, B= (c +a)yb? + ca, C= (a +b)y cè + ab. 


Without loss of generality, consider that a > b > c. It is easy to check that 
X+Y+2Z2=0 Moreover, we claim that X > Y > Z and A< B<. 
Indeed, 

X —Y = ab(a — b) + 2(a? — b”)c + (a — b)c” > 0, 

Y — Z = be(b — c) + (b? —c?)a + (b—c)a? > 0 


and 


B? — A? = (a— b)c3 + (a? — b?) + c(a — b)(a® — ab + b?) > 0, 
C? — B? = b—c)a* + (b? —c?)a? + afb — c)(b? — be +c”) > 0. 


Then, by Chebyshev’s Inequality we get 


X Y Z 1 1 J 
3(F+5+5) >(X+Y+2)(3+5+5)=0 


Equality occurs if and only if a =b = ¢ 


Second Solution Write the inequality as 


a’ — be 
2—20, 
where A = Va? + bc, B = Vb? + ca and C = Ve? + ob We have 
a? — be a—b)(a+c a—c){a 
ay y Mle + (a lat) _ 
a—b)(ate —a){b+e a b+c 
= y te Ot) L Se- (SEE He) = 


B = a—b (a+c) B? —(b+c)?A* ~~ c(a—b)? Ci 
(at+c)B+(b+c)A AB {a+c)B+ (b+c)A’ 


where C) = a? +b? +c? —ab+be+ ca. Since C) > 0, the inequality is clearly 
true. 


3 
Remark. Similarly, we can prove that for 0 < p< > the inequality holds 


a? — bc b — ca ce? — ab 
a et SS 2 
ypa +be /pb?*+ca „fpe + ab 
By the second method, we get 
Ci =a? + ab + b? + 2(a + b)c+ c? — p(2ab + be + ca) > 
3 
>a? + ab +b? + 2(a4 b)c+ c? — X(2ab + be + ca) = 


2 
_ p)2 
_ 2a b) Feat oy 20) 5 o 


* 


31. Ifa,b,c are non-negative numbers, then 


(a? — be) a? + 4be + (b? — ca) yb? + 4ca + (c? — ab) y/c? + 4ab > 0. 
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Solution. It two of a,b,c are zero, then one has equality. Otherwise, we 
write the inequality in the form 


AX + BY +CZ >0, 


where 


X = (a? — be)(b+c), Y = (b? — ca)(c + a), Z = (c? — ab) (a + b), 
A Va? + dbe B- Vb? + 4ca c VE + 4ab 


b+e ’ cta ’ a+b 


Consider now, without loss of generality, that a > b > c. We have X +Y + 
Z=0, X >Oand Z <0. Moreover, 


X —Y = ab(a—b) + (a? —b?)c + (a-b)? > 0 


and 
At_ Bt = at—b4 + 2(a3—b3)c + (a?—b?)c? + dabc(a—b)— 4(a—b)c8 
Ea (b + c)? (c + a)? i 
4abe(a — b) — 4{a — b) _ 4e(a — b)(ab — c?) 
© (btc)? (c+a)} (b+ e)*(e+ a)? ~ 
Since 


AX + BY + CZ =(A— B)(X -Y)- (A+B -2C)Z, 


it suffices to show that 
A+B-—2C > 0. 


Taking account of A+ B > 2VAB, it is enough to prove that AB > C?. 
Using the Cauchy-Schwarz Inequality, we get 


AB > ab + 4eVab 
— {b+ e)(c+ a) 


Since 4cVab > 2cVab + 2c”, we will still have to show that 
(a+b)? (2eVvab + 2c 2) > (b + c)(c + a)(c? + 4ab). 
This inequality is equivalent to 


ab(a—b)? +2cVab(a+b) (Ja-vb)* +e [2(a+b)?—5ab—c(a+b)—c"] > 0, 
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which is true because 
2(a+b)* —5ab—c(a+b)—c? =a(a—b) + a(a—c)+b(b—c) + b°—c*? > 0 
For a > b > c, equality occurs when either 
(a,b,c) ~ (1,1,1) or (a,b,c) ~ (1,1,0). 
* 


32. If a,b,c are positive numbers, then 
2 2 2 
at — be 4 bt — ca n c* — ab >0 
1/ 8a? + (b + c)? 8b? + (c + a)? 8c? + (a +b)? 


Solution. Write the inequality as 


where A = \/8a? + (b+ c)?, B = \/8b? + (c+ a)? and C = \/8c? + (a + 6)?. 
We have 
oy eo = yy eo Pete) + fom lot b) _ 
-peto 5 Coole re) _ 


= sab (at oP BPA (b+ o)PAP _ 
AB (atc)B+(b+c)A 

ope- a 

=) AB (atc)B+(b+c)A’ 


where 
Ci =[(a+e) + (b+c)] [(atc)? + (b+e)?] — 8ac(b+c) — 8be(a+c). 


Let us denote x = a + c and y = b +c. Since 4ac < x? and 4be < y*, we 
obtain 


Cy = (2+ y)(x? + y*) — Qx*y — y?r = (x+y)(x—-—y)*? >0 
Equality occurs if and only if a = b = c. 


* 


420 8. Final problem set 


33. If a,b,c are non-negative numbers, then 


Var bc + V4 cat (P+ ab< 5 (atb +0). 


First Solution (by Tsoi Yun Pui). Assume that a > b > c. Since 


Va? +be<a+t £ 
2 
Vb? +cat Vc? + ab < /2(b? + ca) + 2(c? + ad), 


it suffices to show that 


VF + EF ab ea) < SFT 


By squaring, the inequality becomes 


and 


a? + b? — 4c? — 2ab + 12bc — dea > O, 
or 
(a — b — 2c)? + 8c(b—c) > 0, 


which is clearly true. 
For a > b > c, equality occurs if and only if (a,b,c) ~ (1,1,0) 


Second Solution. For a = b = c = 0, the inequality is trivial. Consider 
now a>b>c,a> 0. Since 


Vb? +cat Vc? + ab < yb? +c?) + 2a(b+c), 


it suffices to show that 
3 
Va? + be + yb? +c?) + 2a(b+c) < z(e +b+c). 


+c 
2 


(s < a) and p = bc, the inequality becomes 


Qa? + p + 42s? — p+ as < 3(a+ 2s), 
44/25? — p+ as < 3(a + 28) — 2y a? + p. 


By squaring, the last inequality transforms into 


Denoting s = 


12 a+2s)\/a? +p < 13a? + 20as + 45” + 20p 
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or 
12(a + 2s) (Va +p- a) < (a — 2s)? + 20p. 


Since (a — 2s)* > 0 and 


[2 a= Poe 
TP Os Tappa" 20’ 


it suffices to show that 
6(a + 2s) 
a 


P < 20p. 
This inequality is equivalent to p(6s — 7a) < 0, which is clearly true 
* 
34. Let a,b,c be non-negative numbers such that a? + b? +c? = 3. Then, 
21 + 18abc > 13(ab + be + ca). 
Solution. We will use Schur’s Inequality of fourth degree 
at + b4 + ct + Qabe(a + b+ ce) > (a? +b? + c?)(ab 4 be + ca). 


Let s=a+b+e. From (a +6 +)? > a? +b? +c’, we get s > V3 Taking 
account of 
af 4 bt 4 ct = (a? +b? + c?)? — 2(07b? + bc? + ea?) = 
= 9 — 2(ab + be + ca)? + 4abes 


and 24 
ab + be + ca = — , 
from Schur’s Inequality above, we obtain 


he > st — 3s? — 18 
are zZ 12s ` 


Returning to the our inequality, we have 


3(s4 — 35? — 2_ 
21 + 18abe — 13(ab + be + ca) > 21 + SESS = 18) _ 1s" = 8) _ 


2s 2 
3s4 — 13s? — 93? + 8ls — 54 (s —3)?(3s? + 5s — 6) 
=I T T TTO a BAAN TT > 0. 
28 2s T 


Equality occurs if and only if a = b= c=1. 
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* 
35. Let a,b,c be non-negative numbers such that a? + b? + c? = 3. Then 


1 1 1 
—— ee p —— < 
5 905 t5 abe t 5a dca S! 


First Solution. Let s = a + b -+ ce. Then, 


2 
ab +be+ ca = È 5 3 


and from 
a? + be 4c? <(at+b4c)? < 3(a? Ht 4c’), 


we get /3 < s < 3. By expanding, our inequality becomes 
4a*b?c? — 8abc(a +b + c) + 15(ab4+ be + ca) — 25 < 0, 
or 
B(s — abc)? + 7s? — 95 <0. 
As shown in the preceding proof, fourth degree Schur’s Inequality implies 


si — 35% — 18 


be > 
ae 2 12s 


3 
s 
Then, since s — abe > s — 7 > 0 and 


sî — 3s? — 18 184 15s? -si 
— < — eee uams 
0<s—abe<s TF Ds ; 


it suffices to show that 


18+ 153? — 34)? 
(B+ Ne ST yrs? 95 <0. 


1 
Substituting s* = 92, — < x < 1, the inequality becomes successively 


3 


(2+ 15a — 9x)? + 2z(63x — 95) < 0, 
8124 — 270r? + 315r? — 1302 + 4 < 0, 
(æ — 1)(81z3 — 1892? + 126x — 4) < 0. 
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Since 


Blz? — 18927 + 1262 — 4 = 9(9z? — 2127 + 142 — 2) + 14 = 


= 9(1 — x)(—9x? + 122 — 2) + 14, 
it suffices to show that —92? + 122 -2>0 Indeed, we have 


—92? + 122 -2=143(32-1)(1-2)>0 
equality occurs if and only ifa=5b=c=1 


Second Solution. In the proof of the problem 62 from the first chapter we 
have shown that the following inequality holds for p > 6 


1 1 4 1 < 3 
p — a?b? tpa p- a? T p-1' 


Choosing p = T the inequality becomes as follows 


1 1 1 1 
(5 — 2ab)(5 $ 24b) | (5 — 2bc)(5 + 2be) f 
or 


— ~~ <L 
(5 — 2ca)(5 + 2ca) ~ 7 


1 1 10 
—_ a <. 
2s a t Ley bab É 7 
If we show that 


3 1 

-< 

77 2 5+2ab’ 

the proof is finished Indeed, this inequality follows by the Cauchy-Schwarz 
Inequality 


1 9 9 
—— > n s 
2 5+ 2ab — 57(5 +2ab) 15 + 2(ab + be + ca) 
and the well-known inequality 


ab+bce+ca<a? +b? 4-¢? =3. 
* 
36. Let a,b,c be non-negative numbers such that a? +b? 4 e = 3. Then, 


(2 — ab)(2 — be)(2 — ca) > 1. 
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First Solution We will use Schur’s Inequality of third degree 
(a+b +c)? + 9abe > 4(a +b + c)(ab + be + ca). 
Let s=a+b+ce,s<3 From 
2(ab + be + ca) = s? — (a? +b? +e) =5*?-3 
and Schur’s Inequality, we obtain 
Qabe > s? — 6s. 
We have 


(2~ab)(2—be)(2—ca)-1 = 7—4(ab+be+ca) + 2abc(a+b+e) — a?b?c? = 
= 7 — 2(s* — 3) + 2abes — a*b?c? = 13 — 5? — (s — abe)’. 


Since 
0< be < s — 63 15s — s3 
s— s— = — 
ape S 9 9° 


it suffices to show that 


Substituting s = 3,/z, x < 1, the inequality becomes 
13 — 342 + 302° — 92° > 0. 
It is true because 
13 — 34x + 302? — 923 = (1 ~2)(13 — 212 + 92?) = 
=(1—2)[14+3(1 —2)(4- 32)]. 
Equality occurs if and only ifa=b=c=1. 


Second Solution (by Marian Tetiva) We will use the ” mixing variables” 
method. Assume, without loss of generality, that a < 1 and then show that 


(2 — be)(2 — ca)(2 — ab) > (2 — z°)(2 — ax}? > 1 


r b? + ¢? 3— a? 
or z= y z 7 z 
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The left inequality follows by multiplying the inequalities 
2-be >2-2° 
and 
(2 — ca)(2 — ab) > (2—az)?. 
After some manipulations, the last inequality becomes 


4a(b — c)* 


S09) SS 2b e. 
b+e4+ 2 a'(b—e) 


So, it is enough to show that 
4 > a(b + c) + 2az. 


We have 


4 — a(b + c) — 2az > 4(1 — az) = 2 (2 — a y6 — 2a?) > 0, 


because 7 ; 
2(1 — a*)(2 —a*) 
2 — aV/6 — 2a? = > > 90) 
a 2+aV6—-2a2 7 


The right inequality (2 — z?) (2 — az)? > 1 is equivalent to 


(1 + a*)(2—ax)? > 2 


Since 2(1 + a?) > (1 + a)?, it suffices to show that 
(1 + a)?(2- az)? >4 


or 
(14+ a)(2-—az) >2 


We have 


alat + 2a3—2a?—6a+ 5) 
2(2 + 2 + az) 
_ a(a—1)*(a? + 4a +5) So 
2(2 +£ + ar) To 


* 


(1 + a)(2 — az)—2 = a(2-xr—az) = 
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37. Let a,b,c be non-negative numbers such thata +b+ c= 2. Prove that 


be ca 


= + = > <1. 
a241 P41 


tapis 


Solution. Write the inequality as 
Y be(b? + 1)(c? +1) < (a? +1)? + 1)(c? + 1), 


or 
YPPY bel? +c?) 45 be sabe? +S b7c°+ a + 1 
Let z = ab bc + ca and p= abe From (a+b + c)? > 3(ab+ c+ ca) we get 


4 8 
grz 7 and from a + b + c > 3Vabe we get p < ore We have 


Ya’? = 4— 2r, 5° Be? = g? — Ap, 
S belb + c) = ($ a) ($ be) — 3abe = 2s — 3p, 
Sa = (Ya) (Sa?) -J belb + c) = 8 ~ 6 + 3p, 
Stat = (Sra?) — 257 be? = 16 — 160 + 22? + 8p, 
Sbe +c?) = (S> be) (Sa?) — abe $a = 4a — 2g? — 2p, 
Se = (> be) ($C b?) — abe Y be(b +c) = z? — 6px + 3p” 
Thus, the inequality is equivalent to 


E =(1—2)(5— 22 +27) + (62 —2)p — 2p* > 0 


First Solution. To kill the terms in p and p°, we will use the non-negative 
expression 


A=(a—b)*(b—c)?(e—a)? and B= a°(a—b)(a- c) 
From 


A= Peb? + c7)-2 5° be? +2abc} belb + c)—2abe) ° a? —6a? be? = 
= 427(1 — x) + 4(9x — 8)p — 27p" 


and 


B= S~at + abe} a- >> be(b + c*) = 4(1 — 2)(4— 2) 4 12p, 
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we get 
6A +2 (1+ 9x)B = 2(1—2)(20 + 1752 — 332?) + 81 [(62 — 2)p— 2p") , 
and hence 
81E =6A+ > (1 + 92)B + (1 — x)? (365 — 147x) > 0 
Equality holds for a =O and b = c = 1, b = O0 and c=a = 1 anda=b=l1 
Second Solution. We will consider three cases. 


2 
Case t < 3° Since 
(62 — 2)p — 2p* = 6x — 4 + 2(1 — p)(2 — 3z + p) > 6z — 4, 
we have 


E > (1—2)(5— 22 + x°) + 6z — 4 = (1 — z)(1 + z?) + 22? > 0. 


2 
Case zí z < 1. Since 
(6x — 2)p — 2p? = 2p(3x — 1 — p) > 2p(3z — 2) > 0, 
we have 
E> (1 — z)(5 — 2z + z?) > 0. 


4 
Casel<r< 3 As shown at the first solution, Schur’s Inequality 


Sa (a- b)\(a—c)>0 


implies 
p> ELVU=2) | 
3 
Since i i 
(62 — 2)p — 2p? = z6r- 1}? - 5 (3a — 1- 2p)? 


and 3z — 1 — 2p > 2(1 — p) > 0, it suffices to prove the inequality E > 0 for 

(z — 1)(4—2) , 

=— In this case we get 
BH (x — 1)?(37 — lla — 22?) 

= nM, 


and clearly E > 0, since x < 


w a 
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* 


38. Let a,b,c be non-negative numbers, no two of which are zero. Then, 


a3 + 3abe b +3abe @ + 3abe 
Z Tya pee pe  Datbte. 
(+e? t era (atop ette 


First Solution. Since 


a3 + 3abe o ala? +be— b? — e)  a?(b+e)-— alb? +e) 
Ct OO P O by 


we can write the inequality in the form 


ta ,_4 30 
(b+c)? (eta)? (a+b o’ 


where 
X =a3(b + c)- a(b? +Ê), Y =(c+a)— b(c3 +43), Z=c3(a + b)— cla? +0"). 


We see that X+Y +Z = 0. Without loss of generality, assume that a > b > c. 
We have 


X = ab(a® — b?) + ac(a® — è) > 0, 
Z = ac(c* — a?) + be{e — b?) <0, 


and 
x Y Z X  X4h ā Z 
O+) Cta t ut etA (eta t a+b 
1 1 1 
=x r yl +A erat GR 20 


For a > b > c, equality occurs when either (a,b,c) ~ (1,1,1) or (a,b,c) ~ 
(1,1,0). 
Second Solution (by Ho Chung Siu). As above, write the inequality in the 


f 
orm ala? +be— b? — c?) 
ALTTI 0 
(b +c)? 


Since 


ala? +be— b? — c*) = a(a — b)(a — ¢) + ab(a — b) — ca(c — a) 


8 2 Solutions 


and a(a — b)(a—c) 


= > 0 

2 (b+? 5? 

it suffices to show that 
ab(a — b) — 2 ca(e — a) c—a) 

Taking into account that 

ca(c—a) ~~ abla — b) 

2 (b +o)? =}, (e+a)? ’ 

the last inequality becomes 


1 1 
>| ab(a — b) acd > 0, 


a ab(a + 6 + 2c)(a — b}? 
2 (b + c}? (e + a)? 


* 


> 0. 


39. Let a,b,c be positive numbers such that af + b44c4 = 3. Then, 


a) = + 


b) 


Solution (by Pam Kim Hung). a) By Holder's Inequality, we have 


a? a? 2,2 233 
(ES (LF) De) 2 (Ley, 
Therefore, it suffices to show that 


> a)" > 9 > ab’. 


Write the inequality in the homogeneous form 


(Ee) > 8(T ak") fat 
a? > 3y\/3(x? — 2y), 


or 


429 
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where x = 5 a? and y = 5 a?b? By squaring, the inequality becomes 
zê — 9727y? 4 54y? > 0. 
It is true because 
zê — 27r°y? + 54y? = (x? — 3y)?’ (x? + 6y) > 0. 
Equality holds if and only if (a,b,c) = (1,1,1). 
b) By Holder’s Inequality, we have 
a? a? 2 2 9\3 
(x55) (E) [E+ ¢)?] > (Soa?) 
Therefore, it suffices to show that 
(Soa)? > Eao o. 
Using the above inequality (>> a)" >9 5 a?b?, we still have to prove that 
Yah > wel +c)? 
This inequality is equivalent to 
X a(b- e} > 0, 
which is clearly true. Equality occurs if and only if (a,b,c) = (1,1,1) 
* 


40. If a,b,c are positive numbers, then 


ie -e e-a < (32b) + (b — e)? + (c—a)? 
a+b b+c | c+ta ` 8 l 


Solution (by Darij Grinberg}, Since 
3 (b3—-c8 )(atb)(e+a) = Y (7-a? + D (—t)(ab + be + ca) = 
= a?b3 + od a aa. Oy wr aa. 


= (a —b)(b-—c)(c—a)(a +b + be + ca), 
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the inequality is equivalent to 


(a — b)(b— c)(c — a)(ab + be + ca) 
(a FONE F e)(c-+a) 


< 
-7 8 


Assume that a = min{a, b,c}. Fora < c < b, the inequality is trivial, because 
its left hand side is either negative or zero. Consider now that a < b < c, 
and denote b = a +x and c =a +y (0< z< y). Since 


(a + b)(b+c)(c+ a) > (b + c)(ab + be + ca) > (b + c — 2a)({ab + be + ca), 


it suffices to show that 


(b—aj(c~b)(c—a) _ (a — b)? + (b - 0)? + (c — a)? 


< 


b+c-—?2a 8 , 
that is A 3 
ry(y— z) < Z’ t(y- 71) +y 
x+y T 8 


This inequality is equivalent to 
z? + y(2x — y} > 0, 
which is clearly true. Equality occurs if and only if (a,b, c) ~ (1,1,1) 
* 


41. Let a,b,c be non-negative numbers, no two of which are zero. Prove that 


a? 4 b? + c < 1 
(2a + b)(2a+c) (2b+c)(2b+a}  (2e+a)(2ce+b) = 3° 


Solution. The inequality is equivalent to each of the inequalities 
a a? 
ye p --_* _] so, 
3(a+b+ec) (2a+6)(2a+c) 
y a(a — bì{a — c) 
(2a + b)(2a+c) 7 
Due to symmetry, we may consider that a > b > ¢. Since 


c(e— a)(e — b) 


(2c + a)(2c + b) 20, 
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it suffices to show that 


a{fa~b)(a—c)  b(b—c)(b—a) > 
(2a+b)(2a+c) (2b+c)(2b+a) ~ 


Writing this inequality in the form 
(a— b)? [(a + b)(2ab — cè) + cla? +b? 4 5ab)] > 0, 


we sce that it is true. For a > b > c, equality occurs when either 
(a,b,c) ~ (1,1,1) or (a,b,c) ~ (1, 1,0) 
* 


42. Let a,b,c be non-negative numbers, no two of which are zero. Prove that 


1 1 1 1 
a a S 
5(a2 + b?) ab | 5(be +e) —be | B(e + a2) ca T a2 + b? 4 ¢? 


Solution. The hint is to apply Cauchy-Schwarz Inequality after making the 
numerators of the homogeneous fractions to be non-negative and as small as 
possible To do this, we see that 


a? +b? + 5a? + be 


1 
M ~ - = —-— .— >0 
5(b? +2) be 5 25(b2 F c2)— Boe 
Thus, we may write the inequality as 


5a? + be 
2 5(b2 + c?) — be 


> 2. 


According to Cauchy-Schwarz Inequality, we have 


5a? + be 5S a+ be)? 
YR + > ( > > ) 


b? + c?) ~ be ~ YO (5b? + 5e? — be) (5a? + be) ` 


and it remains to show that 


(55a + So be) > 257 (50? + 5c? — be) (5a? + bc). 


This inequality reduces to 


255 a’ + 22abc $a > 47% be? 
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We can get it by summing the inequalities 


Xat +abc$ a > 25b? 
and 
5 at > 5 bet, 
multiplied by 22 and 3, respectively. The former inequality follows by 
summing up the well-known fourth degree Schur’s Inequality 


Yat + abe} `a > Y be(b? +c) 
to 
5 be(b? + 2) > 2 > be. 
The last inequality is equivalent to 
X be(b —c)? > 0. 
Equality occurs for a = b = c 
* 


43. Let a,b,c be non-negative real numbers such that a? +b? + = 1. Prove 
that 


<3. 
T4 
Solution. Since 


1_ be _ a tl~ be _ 2a? + (b-e)? o 
2 @+1 +i) Aa? F1) ^” 


write the inequality as 


a*+1~2be _ 3 
Dirai, 
at +1 2 
and apply the Cauchy-Schwarz Inequality: 


a? + 1— 2be [$ (a? - 2be +1)? 


Ler 2 Fe ar ho 7 


~ Y (a? + 1)(a? + 1 — 2be) 


4(2— > be)” 


X (a? + 1)(a? +1 — 2be) ` 
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Thus, it suffices to show that 


8(2—S- be)” > 357 (a? + 1)(a? +1 — 2be), 


This inequality is equivalent to 


17+ 85 b'c? + 22abc $ a >39 at + 265° be. 


Taking account of 5 ai =1-2 > b?c?, the inequality becomes successively 
as follows 


7+ 75 Pe? + llabc a > 13$ be, 
T+7(Srbc) > 13} be + 3abc Ya, 
(1— Sbe) (7 - 6 3 be) + ($ be} — Babe a 2 0, 
(1 — Sbe) (7-69 be) + iDate- c)? > 0. 
Since 5 be < 5 a? = 1, the last inequality is clearly true. Equality occurs 


for a — b = ¢ = —. 


v3 
* 


44. Let a,b,c be non-negative numbers such that a? +b +e? = 1 Prove 


ł 
that 1 1 1 


a gp Haoi, 
34a? abe 34o 2a 342 2ab B 
Solution. Since 


1 1 _ Itao- 2b _ 2a? +(b-e) o 
2 34a2—2be 2(3+a?—2bc) 23+.a?—2be) 7 ’ 


© 


write the inequality as 
l+a*—2bce _ 3 
——__._—- > -. 
3+a2-—2bc~ 4 

By the Cauchy-Schwarz Inequality we have 

2 
yr Lt ata dhe = 2be [S-(1 + a? — 2be)| E 
3 + a? — 2be © (3 + a? — 2bc)(1 + a? — 2bc) 
2 
4(2- $ bc) 
8-4) be+ Y (1+ a? — 2be)? 


8 2. Solutions 
Thus, it suffices to show that 
16 (2- be)” > 24-125 be +3 F(1 + a? — 2be)?. 
This inequality is equivalent to 
254+ 45 bc? + ddabe Sa 235 at + 405 be. 
Since 5 aá =1-2 5 b?c?, the inequality becomes 
114598? + 22abc $ a > 20% be. 


Setting x = ab + be + ca, we may write the inequality as 
11 — 202 + 52* + 12abe “a > 0 


The Schur’s Inequality of fourth degree 


Yat + 2abe> a > D a°) D be) 


is equivalent to 
Gabe 5a > 2r? +2 — l. 


Therefore, 


11 — 207 + 52° + 12abe `a > 11 — 20x + 52° + 2(22° + s — 1) = 
= 9(2 — 1)? >20. 


Equality occurs for a = b =e = 


45. If a,b,c are positive numbers, then 


4a*—b?—¢? 4b? eua — Ac? ~ g? — 9? 
> t oH Oe R, 
a(b +c) b(c+ a) e(a + b) 


Solution. Write the inequality as E > 0, where 


b? + c? -- da? + a(b + c) 
E=}, alb+ o) 
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We have 


app Wak n petsit re) | 


(b+c) alb + c) 

_ (b+)? — da? + 2a(b+¢- 2a) _ 

-y! a(b +c) E 

y te- 2a)(bt c+ da) _ 
a(b +c) 7 

= (b+¢~2a) (+ =) = 
1 4 1 4 

= Tle 9 (tpr) - Le (Ft) = 
1 4 4 


Do- i- urpera] 


1 4 
> — c} = -——) 
>) c) (5 ab+be+ca/’ 


and hence 
1 4 
2E > —  (— —- =) = 
E ab c) sath ab + be + ca 
b+ be+ ca 4 
= F` - c}? wees - ir] 
yi c) Ear ab + be + ca 


— o)? _ 2 
_ 1 > (b — e)*(ab — be + ca) > 0. 
abe(ab + be + ca) b+e 


Equality holds if and only if a = b = c. 
* 


46. If a,b,c are positive numbers such that abe = 1, then 


3 1 1 1 
a+b? +07 46> = (a+b+e+—+54-) 
2 a b c 


Solution (by Michael Rozenberg). Without loss of generality, assume that 
a = min{a,b,c}. Let z = vbe (x > 1) and 


1 
Plab e) =a? bheH (a+bt+e+—+74-). 
2 a b c 
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We will show that 


F(a,b, c) > F (a, vbe, 


We have 
F(a, b, ¢)— F (a, Vbe, vbe) = (b- o)? — 5 (bbe 2Vbe + 7 sti- = 
1 2 3 
= i (vb— va? [2(vi+ va’ -3- È] > 
1 2 
> 5(vb- Je) (svie—3- =) > 
1 2 
> 5 (vb- ve) (8-3-3) 20 
and 
6 5 4 p,,3 _ a2 
F (a, Vbe, Vbo) = F (Jy 2,2) = 2 =e te Geo Sal 
(2 —1)?(a4 — 4z? + 32? + 4z + 2) 
Qh 


_ (a= 1)? [(2? — 28-1)? +z? + 1] So 


2x4 -7 
Equality holds if and only if a=b=c=1 
* 

47. Let a,,02,...,@ be positive numbers such that a; + ag +--+ +a, =n. 
Prove that 

1 1 1 

ajan. Jan (— + + > mn 3) <3 
a, a2 an 


Solution. We will use the induction way. For n = 2, the inequality is 
true because it reduces to ajaz < 1 with a, + ag = 2. Assume now that 
a, 2 a2 2 --- > ap and denote by E,(a1,@2,...,a,) the left hand side of 
the inequality We have 


ün < a tart: tan = ] < a. 
We will show that 


Enlai, @2,. + an) < En(b1, a2,. ünl, 1) < 3, 
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where b} = a; +a, —1, b} > O 
The right side inequality follows by the inductive hypothesis, because 
by +ag+---+an-1; =n- 1 and 


En (br, a2, -- : ,@n_1,1) = En—1(b1, G2, --. »2n-1) < 3. 


The left side inequality is equivalent to 


1 
(1 =01)(1 an) (5+ -n+3) <0. 
a2 Qn-1 
It is true, since 1 — a, < 0, 1 — an > 0 and 
— 9\2 _ 9)\2 _ 9\2 
ty bye en o ean 
ag Qn-1 az +: + an-1 n— ai — an n — ai 
_ 92 
> & 2) >n—-3 
n—1 
Equality holds if and only if a, = ag = --- =a, = 1. 
* 


48. Let a,b,c be the side lengths of a triangle. If a? + b? + c? = 3, then 
ab + bc+ ca > 1 + 2abdc. 


Solution. Write the inequality in the homogeneous form 


fa + b? 4 2 
otras [3(ab + be + ca) — (a? +0? +¢*)] > 6abe. 
fa? +b + ¢? > a+bte 
3 = 3 , 


it suffices to show that 


Since 


(a+b+c) [3(ab + be + ca) — (a? +b? + c°)] > 18abe. 


Using the classical substitution a = y+z, b = z+z and ¢ = z+y (z,y,2 > 0), 
the inequality becomes 


z3? +y? + 234 Bayz > gyfe +y) + y2(y +2) + 22(z +2), 


which is just Schur’s Inequality. Equality occurs if and only ifa =b =c=1. 
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* 
49. Let a,b,c be the side lengths of a triangle. If a? +b? + c* = 3, then 
atb+e>2+ abc. 
Solution. Without loss of generality, assume that a > b > c From 


3 
Baa HRP >aP +> (bbe)? > S02, 


it follows that a < /2 Let 


E(a,b,c) =a+b+ec—2- abe 


and t = z’ t<1<a. We will show that 


E(a,b,c) > E(a,t,t) > 0. 


With regard to the left side inequality, we have 


a{b—c)? E (b-c)? _ 
2 Wrote 


E(a,b,c)— E(a, t, t) = a(t?—bc)—(2t—b—c) = 
-2 (a r) 
= 2 a2 +2? A+b+e 


_ (b — c}? [2t(3a — 2t) + a(3b + 3c — 2a)] So 
7 2(a? + 22)(2t +b +c) =o? 


because 3a — 2t > 2(a — t) > O and 3(b + c) — 2a > 2(b + c — a) > 0. 
Since t < 1 and 


E(a,t,t) = a+ 2t—2- at? = (1—-1t)(a+ at — 2), 
the right inequality E(a, t,t) > 0 is true if and only if at > 2 — a; that is 


3- a? 
2 


By squaring throughout, the inequality becomes 


a >2-a 


(a — 1)(8-— a? — a?) > 0. 


Since 1 < a < V2, we have a — 1 > O and 8— a — a? > 8—2- 2/2 >00. 
Equality occurs if and only if a=b =c =1. 
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* 


50. If a,b,c are the side lengths of a non-isosceles triangle, then 


a) 


+b b+c ect 
a 4 a 


> 5; 
a-b b-c c-a 


2 2 2 2 2 2 
af +b b +e c 

-3 et oe H 
a*—b bB- e = c? — a? 


b) 


> 3. 


Solution. Since the inequalities are symmetric, we will consider a > b > c. 
a) Set z =a—candy=b-c. Froma > b > c and a < b + c, it follows 
that z > y > 0 and c > z — y. So, we have 


a+b b+c eta 2e4 2+ 2e + 2c4+2 
+ + = Tete ae 


a—b b-c c-a x—-y y £ 


1 1 1 
=2(— 47-2) H> 


b) We will show that 


a? — b? tee +2 _@ > 3; 
that is p2 2 2 
opt poe > ae 
a? (b+ c)? , 
Since it suffices to show that 


< 
a®?@—e æ- e’ 


b? c (b+)? 
a-b  b2 — c? > a? — e?” 


This inequality is equivalent to each of the following inequalities: 


2 1 1 2 1 1 2bc 
b (=p 7 =a} +e (a 7 as) > a?—¢?’ 
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Under the condition a > b > c, equality occurs for a degenerate triangle 


b 
with a = b + c and - = 2, where x; ~ 1.5321 is the positive root of the 


equation 2? — 3z —1=0 
* 


51. Let a,b,c be the lengths of the sides of a triangle. Prove that 
a? (2-1) +87(£-1) 42 (2-1) > 0. 
c a b 


1 1 1 
First Solution. Using the substitutions a = —, b = — and c = —, the 
x y z 


inequality becomes 
1 1 1 
a(=-1)+5(E-1}+5(4-1) 20 
z? \y y? \z z? \z 


y2"(z—y) + zz’(z — z) + zy°(y — z) > 0. 


or 


Without loss of generality, assume that a = min{a,b,c}, and hence 
r = max{z,y,z}. Denoting the left hand side of the last inequality by 
E(z,y, z), we will show that 


E(z,y,z) > Ely,y,z) > 0. 
We have 


E(z,y,2)—E(y,y, z) = 2(2°—y?)—2?(2? -y?) 4. y8(2@—-y) -y?(2?-y?) = 
= (z — y)(z — z){zz + yz = y’). 
Since (x — y)(x— z) > 0 and 


2b— b— b- 
eet yz—y? > y(2z-y) = Foe = E ero 


> 0, 
it follows that E(x,y,z)— E(y,y,z) >0 On the other hand, we have 
E(y,y,z) = yz({y - z} >0 


Equality occurs for a = b = c. 
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Second Solution (by Alezandru Zamorzaev). Write the inequality as 


E(a,b,c) > 0, 
where 
E(a,b,c) = ab? + bee? + ca? — abe(a? +B? +c’). 

Since 

2E(a,b,c) = $ a(b — c)? — $a’ (b? 
and 

5y a(b? — ê) = 5y a*(b—c)?, 

we have 


2B(a, b,c) = Y` a*(b— ¢)?(a — b + ¢) > 0. 
* 


52. Let a,b,c be the lengths of the sides of an triangle. Prove that 


1 1 1 a b c 
(a+b+toA(ztzt7) >6 (2+ t) 


Solution. Since 


1 1 1 ee (6-0)? 
(@tb+o(s+5+ 3) -9- Dae 
and 
a bb 2a—b—e a—c 
_— -3= = 
(tan tas) SS - Lele 
(a — b}? (b—c)? 


-Zp t Lis Cees )(e + a) = uerai’ 
we may write the inequality as 
S(b — c)?’ Sa > 0, 


where 


~be c+aja+b)’ 
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Without loss of generality, assume that a > b > c Since S, > 0, 


5-2 3 _ a(b—c)+e(b—a) +b? © 

t> ca (atb)\(b+e) aclatb)(b+c) 

a(b—c)+c(b+c—a) +b? -e 
ac(a + b)(b +c) 

_ (6-c)(atb+ec)4+cb+e- a) 

7 ac(a + 6)(b +c) 9 


and 
S (b — 6)? Sa > (c — a)? S, + (a — b)?S, > (a — b)?(S, + Sc), 


it suffices to show that 
5,4+5,.>0 


This inequality is equivalent to 
(a + b)(a+c)(b +c)? > 3abe(2a + b+ o). 
Let b+¢=22 We have a? > z? > be, and hence 


(a+b)(a+e)(b+c)?—3abe(2a+b-+c) =427(a? +2ax+4 be)—6abe(atz) = 
= dax*(a-+ 2x) —2be(3a? + 3aa— 2x”) > dax*(a+2r)—22?(3a? +3az— 2r?) = 
= 2z?(2x?° + ax — a°) = 227 (z + a)(2z — a) = 2x° (z +a)(b + c — a) > 0. 
Equality occurs if and only if a = b = c. 


x 


1 
53. If a), a2, 03, a4, a5, ag € [z]; then 


ay— a a — a ag—a 
1 2 2 3 6 Ly 
ag+ag asta, a, + a2 


Solution. Write the inequality as 


a@;—a 2a; — a + 
+ (4-2 2 +5) 23, yo ets a 33 5 6. 


a2 + a3 a + ag 


1 
Since 2a — a2 + ag > —-— V3 + — = 0, by the Cauchy-Schwarz Inequalit 
a v3 anty 
we get 
2 2 
5 2a; — az + a3 > [$ (2a, — ü + a3)| _ 2 O° a) 


a2 + a3 ~ S (az + a3) (2a; — a2 + a3) 7 X aiaz +Y aya, l 
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Thus, we still have to show that 


(Sa)? 23 (Cait Faves), 


Indeed, letting z = a; + a4, y = a2 + a5, z = ag + ag, we have 


2 
o> ai) —3 D ayant Y). a,03)=(x +y +z)? — 3(zy + yz + zz) > 0. 
Equality occurs if and only if a; = a3 = a5 and az = a4 = ag 
* 


54. Let a,b,c be positive numbers such that a? + b? + ce? > 3. Prove that 


a? — a? n b5 — b? Ë e S0 
aï +b te a tbe tayoo = 


Solution. The inequality is equivalent to 


1 1 1 3 
——  ——_____ lM. 
a +b? +e? + a? + b + ¢? + a? +b 4 ¢9 ~ a? + 6? 4 ¢? 
Letting a = tz, b = ty and c = tz, where t > 0 and z,y,z > 0 such that 
x24 y? 4 z* = 3, the condition a2+6?+4c¢? > 3 imply t > 1, and the inequality 
becomes 
1 4 1 4 1 < 
#35 +y? + 22 r2 + By + 2? r? +y? 4 t32z5 — 
We see that it suffices to prove this inequality for t = 1. In this case, we 
may write the inequality in the form 


1 1 1 
ee sis Lew | 
z543 r y3 y er3-n = 


Without loss of generality, assume that z > y > z. Two cases are to consider. 
Case x < V2. We have also y,z < V2. The desired mequality follows 
by adding the inequalities 


1 3-2? 1 3—y? 1 3— 2? 
ep43—277-— 6 7 y43-y? 6 ° 2243-2? 6 
We have 
1 3— r? (x —1)?(2° 4+ 224 — 3x? — 6r — 3) 


243-22 6 6(2° + 3 — z?) 


and 
5 4 2 2,3 2 6 3 
T” +22" — 3r" — ôr- 3 = zg (z + 22 -3-=--4)< 


s? (2v344-3-3v2—5) = -2?(5 + v2) <0. 


Case z > V2. From z? +y? + 2* = 3, it follows that y? +z? <1 Since 


1 1 I 1 1 1 
xr 43—2? + y>4+3-y? t 2543-22 < 243-22 + 3—y? + 3-7 


I 1 1 1 <1 


2543-2? < 22743? (2V3 1) 2243 ~ (2V2-1) 243 © 8’ 
it suffices to show that 
1 1 5 
— 4 — <`. 
3y 13-2 Sg 


Indeed, 7 ; 
1 9 2 _ _ 2 
| 4 l -3 _ Wy +e a1) bye og 
3—y? 3-2 6 6(3 — y?)(3 — 2?) 
which completes the proof. Equality occurs if and only ifa=b=c= 1. 
Remark Since abe > 1 yields a? + b? + c? > 3 (by the AM-GM Inequality), 
we get the following statement. 


e If a,b,c are positive numbers such that abe > 1, then 
a — a’ b5 — p? ce — c? 
By pea tata t Tae 2 0. 
a +b te atb 4 c2 atb 
This is a problem from IMO-2005, proposed by Hojoo Lee. A special award 
was given to Turie Boreico from Moldova, who noticed in his solution that 
a? (aè — 1) a — | 
aŠ +b? +c? T a(a? +b? He)’ 
and hence, 


a — a? 1 1 
ana = ER 4 JAG -3) 2 


1 
2 — 2 
> zyz Dl ~ be) = sea ws (A - 9) 20 
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* 


55. Let a,b,c be positive numbers such that z +y + z > 3. Then, 
1 1 1 
payee zi: pay Eh 
etytz2 etyetz2 z+y+z 
Solution. It is easy to check that it suffices to consider z + y + z = 3. In 
this case, we may write the inequality in the form 
1 1 1 
= + n + Kl. 
r3—-r+3 t ypoyt3 2— 743 7— 


Without loss of generality, assume that z > y > z Two cases are to consider. 
Case x < 2. We have also y,z < /2 The desired inequality follows by 
adding the inequalities 


1 5 — 2r 1 5— 2y 1 5— 2z 
r3—-r+37 9 y3- y+3 9 z3—z+3 9 
Indeed, 
1 52r _ (2-1) (2z +3X{2-2) -o 
ze—2+43 9 9(z? — z + 3) ~ 


Case r > 2 Fromz+y4+2z=3, it follows that y +z < 1. We have 
1 1 1 1 1 1 


< 


1 1 8 
— + <L, 
3-y 3-27 9 
Since y + z < 1, we get 
8 -3-—15(1-—y-—2z)-8 
$ 1 8 _ 3 = 15(1 ~y ~ 2) = By2 og 
3-y 3-2z 9 9(3 — y)(3 — z) 
Equality occurs if and only if =y=2z=1. 
Conjecture. If z,,22,.. ,Zn are non-negative numbers such that 


zı tzat: +2, 27, 
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then for any p> 1 the inequalities hold 


1 l 1 
ye to oe tee a ES 
(a) Fart Fan mtag +8, m tagio +a 
T1 XQ In 


b) n + —_ H ————_ | £1 
(b) zh +29 +- +a, mF. pan) my Fet ba 


* 


56. Let 2,,72,. Zn be positive numbers such that x129.. tn > 1. 
Ifa> 1, then 
af 
Zeal 
TI +2tot-:-+2y 


Solution, First we observe that it suffices to consider only the case 


TIT) . Zn= 1. 


x 

In order to show this, let r = mzizz . Zn and y; = — fori= 1,2, ..,n. 
r 

Note that r > 1 and y:y2 Yn = 1. Thus, the inequality becomes 


yo, 


Yotor+tUn 
a 
and we see that it suffices to prove it only for r= 1, that is, forz,;22. .2, =1 
Under the assumption 2;29.. zn = 1, we will show that there exists a 


suitable real p such that 
xf xy 
2 oF F: 
rI +r Hoota aft+apt+---4 2h 


(1) 


If this claim is valid, then adding (1) with the analogous inequalities for 
T2, ..,2n will yield the required inequality. Inequality (1) is equivalent to 


zh + --+2F d(x.. £n) P(r +--+ 4 ap). 


Choosing 


-1 1 


reduces the inequality to the homogencous inequality 


-I 
wht tEh D (22... En)" (z9 +- -+ 2q) 
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Since 


(xq....2n)"= 


pat (sett any 
T n—1 
(by the AM-GM Inequality), it is enough to show that 
zat eteh, (2t tay 
n-1 = n—1 l 
This inequality follows by applying Jensen’s Inequality to the convex 
function f(z) = z”. Equality in the given inequality occurs if and only 


if zi = T9 = e = 2, = 1. 

* 
57. Let x1,29,...,2pn be positive numbers such that £12 . £n > 1. 
Ifn> 3 and —]<a<l, then 


xt 
Fp on É! 
T? +z +e +2 


Solution. The first part of the proof is similar to the proof of the preceding 
inequality. Finally, we have to prove the inequality 


1z? 
zo +e + En > (2q-.-2n)™! (zh +- + +27) 


for (n-1)a+1 -1 
n— l)a — 
= ——————— < 1. 
—1 
For p = "E the inequality reduces to 


gza +H: +H En > RYTZ... £n He + Ta... En- , 
which can be proved adding the inequalities 
T3 +:': + Tn- 


aytetin pa 
—; 2 ŽŽ T3...Tn, -3 n—? 


n—2 


1+(n-—2)p 
l-p 


Adding this inequality to the analogous ones for 23,. ., £n, we get the 


For <p<1, by the Weighted AM-GM Inequality, we have 


1 i-p 
7 x} (xorg 1. In) i. 


Tt — 
T2 + r3 +: + %n T 


required inequality. Equality occurs in the given inequality if and only if 


z| =T= = Tpl. 
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* 


58. Let 21,22,. £n be positive numbers such that zizo. -£n > 1. 
Ifa> 1, then 


YZ «1. 
ePt+aot: +42, 


1 
n— l 
Casel <a <n+l Sincez;z2. zp > 1implies zi +z2+ - +2, >n (by 
the AM-GM Inequality), it suffices to show that the required inequality holds 
for 21+229+:+-+2z, > n. We may consider only the casez;+22+ +2, =n. 


zı +rto+t +r Ti , 
Indeed, if we set r = ArT and yi = — for i = 1,2, .. n, then 


n r 
r> landy +y + +yn=1 The inequality becomes 


Solution. We will consider two cases 1 <a <n +1 and a> n-— 


ey 
D a—-1,,a . =? 
r Yi ty + + Yn 


and we see that it suffices to prove it for r= 1; that is, for z;+24- +2, =n 
Under this assumption, write the required inequality in the form 


Ti T2 Tn <1 


z$- apn ag mpn ta ain ~ 

For any z > 0, by Bernoulli's Inequality, we have 
z* = [1 + (z-— 1)? > 1+a(z-1), 
and hence, 
z*—ztn>n-a+1+{(a-1)r>0 
Consequently, it is suffices to show that 
Ti 
— <]. 
Lacar 1 +(a@-—l1)zi 

This inequality clearly holds fora =n +1 Fora <n + 1, using 


(a — 1)z; -] nm—-atl 
n—-atl+(a-1)z; — n-at+1+(a—1)z;’ 


it may be rewritten as 


ú 1 
yt o 
n—-a+1+(a—1)z; 


7z=1 
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Setting y; = n—a+t+1+(a—1)z; for i = 1,2,...,n, we have y; > 0 and 
yı +y2 +°- +yn =n? The inequality reduces to 

1 1 1 

—+—4+--4+—21, 

yı Yo Yn 
which is an immediate consequence of the AM-HM Inequality 


1 1 1 2 
(yi tyt e tY) tea) Bn’. 
yı y2 Yn 


Case a > n— ZIT As above, we may consider that z1z2.. £n = 1. 


Under this assumption it suffices to show that 


(n— l)z: z? 
+r +H... En riteit - tarh 


<1 (2) 


for a suitable real p, and to add then this inequality to the analogously 
inequalities for £2,. .,2n. Set t = "z3 . £n. By the AM-GM Inequality, 
we have £t +-+- +2, > (n-— 1)t and zf +--+} > (n—1)t?. Thus, it 
suffices to show that 


(n — 1)zi zt <1 
z? +(n—1jt af +(n—l)er7 © 

Since zı = T’ this mequality is equivalent to 
(n— 1) — (n— 1)t? — tP + 1 > 0, 


where q = (n — 1)({a — 1). We will now show that the inequality holds for 
(n-—1)(a-n-1) 


n 


Indeed, for this value of p, the inequality successively becomes the following: 
(nm — 1)t™*9 — (n—1)t? — 27" 4.130, 
(n= AE — 1) (E = 1) (°T R F $1) 20, 
(e — 1) [(e2—P-?) + (2-0) 4 (7 1)] 20 
2 


We see that the last inequality is true for q > n° — 2n; that is, for 


1 . we . 
aran- P Equality occurs in the given inequality if and only if 
n — 


T1 = T) ' =gzn=l. 
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59. Let 23,22, -,2n be positive numbers such that x129...2%n > 1 


9 
If -1- — <a < l, the 
f n—-27— n 


5 ad >1 
ro t+ta+ > +2n 
Solution. It suffices to consider only the case where 2122...2, = 1. By 
the Cauchy-Schwarz Inequality, we have 
3 Tı > GET EETA _ 
T7 + tate +2n ~ Say (2 Hrt Fn) 
(21 22+: + En)? 

n n , 
(£i rat +22)? + S02}? - Soa} 

i=1 = 


Thus, we still have to show that 


Case —1 < a < 1. We can prove the inequality using Chebyshev’s 
Inequality and the AM-GM Inequality, as follows: 


Dri- (S a) (£=) > 


i=} 
n Th 
> (2129.. tpn)%-%/" > 2p*9 = S zho, 
i=1 i=1 


—1. It is convenient to replace the numbers 
(n= nya 2 lt 1)/2 
E ott 2 
(n - KI +a) 
2 
n n 
doar 2 Dial, 
i=} i=l 


i= 


21,29, .-,2n by Ly , respectively. We also use 


the substitution q = , and note that —1 < q < 0. Thus, we 


have to prove that 


when 212%...2, = 1. Using the well-known Maclaurin Inequality 


De l> S 22. In, 


ciclic 
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and Chebyshev’s Inequality together with the AM-GM Inequality, we get 
the desired inequality 


Now the proof is complete Equality in the given inequality occurs if and 
only if z1 = £2 = +--+: = 2, = 1. 


* 
60. Letn>3 be an integer and let p be a real number such that 1<p<n-l. 
pn—-p—| 
If O < 21,29, . ,2n <————~ such that 2,22. -£n = 1, then 
p(n—p-1) 
1 1 1 n 


a + terre 2 
1+pr,; 1+ px2 1+pzt, ~ 1+p 
Solution. We will prove by induction that 
1 1 1 n 


— reed > —— 3 
T4qz,14+qz2' Itam  IFq (3) 


for any q > p. For n = 2, the inequality reduces to 
(a= 1s: -1° 
(1+ q2i)(l+q22) 7’ 


which is clearly true. Consider now that the inequality holds for n—1, n > 3. 
Without loss of generality, assume that 


In—1 = min{z,,22,. .,2n} and zp = max{z;,72,...,2n}. 


The condition 2122 . £n = 1 implies zp_; < 1 and z, > 1 We must show 
that the inequality (3) holds for ziz2.. tn = 1 and 21,22,. .,%n Š Pn, 


where 
pn-p-l1 


Pn = -r en. 
* p(n-p-!) 
Without loss of generality, assume that 


Xn -1 = min{21,22, . ,2n} and £n = max{2;,22, .,2n}. 
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The condition £x} Zp = 1 implies z,-; < 1 and zn > 1 Since 
Ln-1En < En, We have 
Ti, --)%n—2,2n-1Xy S Pn S Pn-1; 
and, by the inductive hypothesis, the inequality holds 
1 1 1 n—-1 
+t + 
1+ q2; 1+qtn-2 1+ 4%n-12n ~ 1+q 
for any q > p with 1 < p <n — 2, that is, for anyg>pwithl<p<n-1 
So, it remains to show that 
1 1 1 1 
~ ta d Imoo tH 
1+ gtn- 1+ qty 1+qz,-it, 1+4 
which is equivalent to 


(1 — £n~1)(£n — 1) (q?2n-12n — 1) 2 0. 


Since this inequality is true for q72n_12n > 1, we still have to show that (3) 
holds for Q’2n—12n <1 On this assumption, we have 


1 | Ën- 1 
—— + = | — ——— + > 
l+qtn-; 1+ 42%n l+qtn-y 1+ 42, 

1 1 
> 1 — ———-. + =1 


1 + qtr 1+ gEn 
Thus, it suffices to prove that 


1 + 1 +- 4 1 Țs224-l 
l+qgrı 1+qrə 1+ q%n-2~  l+q 
Taking into account that x; < pp fori = 1,2,...,n—2, we get 
S | _n-q-i n-2  n-—q-l 


a, 1+ 4% 1+q ~14+4Pn itq 
_ ng—q-1—4q(n-q-1)Pn 
(1 + qpn)(1 +q) 
_ (=P) l(pn—p—lgtn-p-l]y, 
p(n—p-1)(1+q¢m)A+q) = 
Equality in the original inequality occurs if and only if2;=29= - =Trn =l. 


Remark For p— n-— 1, we obtain the well-known inequality 
4 ! + + ! >1 
l t(n- ijr l+in-—l)r 14+(n—-1)a, ~~? 


which holds for any positive numbers 21,29, .. „Tn With 21)29...2, = 1 
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61. Let a,b,c be positive numbers such that abc = 1. Prove that 


1 1 1 2 
Oraa t F + ate?! raara =. 


First Solution There are two of the numbers a, b,c either greater than or 
equal to 1, or less than or equal to 1. Let a and b be the numbers having 
this property; that is (1 — a)(1 — b} > 0. Since 

1 1 1 ab(a — b)? + (1 — ab)? 


Gta t +b? Ttab (1+a){14b%0 Fab) O 


it suffices to show that 


1 1 2 
e S| 
14a (te? Uoto 


1 
Substituting c by 5" the inequality becomes 
a 
1 a?b? 2ab 


j2 * G4 a)(l + 6)(1 F ab) 


Og > 1. 
T+ab! (1+ab 2 


This mequality is equivalent to 


ab(1 — a)(1 — b) 
(1+ a)(1+6)(1 taS 


which is clearly true. Equality occurs if and only ifa@=b=c=1. 


1 l+e2 
Second Solution (after an idea of Pham Kim Hung) Set lye 2? 


1 1 1 l+z l-r 1— 
o Yin = . That is a = = 4 


—— = ——, —— and 
2 l+e 2 l+z2 l+y 


b 

1— 

= a where —1 < x,y,z < 1 We have to prove that x4+y+2+2yz = 0 
-2 

(1+2)? +(1+y) +(+} + (14+ 2)(1+y)(1+ 2) 2 4; 


that is 
£? +y? p27 4+Arty+z)t2ytyzt 2220 
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mee ny tye pan = Stubs eae 
the inequality transforms into 
ety te? 4 d(etytz)t+(etytz) 20. 
Substituting z + y + 2 by —xyz, the inequality becomes 
z? ty? + 2? 4 oy? 2? > Aryz. 
By the AM-GM Inequality, we get 
r? ty? +224 27 y22? > 44/x4y4z4 = 4|ryz| > 4ryz 
* 


62. Let a,b,c be positive numbers such that abe = 1. Prove that 
a? +b? +Ê + 9(ab+ be + ca) > 10(a +b +0). 


First Solution. Write the inequality as f(a,b,c) > 0, where 


-2+P4e24o9(14141)_ 
f(a, b,c) =at +b +e +9(=+5+2) 10(a + b+). 


Without loss of generality, assume that a > 1 We will show that 
f(a, b, c) > f (a, vbe, 
The left inequality is true, because 


2 
Jle, b,e) -4 (e, VB, Via) = (bey? + EA 0 (vi-a 


= (vb— ve)? [(vb-+ ve) +È- 10] 
and 


9 

(Vb4 Ve)’ + 5-102 Avie + 5-10 = 7 t9- 10> 

(a — 1)(9a — 1) >o. 
a 


4 1 
> —-+9a— 10 > -+ 9a- 10 = 
a a 
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With regard to the right inequality, substituting a = 2”, z > 1, we have 


f (a, Ve, Ve) = s (a3, 1,1) = aM + Wat 202+ 1 


x’ g? 
(2-1)? (zf + 223 — 7r? + 2x + 11) 
= — a 2 
> (x — 1)?(x4 + 223 — 7x? + 2z + 10) 
= a a 
_ (x—1)?(a + 1)(23 + 2? — 82 + 10) 

— TO 5 Oa S 
x 


Since 
£? + £? — 8r + 10 > 2r? — 8z + 10 = Ax — 2}? +2 > 0, 


it follows that f (a, vbe, vbe) > 0 Equality in the given inequality occurs 
if and only ifa=b=c=1. 


Second Solution We write the inequality as 


D (2+? - 100 +17 na) > 0. 


9 
So, it suffices to show that the function f(z) = z? + —- 102 + 17Inz is 
T 


non-negative for x > 0. Since 


9 17 223 — 102? + 172 — 9 
f(z) =22- $ -104 = Mes ent 


_ (z —1}(22? — 8z + 9) 
= = 


y2 


T 


and 2g? — 84 + 9 = 2(r — 2)? + 1 >, it follows that f'(x) is negative for 
0 < x < 1 and positive for > 1 Therefore, f(z) is strictly decreasing for 
0< x<1 and strictly increasing forz>1 This result implies f(x) > f(1}=0. 


Remark. Actually, the following stronger inequality holds 
a? +b? +c? + 15(ab + be + ca) > 16(a + b+ ¢) 


for any positive number a, b,c satisfying abc = 1. This inequality can be 
proved using the mixing method as in the first solution above Finally, we 


find that the inequality f (a, vbe, vbe) > 0 holds if and only if 


zi 4 223 — 1327427417 >0 
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Writing this inequality in the form 
1+ (z+ 1)(2 — 2)(z? + 32 — 8) > 0, 
we see that it is true for z > 2 Also, for 1 < z < 2, we have 
1+ (x +1)(x—2)(2?4+32—8) = 1-(242—27)(2?4+32—8) > 
>1l- j [(2+2—27) + (x?4+32-8)]” = 4(z—1)(2—2x) > 0. 
* 


63. Let a,b,c be non-negative numbers such that ab + be + ca = 3 Prove 


that 
a(b? +e) b(c? +47) cla? +6?) > 
a? + be + b2 + ca e+ab 7 


Solution. Taking into account the known inequality 
(£ +y +2)? > 3(zy +yz + 22), 


it suffices to prove the stronger inequality 
D be(a? + b?)(c? + a?) > 
(b? + ca)(c? + ab) 7 
In order to homogenize this inequality, we replace the right hand side by 
5 be Since 


be(a? + b*)(c? + a?) _be= abc(a*—b3—c? + ab? + ac?—abc) 
(b2 + ca)(c? + ab) 7 (b? + ca)(c? + ab) , 


we have to show that 

5 (a? + bc)(a? — b? — è + ab? + ac? — abc) > 0 
This inequality is equivalent to 

ač + 2abe S~ a? > Y` beb? + c?) + abe $` be, 


or 
abe 


F a3(a — b)(a —c) + 5 2 (b-c)? >0. 


Since 5“ a*(a@ — b)(a — c) > 0 by Schur’s Inequality, the inequality is clearly 
true Equality occurs if and only if@=b=c=1 
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* 
64. If a,b,c are positive numbers, then 


2 2 2 2 2 2 
b c a a+b+e 


Solution. Write the inequality as follows 


2 2, B24 a2 
E (F-22484) >0(¢ +b +e -Hte 


cye a+b+e 
— b)? 

ye ) > 2 Fa- b’, 

oye b at+b+ecs 


(b - c} A + (c-a)?B+(a—6)*C >0, 


where 


-1, B= 
Taking into account the identity 
(b—c)*A+(c—a)’B+ (a-b/?C= 
_ [(a-¢)B+(a- b)C? + (b-c) (AB + BC +CA) 
Bic , 
it suffices to show that B+ C > 0 and AB+BC+CA>0 We have 


(a-b? 1 1 
B+C= ab +e(z+3)>0 


and 
a? +b3+c343abe—ab(a+b) —be(b+c)—ca(c+a) | y 


AB+ BC+CA=34+ abe 


according to Schur’s Inequality of three degree 
a3 +62 43 + 3abe > abla + b)+ be(b + c) + cale + a). 


Equality occurs if and only if e =b = c. 


* 
65. If a,b,c are positive numbers, then 
2 2 2 3,334.3 
a b c 3(a° +b +e 
+ + 2 l ) 


b+c eta a+b™ 2(a24b? 4c?) 
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First Solution (after an idea of Kunihiko Chikaya). Since 


2 
(a +b)(b+ec)(c+a Dire a (a+ b\a-+e) = 


=a a+ a+ (b+) = abe $ a+ ($ a°) ($a) = 
= ($0) (abe + Ñ- a°), 


the inequality can be written in the form 


2(S a a) ($a) (abe+ Soa 3) > 3( a+b)(b+c)(e+a)(S~ a?) 


This inequality can be obtained by multiplying the inequalities 


2 > a) o> a? + 35> bc) > 9(a + b)(b+ c)(c +a) 
and 
3 (Z a) (abe+ Sia") > (Da) (Soa? +350 be) 
The first inequality is equivalent to 
25a? > X be(b + c), 


which is true because 


25 aS? be(b +c) =E +. Ee) belb + c)=S$ (b+ c)(b—c)?>0. 


Setting X = S~ a?—3abe = (s- a) -3 S a) D bc), the second inequality 
is successively equivalent to 


3 (50 a") (X + dabe) > (X + 3abc) ($ +3 be) , 
X (250 —3 >“ bc) + 9abe (Sa? — Y be) > 0, 
(So a? — S$ be) [(S a) (255 a? -35 be) + 9abe] > 0, 
(35 a? — $9 bc) [25° a3 -Y be(b + c)] > 0, 
Ee- ¢)?] [Ee + e- c)?] > 0. 


The last inequality is clearly true, and the proof is completed Equality 
occurs if and only ifa=b=c 
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Second Solution. Write the inequality as A > B, where 


a? +343 
a-25 -5 o, B=3 mnaona D a 


Since 
+a(a—c) ~~ a(a—b) a(a—c) 
A= ys vis => bie +3 ae E 
(b-c) e(c—b) _ (b — c} 
-yte c+a +> a+b =(atb+o) 77 at b)(a+c) 
and 
1 
=a pee i @ — b?e — be?) = 
1 
~ a2 +b 4 c? 2 (È + c)(b — c)’, 


we may write the inequality in the form 


Salb — c)? + Sele — a)? + Sela — b}? > O, 


5 = at+tb+e | b+c _ a? + b3 4 3 ~ abe 
o (a+b\ate) a4? 4c? (a+b)(atc)(a? +b? + c?) 


By the AM-GM Inequality, we have a3 + 63 + œ > 3abe. Hence 


> abe >0 
= (a+ b)(a+c)(a? + 62 4c?) ~ " 


Sa 
and, similarly, Sẹ > 0 and Se > Q 
* 
66. If a,b,c are given positive numbers, find the minimum value E(a, b,c) 


of the expression 
ax by cz 


+ 
y+z 242 z+} 


E= 


for any non-negative numbers £,Y, z, no of which are zero. 
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Solution Consider that a = max{a,b,c} Since 


ye yy ett) aly 2) 
E= = = 
y+z y+z 


=(z+y+2)5° 2 -Sca= 


yt2 
-520+ (25) -Eo 


by the Cauchy-Schwarz Inequality we get 


B> 5 (Eva) -Zos vab + vies va- SFO FS 


a b € 
with equality if and only if va = vb = ve 
yt2 Z+2 zr+y 


Ja < vb + yE the expression E has the minimum value 


Consequently, for 


atbt+e 
2 


E(a,6,c) = vab + vbe + yea — 
for x = Vb+ yè- ya, y = Vé+ ya — vb, z = ya + Vb- Ve 


We assert now that for v/a > vb + yc, the expression E is minimal for 


Yy c . -. . 
x = 0 and == \/ -, and its minimum value is 
z 


b 
E(a,b,c) = 2Vbe. 
Since ya > Vb + /¢, it suffices to show that 


A 
Ty YS oye 
ytz 242 zr+y 


where A = (vb -+ ve 


Setting y + z = 2X, z +2 = 2Y, x +y = 2Z, the inequality becomes 
A Z- — — 
(¥ +2 X) 24x Y) dX +Y Z) aie, 


X Y Z 
Y X Z Y X Z 
(45 + b=) + G + c7) + (eS + Ax) > 2A + 2Vbe 
The last inequality follows immediately from 
Y x Z Y X Z 
— — > — — — — >? 
AZ tby 2 2VAb, by tez 2 2vbe, CF + Ax > 2VeA 
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Finally, for a = max{a, b,c} we have 


atb+e 


E(a, be) = | vat Ves vE- —z— f vasvb+ve 
2Vbe, if yaz vbt Ve. 


* 


67. Let a,b,c be positive real numbers such thata+b+c=3. Prove that 


1 1 


1 2 B24 a2 
naiptaz? +o +c’. 


First Solution. Write the inequality in the form 


1 
(4-2 +4a~4) > 0, 
a 


which is equivalent to 


(1 — a)?(1 + 2a - a?) 


a E 


Without loss of generality, we may assume that a > b > c. We have to 
consider two cases. 

Case a < 1 + V2. Sincec < b <a < 1+ V2, we have 1+ 2a— a? > 0, 
1+2b—b? >Oand 142c—c? >0. 


2 
Case a > 1 4+ V2. Since b+c =3- a <2- vžŽ< ņ, we have 


be < lo 2} 
eso +e)" < 9: 
and hence 
atata>pt are b> latht math +e 


Equality occurs if and only ifa=b=c=1 


Second Solution. Since 


it suffices to show that 
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or 
abc(a? +b? +c?) < 3. 


Let x = ab+ bc + ca. From the well-known inequality 


(ab + be + ca)* > 3abe(a +b +c) 


g2 
we get abe < —. On the other hand, from 


a +b +c? = (a+b)? — 2(ab+ bet ca), 


we have a? + b? +c? = 9 — 2z. Therefore, 


— 3)?(22 + 3) 


< 0. 
9 S 


abe(a? +b? + ¢)-3< Zo- 2r)- 3 = m 


* 


68. Let a,b,c be non-negative real numbers such thata+b+c= 3. Prove 
that 
(a? — ab + b*)(b? — be +. c?)(c? — ca +a?) < 12. 


Solution. Assume that a < b < c. We see that equality occurs for 
(a,b,c) = (0,1, 2). 


Since 
a? —ab+b? <b? 


and 
e ceata? < (a+c)’, 


it suffices to show that 

ay < 6, 
where x = 3b(a+ c) and y = 2(b? — be + c?) Note that z = y = 6 for the 
equality case (a,b,c) = (0,1,2) From the AM-GM Inequality, we have 


zy < 


3 a 


yY 
=< 9. 
T5 S 
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Indeed, 
Q9—~2- = (a +b + c)? — 3(ab + be) — (b? — be + cê) = 
= a(a — b + 2c) > 0. 
On the assumption a < b < c, equality occurs if and only if (a,b, c) = (0, 1,2). 
* 


69. Let a,b,c be non-negative real numbers such thata+b+c=1. Prove 


that 
Yatbt+/b4+c4Veta2>2 
Solution. We will use the inequality 
Vat J/y>Vvz+JVet+y-2, 
which is valid for any non-negative numbers x,y,z with z = min{z,y, z} 
Indeed, twice squaring reduces the inequality to (x — z)({y — z) > 0 Assume 
now that c = min{a,b,c} and denote z = a+ b, y=b4+ec andz=c+t b. 
Since 
r—-z=a-c¢c>0, 


y— z = (b—c)(1— b- ce) = (b — c)a > 0, 


and 


r+y—-z=a+b-c+=1-2c+e=(1-c¢), 


by the above inequality we get 


VYa+b+yb+e? > ye+b+l-c. 


Therefore, we still have to prove that 


YetattyYcethPe ite. 


By squaring, the inequality becomes 


aJ/(e+ a2\(c + b) > 1 4c? —a? — B?, 


(c+ a?)(c +b?) >c+ab, 


or 


which is clearly true. Equality occurs in the original inequality for 


111 . 
(a,b,c) = (PrE) as well as for (a,b,c) = (1,0,0) and any cyclic 
permutation thereof. 
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* 

70. If a,b,c are non-negative real numbers, then 

a +b? + c3 + 3abe > S bey (F. 
Solution. Write the inequality as 

a? +b? + È + Babe — S be(b+c) > DA 2(b? + c?) —b-— c] , 
oF 1 (b—c)? 
z2- c)? (b+c-a) > D ee . 
Since f2(b? + c2) > b+c, it suffices to show that 
S(b- ¢)?Sa > 0, 


where 2 
Sa =b+c—a-— be =c¢— b 


Assuming a > b > c, we have 
e 
Sy =a -— b4 — > 0 
=a toga 7” 


2 
S,=b—-c+—_ >0 


atb— 
and 
5 (b- c)? Sa > (b — c)? Sa 4 (a — c)? Sp > (b — c)? (Sa + Sp). 
Since 
be ca b Q 
Sa t Sy = 2- ~$ ae fo- - = 
t2% É b+c cta e( b+te <5) 


II 


1 1 
2 
——.)> 
É (sect axa) 20 
the proof is completed. Equality occurs for a = b = c, a = 0 and b = c, 
b= 0 and c =a, c= 0 and a = b. 


* 
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71. If a,b,c are non-negative real numbers, then 


(+++) >E (1 4atb+ o)? 


1 
Solution. We can see that equality occurs fora = b = c = 3 Substituting 


£r yz 
a,b,c by PPD the inequality becomes 


(2? + 4)(y? + 4)(2? +4) > 5(z +y + z +2). 


Among x,y,z there are two numbers either less than or equal to 1, or greater 
than or equal to 1. Let y and z be these numbers By Bernoulli’s Inequality, 


2 2 y? 2 
yf — 1 z“ —1 —1 2*-1 
—— ])>1 
(1+ 5 ) (1+ 5 ) +4 + 5 


(y? + 4)(2* +4) > sos. +2? +3) 


we have 


Hence, it suffices to show that 
(x? + 4)(y? + 2? 43) > (z tyt24+2). 
Writing this inequality as 


(z? +1414 2)(L4+y? +2742) > (e2tytz+2), 


we recognize the Cauchy-Schwarz Inequality 


* 
72. Let a,b,c,d be positive real numbers such that abcd = 1. Prove that 
(L4a7)(14+ 8) +e) +07) > (atbt+e+d) 


Solution. Among a,b,c,d there are two numbers less than or equal to 
1, or greater than or equal to 1 Let b and d be these numbers, that is 
(b—1)(d- 1) > 0. By the Cauchy-Schwarz Inequality, we have 


(1-+a2)(14.0?)(1+c?)(14d?) = (1+a?+6?+07b*)(c? + 14d? +d?) > 
> e+ a+ bd + abed)? 
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Since abcd = 1, it suffices to show that 
ctatbd+1>a+b64+c+d. 


This inequality is equivalent to (b — 1)(d — 1) > 0, which is true. Equality 
occurs if and only ifa=b=c=d=1 


* 
73. If x1,r2,...,2n are non-negative numbers, then 


siteit + 2h 


Ti 22+- +En >(n—-lYaize . En + m 


First Solution {by Michael Rozenberg). Let us denote 


where z > y > z (Maclaurin’s Inequalities). The inequality becomes 


2e __ — 2 
nz- (n-1)z> we oait 


or 
nr? — 2ngz + (n — 1)z? +y? > 0. 
Since y > z, we have 
nz? — 2nrz + (n — 1)? +y? = n(x — z)? + (y? — 2?) > 0. 
Equality in the original inequality occurs if and only ifz, = r= -= Ln. 


Second Solution. Let us denote 


_ Jai tritt? xy tant-- tay ; 
z= y — A y=, = YTT.. En, 


where x > y >z We may write the inequality as 


Since 
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it suffices to show that 


2 z2 


T 
nly — z) > 
(y—2z)2> JF: 


This inequality is equivalent to each of the following inequalities 
ny? — r? > (n — i)z? 
CETE TETAIS (z? + r3 + +a?) > n(n — 1)z? 
> Tifj > nna) z?, 
l<i<j<n 
The last inequality immediately follows by the AM-GM Inequality. 


Remark In a similar manner, we can prove the following inequality for any 
integer k > 2 


k 


n EN +r +e +n) (nt! — 1) ziz? ..£ + 


For k = n = 3 we get an inequality from the Austria National Olympiad 
2006 


ejek +r + --+2k 
E 


* 
74. Ifk is a real number and 21,22, . ,£n are positive numbers, then 
(n—1) (zitt +a0pt* + - tant*) toa -En (x} tak+- - +2) > 
> (zy4 T24- +2) (x nth Vy gnth-l yp -fanrthol) 
Solution. We will proceed by induction on n as Gabriel Dospinescu had 


proceed in {3] to prove Suranyi’s Inequality (case k = 0). For n = 2 we have 
an identity, while for n = 3 we get Schur’s Inequality 
Soap (2 — £)(x, — x3) > 0 
Suppose that the inequality is true for n numbers and let us prove it for 
n + 1 numbers. Since the inequality is homogeneous, we may consider that 
xz) + 22+ HI Sn 
In addition, let us denote zn41 by z and 
X= ght k+l + onthe +--+ gn tht) 
Y= a + antk + + orth 
Z= gath- l 4 gn t ko 14. pghthol 
n : 


W = 2)29.. Tn. 
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We have to show that 
n(X +27) 4 We (cf +f + tah+a*) > (nt+2)(Y¥ + gnthy 
under the inductive hypothesis 
(n - 1)Y +W (zf +25 H- -+ 2%) > nZ. 
Using this last inequality, it suffices to show that 
n(X —Y)—n2(¥ — Z) + zët (w - nr”! 4 (n-— 1)z”] > 0. 


We will consider two cases depending on k. 
Case k >1~—n According to Chebyshev’s Inequality, we have 


nY > (a tart: tay) (rt tagt] +. tanh), 


and hence Y — Z > 0. Since the inequality is symmetric, we may consider 
that 
T2 T2: "2%, È Tn41 = T, O<r<l. 


n(X—-Y)- n(Y — Zjz> n(X-Y)-n(Y -Z)=n(X -2Y + 2) = 


— YO apta; _ 1)? > 0, 


t 
i=] 


and we still have to show that 
W —nz"! + (n—1)2">0 


Indeed, since z; — x > 0 for all z;, by Bernoulli’s Inequality we have 


n 


Ti- T T t-r 
W= on (1 fi )> nf] i panl _ fp Yah 
T II 4 z >r ( +2 7 ) nx (n I)x 


i=] 


Case k <1—n. According to Chebyshev’s Inequality, we have 
nY < (z1 +22 +: + En) (apt) 4 ap tht 4. ampt), 


and hence Y — Z < 0. Since the inequality is symmetric, we may consider 
that 
Ti S T2 Sii S En S Eny =F, TÈL, 


470 8 Final problem set 
n(X-Y)-n(Y —- Z)x >n(X -Y)-n(Y -Z)>0 


n 


n 
W = r” Ii (1 + z) > r” ę +5 Ti 5) = nz! —(n—-1)2”, 
7 i=l 


i=l T 


ti- T 


since —1 < < 0 for all z;. This completes the proof 


x 
Equality holds for n > 3 if and only if z} = £2 =- -= Tn. 
* 


75. Leta,b,c be non-negative numbers, no two of which are zero. Prove that 
4 4 4 
a b c at+b+c 
anatata a2 a 
+b BAË eta 2 
Solution. Without loss of generality, assume that c = max{a,b,c}. Write 
the inequality as 


at a b4 b n é č c S0 

e+e 2)/*\8re 2 Ë+ 2/7 
a(a? — b?) + b(b3 — cê) efa?) 

a? +b? B+ +a ~ 


Since a(o — +) b(a? _ b3) (a — b) (a3 ~ b3) 


_ AGT n MOE Ea 
a? 4 b? a3 + b3 a? + b? =? 
it suffices to show that 
3_ p3 3 _ 3 
b(a? — Bb?) B-E) ee — @*) > 0. 


a? + b3 + B+ + +a T7 
Taking account of 


b(a? — b?) + b(b3—c3) —— 2b*(a8 — c?) 
a? + b3 B+E (+BB + 3)’ 


the last inequality is equivalent to 
(c? — aê) (c — b) [a? (20° 4+ Bet be? +e) — belb? + be- c*) >0, (4) 


or 
03(2b3 + bc + bc? + cê) — bef? + be — c?) 2 0. (5) 
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Case a > b We have 


a? (23 4 be + be? +c) — belh? + be — c?) > 
> B9(20 + be + be? + ce?) —b?e(b? + be — c?) =2 (6? + c°) > 0. 


Case0<a<b<c According to (4), the original cyclic inequality is 
true if 


(a? —b?)(a—c) [63 (2c? + ea + ca? +a?) eale? + ca—a’)| > 0. 
Since (a? — b*)(a—c) > 0, it suffices to show that 
b8(2c8 + ca + ca? + a?) — balè + ca — a?) > 0. (6) 


To finish the proof, we will show that (5) holds for 5b? < 5a? + c3, and (6) 
holds for 58? > 5a2 + c3. Due to homogeneity, we will consider c= 1 We 
must show that 


a3(2b? +b? +b +1) —d3(b? 4+ b-1) 30 (7) 
for 56° < 5a? 4-1, and 
B(2+a+4a?+a*)—a(l+a—a*) >0 (8) 


for 5b? > 5a +1 The inequality (7) is clearly true for b? +b—1 <0 For 
b +b— 1 >0 and 5b < 5a? + 1, we have 


5a*(2b +b? + b+ 1)—5b%(b? +b- 1) > 
> (5b°—1)(20° + 6? + b + 1)—5b°(b? +b-—1) = 
= 10b°-+8b°—b?—b—1 = 865+ (b? +b—1) (264 — 26? +. 4b? +2b+1) > 
> (b? + b—1)(b4 263 + b?) = b?(b? + b-1)(b-1)? > 0. 


The inequality (8) is true for 5b? > 5a? + 1 because 


56°(2 + a +a? + aè) — 5a(1 + a — a?) > 
> (5a? + 1)(2 + a +a? + a?) — 5a(1 + a — a?) = 
= 5af + 5a + 5af + 16a? — 4a? — 4a +2 > 
> 12a? — 4a? — 5a + 2 = (2a — 1)? (3a + 2) > 0 


Equality occurs if and only ifa =b =c 


8. Final problem set 


Bibliography 


[1] ANDREESCU, T., Fenc, Z, USA and International Mathematical 
Olympiads 2001, 2002, 2003, MAA Problem Books Series 


[2] ANDREESCU, T, ANDRICA, D, 360 Problems for Mathematical 
Contests, GIL Publishing House, 2002. 


[3] ANDREESCU, T , CiRTOAJE, V., Dospinescu, G , Lascu, M., Old 
and New Inequalities, GIL Publishing House, 2004 


[4] BECHEANU, M , Enescu, B., Inegalitdéti Elementare . $i mai puțin 


elementare, GIL Publishing House, 2002. 


— 


[5] CIRTOAJE, V , On Popoviciu’s Inequality for Conver Functions, Gazeta 


Matematica A, 4 (2002), 247-253 


— 


[6] CIRTOAJE, V , Two Generalizations of Popoviciu’s Inequality, Crux 
Mathematicorum, 5 (2005), 313-318 


[7] CÎRTOAJE, V., A Generalization of Jensen’s Inequality, Gazeta Mate- 
matica A, 2 (2005), 124-138 


[8] CÍRTOAJE, V , The Equal Variable Method, Journal of Inequalities in 
Pure and Applied Mathematics, Volume 7, Issue 3, 2006 


[9] CĪRTOAJE, V , Equal Variable Theorem, Gazeta Matematică A, 2 
(2006) 


[10] CIRTOAJE, V, Arithmetic Compensation Method, Mathematical 
Reflections, 2 (2006), 1-5 


[L1] DrimBe, M O, Inegalitéfi - Idei si metode, GIL Publishing House, 
2003 


473 


Bibliography 


ENGEL, A., Problem-Solving Strategies, Problem Books in 
Mathematics, Springer, 1998. 


LITTLEWOOD, G. H., Potya, J. E., Inequalities, Cambridge University 
Press, 1967. 


Lascu, M., Inegalitati, GIL Publishing House, 1994. 


MITRINOVIC, D S, Pecaric, J. E. and Fink, A M., Classical and 
New Inequalities in Analysis, Kluwer, 1993. 


PANAITOPOL, L., BANDILA, V, Lascu, M., JInegalitati, GIL 
Publishing House, 1995. 


List of Symbols 


Symbol 


AJ 
BMO 
CM 
GM-A 
GM-B 
MC 
MS 
ONI 
RMT 
TST 


AM-GM Inequality 
AM-HM Inequality 
AC Method 

EV Method 

GC Method 

LCF Theorem 
LCRCF Theorem 
RCF Theorem 


2 
PO f(Tit1t42 243) 


Description 


Archimedes Journal 

Balkan Mathematical Olympiad 
Crux Mathematicorum 

Gazeta Matematica - A 

Gazeta Matematică - B 
Mathlinks Contest 

Mathlinks Site 

Old and New Inequalities 
Revista Matematică Timişoara 
Team Selection Test 


Arithmetic Mean-Geometric Mean Inequality 
Arithmetic Mean-Harmonic Mean Inequality 
Arithmetic Compensation Method 

Equal Variable Method 

Geometric Compensation Method 

Left Concave Function Theorem 

Left Concave-Right Convex Function Theoret 
Right Convex Function Theorem 


2 


cyclic 


f(r Lig . 
i+1 <i) <ig< <i,<n 


Ei) 


475 


476 Glossary 


Glossary 


(1) AM-GM (Arithmetic Mean-Geometric Mean) Inequality 


If a},@2,...,@, are non-negative real numbers, then 
a,+ag+--+a, > nyaa? an, 
with equality if and only if a; = a3 =- -=ay 


(2) Weighted AM-GM Inequality 
Let w1, W2, .,Wn be positive real numbers with 


wi twWe+---+u, = 1. 


If a1,@2, „an are non-negative real numbers, then 
wai + waa + + +Wpa, > ay lay? aR” 
with equality if and only if aj = a2 =; -= ay. 


(3) AM-HM (Arithmetic Mean-Harmonic Mean) Inequality 


If a,,42, .,@, are positive real numbers, then 
ai + aa+- tar, n 
n T1 1 1’ 
| a2 an 
with equality if and only if a, = a2 = = an 
(4) Power Mean Inequality 
For positive real numbers @;,@2,. ,@,, the power mean of order r is 


defined by 


1 


{ r T.. at T 
| (iain for r £0 


r/ajag.. a, for r=O 


If not all a;’s are equal, then M, is strictly increasing for r € R. For instant, 
Af) > M, > Mo implies 


2 2 2 
see a a a “os a 
aitat: tan Utd ton a a 


n n 
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(5) Weighted Power Mean Inequality 
Let pi, p2,- ,Pn be positive real numbers with 
pi tpt > +pn=1 


For positive real numbers a1,a2, . ,@,, the weighted power mean of order 
r is defined by 


1 
M f (pia +peag+ +pnar)r for r#0 
\ al'a  a@ for r =0 
If not all a;’s are equal, then M, 1s strictly increasing for r € R 


(6) Bernoulli’s Inequality 
For any real numbers z > —1, we have 
a) (I+ >1+rz forr > 1, 


b) (14 a2)’<l+rz forO<r<l1 
In addition, ifa,;,a2,  , a, are real numbers such that either a, ,42,. ,4,>0 
or —] < a1,a2, ..,@n <0, then 


(14 a))(1+a2). (1+an)>1+a +az+ - +an. 


(7) Cauchy-Schwarz Inequality 


For any real numbers a),@2, . ‚an and b;,62,...,bn, we have 


(aj +a +. -+ a2) (bi + b5 + +b?) > (a,b) + agbo +- + anbn)? 
(1+ a;)(1 + a2). (l+an) > 1 +a -tast + ap, 


with equality if and only if a; and b; are proportional for all i 


(8) Hélder’s Inequality 


Let zij (i = 1,2, .,m,j = 1,2,. n) be non-negative real numbers. 
Then , 
n m n m 1 
I] os) >> s$). 
i=1 \ j=l j=l \i=l 
More general, if p1, p2, ..,pm are positive real numbers with 


Pit pot:--+pm=1, 


AmB G Hosa 


then 


(9) Minkowski’s Inequality 
For any real number r > 1 and any positive real numbers aj, a@2,...,an 
and bi, b2, ..,6n, the inequality holds 


1 1 1 


i=1 


(10) Cyclic Sum 
If f is a function of n variables, define the cyclic sum as 


5 f (a1, 42). -, Qn) = f(a, a9,.. an) + f(@2,43,--.,41)+ 
cyc 
+e + f(a@n, a1, ,an—1) 
In our book, the symbols 5 and 5 are identical. 


cyc 


(11) Schur’s Inequality 
For any non-negative real numbers a,b, c and any positive number r, the 
inequality holds 


Y a (a — b)\(a—c) > 0, 
with equality if and only if a = b = c, a = 0 and b = c, b = 0 and ¢ = a, 
c=0anda=b. 
For r = 1, we get the third degree Schur’s Inequality 
a +b? 4 c? + 3abe > Ș be(b +e), 
(a+b+ c)? + 9abc > 4(a + b+ c)(ab + be + ca), 
5 b- c) (b+ c-a) >0. 


For r = 2, we get the fourth degree Schur’s Inequality 


af tbi +abe} a > S be( 8? + ce”). 


Glossary 


(12) Maclaurin’s Inequality 
Hf a,,a2,. „an are non-negative real numbers, then 


S> > + > Sp, 


where 


(13) Chebyshev’s Inequality 
Let aj < ag <- + < an be real numbers 
a) Hb < bo <+- < by, then 


i=l 


b) Ifbi > bo > - > bn, then 


Sane ($a) (Se) 


i=l i=l i=1 


(14) Convex functions 
A function f defined on an interval I of real numbers is said to be convex 
if for all x,y € I and any a,f8 > Owitha+ f= 1, 


flar + By) < af(x) + Bf) (1) 


If (1) is strict for all z 4 y and a, 8 > O, then f is said to be strictly convex. 
If (1) is reversed, then f is said to be (strictly) concave 
The inequality (1) is equivalent to 


f(z) J (x2) f (z3) 


(x1 — £2)(£1 — z3) + (£2 — £3)(£2 — z1) (z3 — 21)(23 — £2) ~ 


where z1, £2, £3 are distinct numbers in I 

If f is differentiable on I, then f is (strictly) convex if and only if the deriva- 
tive f’ is (strictly) increasing 

If f is continuous on [a,b] and f” exists on (a,b), then f is convex on [a, b] 
if and only if f" > 0 If f” > 0, then f is strictly convex. 
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If f” exists on (a,b), then f is convex on (a,b) if and only if f” > 0. If 
f” > 0, then f is strictly convex. 


(15) Jensen’s Inequality 


Let w1, W2,.-.,Wn be positive real numbers. If f is convex on an interval 
I, then for any a],42, .,an € Í, the inequality holds 


wf (a1) + wef(a2)+-: +wnflan) > (== + Wa + ttnan) 
wi + we + + Wn ~~ wi + wet: > + Wn 


If f is strictly convex, then equality occurs if and only if a} = ag = --- = apy. 


(16) Karamata’s Majorization Inequality 


We say that a vector A= (ai a2," ,@,) with @ > ag > ++: > ay 
majorizes a vector B = (6), be,:-: ,bn) with bj > bo > --- > bn, and write it 
as A> B, if 

a) > by, 


ay + ag > bi + be, 
ai +a: +t: + an-1 > bi tbat: -+bn-1, 
ay +az+ +++ ayn = 6) tbt tbn. 


If f is a convex function on an interval I, and a vector A= (@1,42,...,@n) 
with a; € I majorizes a vector B = (b,,bo,...,bn) with b; € I, then 


f(a) + f(a2) +--+ + flan) = F(b1) + f(b2) +: + f(n). 
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If f” exists on (a,b), then f is convex on (a,b) if and only if f” > 0. If 
f” > 0, then f is strictly convex. 


(15) Jensen’s Inequality 
Let w1, w2,...,Wn be positive real numbers. If f is convex on an interval 
I, then for any a,,@2, .,a, €1, the inequality holds 


w f(a) + wef(a2)+-: + wnf (Gn) > (== + W2a2 totonan) 
wi + wz + Ewn 7 wi Hwt- +H War l 


If f is strictly convex, then equality occurs if and only if a) = ag =--- = Gy. 


(16) Karamata’s Majorization Inequality 


We say that a vector A = (a1,42,--- ,@,) with a) > ag > --- > ay 
majorizes a vector B = (b1,b2,--+ ,bn) with bi > b2 > --- > by, and write it 
as A> B, if 

ay > bi, 


ai + a2 > bi + bo, 
ai +a +: + an- > bi tbt -+ bni, 
a +agt+ +++ an =), + bo 4--- + bn. 


If f is a convex function on an interval I, and a vector A= (a ,@2,...,@n) 
with a; € I majorizes a vector B = (by, b2,...,b,) with b; € I, then 


flai) + flar) +--+ + flan) 2 F(br) + f(b2) + + fln). 


